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TO 



GREENLEAF'S NEW ELEMENTARY 



ALGEBRA. 



DEFINITIONS AND NOTATION. 

SIGNS. 

Examples, pp. 14, 15. 
4. Ans. a: -|- 2 y — z* 

8. Ans. 



9. Aus. 



3 c 
ab 



11. Ans. 2 a 4--. 

* c 

13. Ans. <^ 

17. Ans. J. L_. 

21. Ans. -^{/"^T— V^ 



i KEY TO ELEMENTARY ALGEBRA. 

INTERPRETATION OP ALGEBRAIC EXPRESSIONS 

Examples, pp. 16, 17. 

1. 12 + 3 — 2 + 4= IV. 

2. 36 + 2 — 4 = 34. 

3. 48 — 15 + 8 — 28 = 13. Ans. 13. 
4 (12 — 3) X(2 + 4) = 9 X6==54. 



5. 81 X 2 + 4 = 162 + 4 = 166. 

L5 
6" 



6. ^ + 45 = 3 + 45 = 48. 



1. 4X15 — ^ = 60 — 3 = 57. Ans. 5V. 

4 

8. 4 X 9 — 5 X 4 = 36 — 20 = 16. 

9. 2 X 144 X 2 — ^ + ^-^ = 576 — t2 + 3 = 607, 

11. ^H + 12) X (3 «- 2) — 4 = 13 X 1 — 4 = 9. 

12. 256 — 256 + 12 — 6 = 6. Ans. 6 

13. 252 + 1 X 1 = 253. 

14. 60 — 7 X 4 = 60 — 28 = 32. 

15. 4 X 4 + 8 X 12 — 112=16 + 96 — 112=0. 

Ans. 0. 

16. \/l6 + \/iOO — \/8i = 4 + 10 — 9 = 5. 

17. 12 \/25 — 24 + \/48 + 16 = 12 + 8 = 20. 

18. Vsi — /iJ/8 + \/4 = 9 -- 2 + 2 = 9. 

19. 10 + 8 \/l6" — 2 ^8"= 10 + 32 — 4 = 38. 



DEFINITIONS AND NOTATION. 

ALGEBRAIC PROCESSES. 

(Art. 46, pp. 19, 20.) 

2 Let X = number of cents spent, 

and 2 af = number of cents left. 

Then 3 a: = 45 cents, the whole number, 

and a; = 15 cents, the number spent. 

3. Let X = number of apples each has. 
Then 2 a: = 56 apples, the whole number, 
and a; = 28 apples, the number each has 

Ans. 28 apples. 

4. Let X = length of part left standing, 
and 3 ar = length of part broken off. 
Then 4 ar = 60 feet, the whole length, 

a; = 15 feet, the part left standing, 
and 3 a; = 45 feet, the part broken off. 

5. Let X = the less number, 
and 5 a; = the greater number. 
Then 6 ar = 126, their sum, 

a; = 21, the less number, 
and 5 a: = 105, the greater number. 

6. Let X = value of the chaise, 
and . 3 a; = value of the horse. 

Then 4 ar = 340 dollars, the value of both, 

ar = 85 dollars, the value of the chaise, 
and 3 ar = 255 dollars, the value of the horse. 

7. Let X = A's share, 
and 4 ar = B's share. 

Then 5 ar = 2500 dollars, the whole sum, 

ar = 500 dollars, A*s share, 

and 4 ar = 2000 dollars, B's share. 
1* 



KEY TO ELEMESTABY ALGEBBA. 

(9.) 

Let ar = A's share, 

2 a; = B's share, 
and 2x=z C's share. 
Then b x= 300 dollars, the whole sum, 
x = QO dollars, A's share, 

2 a: = 120 dollars, B's share, 
and 2 a: = 120 dollars, C's share. 



(10.) 

Let X = price of the apples, 

2 a? = price of the pears, 
and 4 ar = price of the oranges. 
Then T a: = 63 cents, the sum paid for the whole, 
X =z9 cents, the price of the apples, 
2 a: = 18 cents, the price of the pears, 
and 4 ar = 36 cents, the price of the oranges. • 
Ans. Apples, 9 cts. ; pears, 18 cts. ; and oranges, 36 cts 



(11.) 

Let X = A's age, 

2 a: = B's age, 
and 3 ar = C's age. 

Then 6'ar = t8 years, the sum of their ages, 
ar = 13 years, A's age, 

2 ar = 26 years, B's age. 



and 3 ar = 39 years, C's age. 



ADDITION. 



ADDITION. 

(Art. 49, pp. 22, 23.) 
(7.) 



— .4* 


X 


— lb 


X 


— 36 


X 


2b 


X 


— 5b 


X 


— 21 b 


X 


, (9.) 




2a + 


b 


« + 


b 


4fl + 


b 


7a + 


b 


3a + 


b 





(8.)' 


6 


m 71? 


5 


m n* 


1 


m n^ 


3 


m «* 


2 


m n* 



17 mn^ 



(10.) 

c^ d — a* c 

2e^d— a^c 

hc^d— o^c 

c^d— n*c 

IJa-^ob 12 c^ d — 5 a^c 



(13.) (14.) 

2ar+3y 1 d^ — b 

a:4-8y 3a2— 36 

3a:4-y 6o«— 26 

6ar4-2y 2 0^—6 

a:+ 4y 4a«— 66 

4x-|-5f «^ — 46 



Ua:+19y 23 a^ — H 6 



8 KEY TO ELEMENTARY ALGEBRA. 

(Art. 50, pp. 24, 25.) 

4. Ans. 24 a x. 6. Ans. x^ — 5 ar ^•. 

a.) (8.) 

a— l^ bcd^+ 1 a^b 

— 2a — 1b —Scd^—b a^ h 

— 3a + 36 _4cc?«+ a^b 



— 4 a -|- 6 

(Art.*51, page 26.) 

(5.) (6.) 

_aft2__ ^^2 3a? — T3^-f.22r 

— al^-^- cd^ — ar + 4y4-6« 

5a 6^ -f- cc?* 4a: — y + 3« 



Ans. 3ai2_|_2cc^2_3^^ 6a;— G^^ + Sar + a 

a.) (8.) 

— 5aa: + 26y— T x»+ aa:^+ bx-\- 2 

36y + 18 — 4;? 3a:» — 4aar2 ^ 7 — 6*a:^ 

4ax— *y— 9 3a:^ — 3 aa:^— T6ar— 19 

3aa,_25y + 26 fa:»-6a:r^-66x- 10-66;r^ 
2aa: + 2A3^ + 28 — 42 

(9.) 
8 a2 ar» _ 3 a ar 

T « ar — 5 ary 
— 5aar-|-9ary — ^c* 
2 a^ x^ -f" ^ y 

10 a^ a:^ — a a: + 6 a: y — ft^ c* 





ADniTION. 






(Art. 68, page 27.) 




(2.) 


(3.) 


(4.) 


5 (o + «) 


3 (ar" — o) 


4 V^o — X 


6 (a + «) 


2{x' a) 


3 Va — X 


Sia + x) 


6 (a:» — a) 
(x«_«) 

Ans. 11 (a^ — a) 


— 1 V a — X 


B(a + x) 


2 Va — X 


(a + x) 


%/ a — X 


23 (a + x) 


3 V'o — X 


(5.) 




(6.) 


7 y — 4 (a 

6 y + 2 (a 

2y+ (a 
y — 3(a 

16 y 4 (o 


+ J) 2(x- 
+ i) 3(x- 

+ ») , («- 
+ 6) -(X- 

+ *) 


■y)* 

-y)' 

-yr+ (a^+y) 
(^ + y) 
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5(x— y)»+2(x + y) 

(Abt. 53, page 28.) 

(2.) (3.) (4.) 

bx . S atf (a-\- b) X 

abx — cy (a — e) x 

2ex .-2ay ^^V+T^^ 



(« 4- a ft + 2 c) X . (o — c) y 

(5.) (6.) 

(a + J) a: a a: + * 

2 c X ex + ^ 

^"^ (a + c) a; + * + (£ 



(a.+ J + 2 c + 2) ar 



8 KEY TO ELEMENTABY ALGEBRA. 

(Art. 50, pp. 24, 25.) 

4. Ans. 24 a x. 6. Ana. ar* — 5 x y*. 

CI.) (8.) 

a— b bcd^+ la^b 

— 2a — 1b —Scd^— 6 a^h 
1a — 2b 9 c d^— 10 a^b 

— Sa + Sb _4crfa+ a^b 

— ^^+ * *i c d^~— ~7 a^~b 

a '\- *l b 



— 4 a -|- b 

(Art.«51, page 26.) 

ft 

(5.) (6.) 

— a^— cd^ 3a? — Ty + 2« 

— a^-|- erf* — X -^ 4: y -{- 6 z 

4- crf"^ — 3a6 — 2y — 32 + a 

5a62_[.crf* 4a:_y^3^ 

Ans. Sai^+2cd^ — Sab 6x — 63^ + 82 + a 

a.) (8.) 

— 5aa: + 26y— T ar«+ aa:*+ ftx+ 2 

3*y4-18 — 4;? 3a:» — 4ax2 -f T — 6*x^ 

4ax— by— 9 3x« — 3 aa:*— tftx— 19 

3ax-26y + 26 ~1^-Qax'-6bx-lO-6bxfj 

2ax + 2by + 2S — 4tz 

(9.) 
8 a* ar* — 3 a x 

Tax — 5 X y 
— 5ax-|-9xy — b^ (^ 
2 a* X* -|- X y 



lOa^x^— ax + bxy — b^c» 



ADDITION. 9 

(Abt. 5IS, page 27.) 

(2.) (3.) (4.) 

5 (a + x) 3 (ar^ — a) 4 \/ a — a: 

6(a + a:) 2(x2 — a) S W^^x 
S{a + x) —(a^ — a) —1 \/T^=^ 

3(a + x) 6(ar» — a) 2 \/^"=:^ 

(« + ar) (x^ — a) Va — x 



23 (a + a:) Ans. 11 (a:* — a) 3 VoT^^ 

(5.) (6.) 

Ty — 4(a + ft) 2(x — yy 

6y + 2 (a-i-5) 3 (ar — y)* 

2y+ (« + ft) ^ (a? — y)* 

y — 3 (« + ^) — (a? — yr+ (ar + y) 

16 y — 4 (a + 5) (^ + y) 

5f^-y)^ + 2(a: + y) 

(Abt. 53, page 28.) 



(2.) 


(3.) 


(4.) 


b X . 
abx 


Say 
— cy 


(a + b)x 
(a — e) X 


2cx 


-2ay 

e)'y 


(2 a 4- J — c) X 


(b + ab + 2c)x (a 


(5.) 




(6.) 


{a + h)x 




ax -}- b 


2ex 
2x 


(a- 


ex +rf 
4- c^ a; 4- 5 4- rf 



(a.+ * + 2c + 2)a: 
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KEY TO ELEMENTABT ALGEBRA. 



(t.) 

a X -{- *l m 
*l a X — 3 m 

5 a: -|- 4 m 



(Sa + b) x + Sm 



(8.) 



ax^ + bx 
c x^ — d X 



{a + c)x' + (b — d)x 



SUBTRACTION. 

(Art. 51, pp. 30-32.) 



10. Ana. 


11 y. 


12. Ans. 


3 ax*. 


19. 


Ans. 0. 


11. Ans. 


9 a. 


13. Ans. — 


16x»y». 


21. 


Ans. — 15 d. 


(22.) 


(23.) 


(24.) 




(25.) 


a-\-b 


a + » 


a — « 


> 


a— b 


— a 


( 


% b 


a + 2 
— 2« 




a+ » 


2a-\-b 


2b 


2a 2h 


(26.) 


(2T.) 


(28.) 




(29.) 


5xy 


a + 5 + c- 


X 




ar +5 


3xy — 3 


a — i — c 




r 


y-2 


2a:y + 3 


2b+2c 


X — y + 7 


(32.) 


(35.) 






(36.) 


2ar' jf" 


6a:y + 2a:*-|- 


2a 6 


a 5 o: 


+ 12 — 3 X J 


-2a^ — y» 


3xy— a^ — 


la 3 


a b X 


— 7 


iar" 


2a:y + 3a:^ + 


9a 3 


a b X 


+ 19 3x^ 


(3T.) 




(38.) 


a a^ — b x' 


' + ca: 


3a + 


J + , 


c d 


-f- b x' 


*4-ca: 12 d 


3a + 


& 


18 



a3i? — 2bx^ 



-\-\2d 



c — d^ 18 



SUBTBACTIOK. 11 

(39.) (40.) 

5 X — h Sa {a — y)-j-4:iy+ ^ 

— 2a;y+ b 2a(a — y)— tiy + ^o* 

6ar+2ajy — 26 a(a — y) + 11 6y— 3 a' 

(41.) (42.) 

t^^Sl^c-\-al^ — abe — 6 a — 4 6— 12c+ 12:r 

4-a^ — a6c4-6» 8a + 46— 5c— 2x 



ii'4-36*c — 6« _l4a — 86— tc + Ua; 

(43.) 

2ab+ 62_4c-}- 6c 
3a64-26^— c — 36C + 462 



^ab— 62_3c + 46<? — 46» = — a6— 3c + 46c— 56* 

(Art. 55y page 33.) 
6. -^ 6 a» — 6 — 4 a» — 6» = — 10 a* — 6 — 6>. 



(Art. 56, p. 34.) 



(4.) 


(5.) 


«y + ^y 


ax — 6 


cf/ + by 


c a: -:— rf 


{a — c)y 


(a — e) X — b •\' d 


(6.) 


0-) 


«y — *y + ^y 


a a^ "\- b X 


«y *y+ y « 


C 3^ C X 



(c — 1) y (a — c) x^+ (b + c) X 



12 KEY TO ELEMENTARY ALGEBBA. 

(8.) 



5. Ans. 1 2?'\-4.x'y + a^x'. 

6. Ans. — 20 a^ 5x^ + 4 a^a:^ — 4 a a:^. 

(Art. 64, pp. 41, 42.) 

(4.) (5.) 

3 a* — 2y a — b 

a; -f- y « — ^ 



3 a* a: — 2a;y a* — ah 

+ 3o«y — 2y« — ah + l^ 

A^ns. 3a2a?-^2ary + 3o3y — 2y» Ans. a« — 2 a i + ^ 

(6.). (9.) 

6aa?-|-3a: 3a;+2y 

3aa:-f-2a: 2a: — 3y 



Iba^a^-^ ^aa^ 6a:« + 4a:y 

10aa;2 + 6a:* — 9a?y — 6y* 

Ans. 15 a«V + 19 a ar» + 6 a:* V 6 a:^ ^.^ ^ y __ ^ ^ 







a a:* +ma:y -f- n a; -[- i 






ca:* — d X y -^ e x — z 




(o- 


c) ar* 4- (/» + rf) a: y + (n — e) ar + i + « 

• 

MULTIPLICATION. 

(Art. 62. pp. 37, 38.) 


7. 




Ans. 4 ar*. j 9. Ans. 12 a b. 


8. 




Ans. — 34 a Z^: 10. Ans. — 28 6 c. 
(Art. 6?, pp. 39, 4a) 



MULTIPLICATION. IS 

(IX) (11.) 

5 a^ -}- 3 a: a -j- 2 a: 

5a*+3a: a —3x 



25 a^-\-l5a^x a^ -f 2 a a: 

-I- 15 gg X + 9 a:' — 3 a a; — 6 ar» 

25 a* + 30 a^ a: 4- 9 a:^ a» — a a: — 6 a:* 

(12.) (13.) 

3 a — X 3; + y 

2a-f-4a: ^"hy 



6 a* — 2aa; a:^-{-a;y 

-f- 12 a a; — 4 a;* 2; y -f~ ^^ 

6 a2 + 10 aa: — 4a:* a:* + 2a;y + y» 

(14.) (15.) 

X — y a*-{-ai-j-^ 

a; -f-y a — 5 



a^ — X y a'-|-a*5-f-^^ 

X y — y" — a^ b — a b^ — l/^ 

(16.) (17.) 

a* — a-|-l a^ — a oi^'\- a^ x — a' 

a -f- 1 X -\- a 



a* — a*-j-a a:* — aa:*-{-a*a;* — o^a? 

a* — a-f-1 aa:* — a*ar*-|-a?a: — a* 

a» + 1 a:* — a* 

(18.) (19.) 

«* — ^'y + ^'y' — « y' + y* ^+ y 

« +y ^-j- y 

a* — «* y + ^ y* — a^ y' + a y* X* + a;* y 

• q'y — q'y' + ^ V — ^y' + y" ar^y + y* 

. . : +y* a:* + 2x2y+y> 



a 



5 



14 KEY TO ELEMENT ABT ALGEBRA. 

(20.) (21.) 

2a 5 —3 ft* a:« + ar y — f 

3a ft +4ft* X —y 



6a2ft2 — 9aft^ aj" + ar»y— xf 

Baft*— 12 ft* —Q^y— xf + y" 

6 a* ft2 _ a ft» — 12 ft* a> _2a:y» + y» 



(22.) (23.) 

a2_4a+16 !_«-{- a«_a« 

a -f" ^ 1 -f" ^ 



6 a* — 20 a + 80 a — a^ + c? — a^ 

a«+a2— 4a + 80 1 — a^ 



(24.) (25.) 

7^ — X y '\' y^ c — dx 

x^ -{- s? y -\-' Qc^ y^ a c — hex 

— 3? y — 7? y^ — X y^ — a d x -\-h d 2^ 

^'y' + ^y' + y* ac — (hc + a^'x + hd7^ 

gc* -\-x^f + y* 

(26.) ' (27.) 

3a;^ — 2x y — y^ x — y +« 

2a: — 4y x -\-y — z 



6 a^ — 4:X^y — 2xy^ a^ — xy-^-xz 

— V2x^y + Sxy^ + 4.f +xy —f+ yz 

%2? — lQx''y-\-^xy^-^4.f — ^g + y^ — ^ 

aj2 — ^^2yz — 2' 



MULTIPLICATION. . 16 









(28.) 








27a^ + 


9a?},- 


■f 3*y* + y« 








S X — 


y 










81** + 


2l3?y- 
2,1 a? y- 


■f 9a:»y» + 3a:y' 
— 9 x* y» — 3 a; / — 


•y* 




81 a^ 




(29.) 




■y* 


I 

1 


x-\-x' 


a? 








1 


— X — a? 


+ a:* + x» 

3* 3? 






x' 




a:* 


+ ^ 
— £ 


-2^ 


t 

X 




«» + 


(30.) 
t 




— a!« 



c — 

a — 


(1.) 
i 
5 


€? — 


ab 
ab-\-» 


a» 


2«.5 + *» 



a*» + 2 o» y» + ^ 

(Art. C5, pp. 42, 43.) 

(2.) 

a + 5 



a c -|- 5 c 

-|- a «f -f- 3 d 



16 KEY TO ELEMENTAItY ALGEBBA. 



(3.) 








(^.)- 


a -\- b 








a + ft 


a 4- 6 








a 4- ft - 


a*+ ab 








a«+ aft 


+ ab +P 








+ ab +ft^ 


d' + 2ab -fA» 








a>4.2flft +ft^ 


a + b 








a -^ ft 


c|8 + 2a2i+ al^ 


a» + 2a«ft+ aft? 


a* ft + 2 a 5^ 


+ 
+ 






— c?b—2a}?~V 


a« + 3a2ft + 3aft> 


a»+ a^ft aft" ft» 


(5.) 








(6.) 


x» — x y\'f 




a 


+ 


ft +c 


» +y 




a 


— 


ft c ' 


^ — ^y + xf 


a» 


+ 


a ft -}- a c 


X^y — xf'\-f^ 








aft ft> ftc 


^ +!/" 








— ac — be — c* 



— ft* — 2ft<? — c* 



a.) (8.) 

2x4-3 a» 4- ft" 

2a: — 3 a —ft 



4V 


+ 


6a: 








6 a: — 


9 


4aJ^ 


— 


9 




4ar« 


+ 


9 




16 a;* 




36 a:^ 








36 a:" — 


81 



a»+i4-aft» 

_a»ft — ft»+^ 

a»+i 4- a ^n _ a* ft — ft»»+» 



16 ar* — 81 



DIVISION. J 

(9.) 



4 a™ + 6 fi» 
a™ — y 



4 a^™ + 6 a™ 5" 

_ 4 a" i'* — 6 ^t» 

4 a2™ + 6 a™ ^ — 4 a™ J^ — 6 i'^'^* 



DIVISION. 

(Art. 73, page 47.) 



- — 16a»6« 2 6 o -2JL 

8. Ans. 7 m. 
U. Ans. — 3 a. 



18. 






27 a 6* (ar + y)' 9 a /v i i / i \ • 

21- — o M / T xs = r? — i — ^ = 9 a 6-^ (a: + y)"*. 
3 A' (a; + 2^)* ft (a; + y)* ^ ' ^^ 

The negative exponents found in the above answers may 
be obtained at once by subtracting tlie exponents of the 
divisor from the corresponding ones of the dividend ; or, 
they may be obtained, as above, by transferring the remain- 
ing factors of the divisor to the dividend, the sign of their 
exponents being changed. 

(Art. 73, pp. 48, 49.) 

6. Ans. ^a^h'\'hah — 2c. 

6. Ans. 5 + 10 a:— 12^. 

16. 3 a + (a + ft) = 4 a -f 6. 

2* 
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KEY TO ELEMENTABY AL6KBBA. 



17. 4 — (a; + 3) = 4 — ar — 3 = 1 — a:. 

18. The expoDent of a in 5 a ^ a; is 1, which, subtracted 
from — 2, gives — 3 as the exponent of a in the first term 
of the quotient. The exponent — 1, of 2 6"*, is obtained 
in a similar manner, by subtracting the exponent 2 from 
the exponent 1. The answer may also be thus expressed : 
3A_2_i 



(Art. 74, pp. 52, 53.) 

(4.) 
a-^b)a^ — ^(a — b 
a^ "{^ a h 



— a b 

— ah 






(5.) 






a +6 



(6.) 



2 a=^ 5 + 3 a y 
2 a* A + 2 a y 



aW — n^ 



a 



— I 



gii _ 2 a 5 + i^ 
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a.) 

»_l)a»_l (a»-j-a + l 





a^— 1 
a^ — a 






a—1 
a 1 


8a»- 


(8.) 
-4:a^b 


2a b 


8a»- 


4.0" 3^ 









(9.) 
a^_2ar + 3)x* + 4ar+8 (a:* + 2x4-1 



2o?" 


-3a:* + 4a: 
-4a:> + 6a? 




a:8 _ 2 ar + 3 
a:* 2ar + 3 



(10.) 

<if -^ ax •\-^ of — «* (a — « 

a* -j- a* X -j- a x* 

— a** — aa^ — «» 

— €? X — ax* — 7? 
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(II.) 

2aft + 4ff)^ + 4:a»^+16** (a^4-2a6 + 4A» 

a*_2tf»*+4a*A* 

2 tf» ft + 16 ft* 

2<i»ft _ 4a»ft^ + 8aft^ 



4 a? ft» -^ 8 a ft^ + 16 ft* 
4 flS fi8 _ 8 a ft'* + 16 ft* 



a 



ar)a8 



(12.) 
ar* (a* + a a; + a* 



a^ a: 



€? X " 


-:«« • 


C? X - 


— a a:* 




a;^ ar» 




a a:* — a:* 



. (13.) 

tf -f- ^) ^ + ^ («* C^X '\' of 

C^ -{- C? X 

— o^a: -|- ar* 

— €^ X — aai? 



a a:* -}- a:^ 
a a:* + a!* 



(14.) 
a?— Sa:*- 46 a; — 40 



— 9ar» 

— 9a:2 


— 46 a: 
36 a: 






10a:- 
— 10 a:- 


-40 
-40 



a: +^ 



a:2_9a:— 10 
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(16.) 



x' — I 



X' 



x^ 



X —I 



a:« + aJi + a^ + aJ» + a:» + a: + l 



a;' 
x^ 



I 
ar» 



a^ 


— 1 










V 


— a:* 












x^ 


— 1 






a:* 


.r» 












ar'- 


1 








««. 


— ar» 










aJ* 


— 1 










x"- 


— a: 












a: • 


— 1 










X - 


1 



(16.) 

a + ^)^* + ^ (^* — o^aj + o'a:* — as? '\' x^ 
cfi + a^ X 



— a* X -{- X? 



a* X 



c^a? 



c? a? -{- c? s? 



— a^a^ + x? 



a a:* + ar* 



22 



KEY TO ELEMEHTABY ALGEBBA. 



21 c? 21 ^ 


(17.) 

t a — 7 A 


21 a* — 21 a* ft 


3 a* + 3 cr* 6 + 3 o^ ft^ + 3 a y 4- 3 6* 


21 a^b 
21 a^b 


21ft» 
21a«fi» 




21a»6' 21ft» 
21 flS fi» _ 21 a* ? 




21a»ft' 21 ft» 
21 a« ft^ 21 a b* 




21 a 6* — 21 y 
21 aft* 21 ft» 



(18.) 
2a* + 2a»ft + 5a2ft2_6o^_|.4j4 

2 a* — 2a»ft+ a^^ 



4a8ft + 4a*ft=-' — 6aft» 
4a»ft — 4a«ft» + 2aft' 



8a*ft* — 8aft» + 4ft* 
8a«ft» — 8aft^4-^** 



2a*_2aft + ft' 



o» + 2aft + 4ft^ 



2a« + i 
2 a"» + ^ 



(19.) 

— 2a* + ^ — a"»+« + a** 



a 



m + n 



2a» + * 
2a"+i 



4-a2» 



2a — 0* 



a' 



a' 
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(20.) 



a -}- x) a* — 3aJ* (a* — a"a? + aa* — a? -r- 



X 





efx 




3x« 














cfx 




c?^ 


















€fa» 


— 


3 a:* 










a'x' 


+ 


a a^ 












— 


a j^ 


— 


3 


x' 













• a 7? 






ar* 



— 2r} 



(21.) 



a»_2a ft+6^ 



a»_3a«ft-f3aA?— ft' 



— 3a*ft+ 9a«ft»— 10a*ft» 
— 3a*ft4- 6a»ft»— 3o*ft» 



3a3^_ 7a»^ + 6aft* 
3a8ft?— 6a*ft»+3aft* 

— a»ft»+2aft*— ft» 

— o'ft'+^a**— y 



THEOEEMS. 

Teachers will observe that the principles of Involution, 
for the second power only, are here anticipated to some 
extent. They will also readily perceive that it is impor- 
tant to introduce these principles at this early stage, on 
account of their use in the operations connected with 
factoring and fractions. 

The pupil already understands that a quantity is squared 
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when it is multiplied by itself (Art. 20) ; and that, so far as 
the literal part of a monomial is concerned, this is effected 
by adding the exponent of each letter to itself (Art. 62), or, 
which is the same thing, multiplying it by 2. 

THEOREM L 

(Art. 76, page 54.) 

2 (2x + y)«=(2x)> + 2(2a:)yH-y» = 4a:« + 4xy+5^. 

3. (6 a^ + 2 a* by = (6 a*)* + 2 (6 a«) (2 a« 6) + (2 a» b)^ 

= 36 o* + 24 a* 5 + 4 a* ^. 

4 (a'' ^ + 3 a' ft* c^ = {c? Wf + 2 (a» *2) (3 a« ^ c*) 
4- (3 a* fr' cy = a« &* + 6 a* i» c* + 9 a* 6^ c-«. 

THEOREM IL 

(Art. 77, p. 64.) 

2. (5 c — 1)> = (5 c)» — 2 (5 (?) + 1 = 25 c»— 10 c + 1. 

3. (a^ — H^y = (a2)8 — 2 a»^ + (A^)» = a* — 2 a*^ + i*. 

4. (5 a* ^ — 10 a^ fr*^)* = (5 o^ ^)« — 2 (5 a« ^) (10 a« ^) 

4- (10 a* &')2 = 25 a* ft* — 100 tf* 6* -|- 100 a* ft*. 

THEOREM m. 

(Art. 78, p. 55.) 
I. ,3 a + 2 ft) (3 a — 2 ft) = (3 a)«— (2 by =9 a» — 4 ft». 

3. (5 a + ft) (5 a — ft) = (5 a)^ — ft^ = 25 a« — ft^ 

4. (9 a? + 1) (9 a: — 1) = (9 a:)^ — 1 = 81 ar» — 1. 

5. (3 a* c+lO a ft«) (3 a« c —10 a ft^) = (3 a^cy— (10 a ft?^)» 

= 9 o*(r»— 100 a=ft«. 

6 (3j^!/+l2xf^)(d3i^!f—l2xf/')=z(Sx'ffy—(l2xtf'V 

= 9x*y^— 144ar»y* 
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MISCELLANEOUS EXAMPLES. 

(pp. 65, 66.) 

2. (3 a — 2)2=(3a)2— 2(3a)2 + 22 = 9a2— 12a + 4. 

3. (9 a i + 2 l^Y = (9 a by + 2 (9 a 5) (2 V") + (2 h^ 

= 81 aU^ -f 36 a ^ + 4 b\ 

6. (2 — a:'«)2 = 2* — 2 (2 a:"*) + (x«)»==4 — 4 a:« -fa:**. 
6. (a» -(. 1) («» _ 1) = (a»)a _ 1 = a« _ 1. 

Y. (a2 _ J2) (a2 + Z^2) _ (^2)3 _ (^2)3 _ ^ _ ^4, 

8. (1 — 3 cy = 1 — 2 (3 c2) + (3 c2)a = 1 — 6 c^ + 9 c?*. 



9. (2 + a — 5)(2 — a — ft)=2*— a — 6' = 4 — (a — 5)2. 
10. 2 (a + 6) (a — 5) = 2 (a» — ^) = 2 a^ — 2 i=. 
U. 3» (x^ — a2)2 = 33 (^2)2 _ (38) 2 o^ ar^ + 3=' {a^ 

= 27 a:* — 64 a" x" + 27 a*. 

12. (1 — 4 a) (1 — 4 a) = 1 — 2 (4 a) + (4 a)« 

= 1 — 8 a + 16 a*. 

13. (3 m + 4 n) (3 m — 4 n) = (3 mf — (4 n)« 

= 9m2— 16 n2. 

14. (3 a — 4 a:) (3 a + 4 x) = (3 of — (4 a:)« 

= 9 a^ — 16 a:^, Ans. 

16. (2^ + 3 x) (2 a + 3 a:) = (2 o)^ + 2 (2 a) (3 x) 

+ (3 a:)« = 4 a^ + 12 a a: + 9 7?, 

16. (2ac — 3&c) (2ac — 3Jc) = (2ac)2— 2(2ac)(3ic) 
+ (3 i c)2 = 4 a^ c^ — 12 a & c^ + 9 ^ c^. 



17. (3 _ a + 5) (3 — a + ft) = 32 — 2 (3) (a + h) 

+ (a + i)2 = 9 — 6 (a + i) + (a + 5)2. 

18. (6 a2 5»-h 7 a 5) (6 a^ 52__ »7 a ^) = (5 ^^ 5^)2 _ (^ a 5)» 

= 26 a* 5* — 49 a^ 5*. 
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19. {x -fa) {x — a) (a:* — a«) = (a:* — a«) (a* — a«) 

= a^— 2a«a:» + c**. 

20. ' (ar -f- 2) (a: — 2) (ar _ 3) (ar + 3) = (x* — 4) (x' — 9) 

= a?* — 13 a:* + 36. 

21. (2 a: + 3) (2 a: — 3) (4 a:* + 9) = (4 a:*— 9) (4 a:«+ 9) 

= 16a^— 81. 

22. {x' _ 1) (a:« + 1) (^^ _ ij = (^^ _ i) ^^JA _ i) 

= a:" — 2 a^ -I- 1. 



FACTORING. 

(Art. 88, page 59.) 

3. Ans. SX*lfnmmnnx, 

6. Ans. 2X^X2x1aaabbbbcexxzy. 

(Art. 89, page 60.) 

4. Ans. X (a -^ 1). 

6. Ans. 7ftc«a:(2c« — 36c+l). 

(Art. 90, page 61.) 

3. 4 o^ + 12 a 6 + 9 ^ = (2 a)2 -[- 2 (2 a) (3 ft) + (3 by 

= (2 a + 3 6)* = (2 a + 3 ft) (2 a + 3 6). 

4. Ans. (2 a — 3 ft) (2 a — 3 ft). 

5. o^— 4aft2 + 4ft*=a« — 2a(2ft*) + (2ft^)«=(a — 2ft^«. 

T. 1 + 2 ar^ + a^ = 1 + 2 X* + (a:«)« = (I + a:*)^ 

Ans. (1 + a:) (1 + ar). 

8. 4a^ + 4xy+y» = (2x)« + 2(2x)y + 5^=(2x+y)». 

ft. 25 OT* + 10 m« » + n«= (5 m«)« + 2 (5 m«) n + rf 

= (5 m» -f n) (5 to« + »)• 



FACTORING. 27 

(Abt. 91, page 62.) 

3. Ans. (x + y) (x — y). 

4. 4.x' — f=(2xy — y'=(2x+y)(2x — y). 

5. 9a« — 4J?=(3a)>— (2i)«=(3a + 25)(3a — 2&). 

6. 64 a* ^ — 16 c^ rf« = (8 a by —(4 c rf)». 

Ans. (8 a ft + 4 c rf) (8 a 6 — 4 c rf). 

7. 1 — 81a:»=.l — (9ar)»=(l + 9x) (1 — 9x).. 

8. c^ — av = W — («'y)*=(^ + «'y) (^— «'y)- 

10. 1— c*= (1 + c^) (1 — c«) = (1 +c2) (1 +c) (l—c). 

11. 16y»— 1 = (4y* + 1) (4y*— l) = (4y* + l) 

(2y»+l)(2y»-l). 

12. a8 — c« = (a* + c*) (a* — c*) = (a* + c*) (a« -f- c^) 

(a2 _ c^) = (a* + c*) (a« + c^) (a + c) (a — c\, 

13. a:«_y^=(a:* + 5^) (x*-5^) = (x* + y»)(:c»+y) 

(Art. 9)3, page 63.) 

2. See Art. 87. 

3. Using m for a and n for b, we obtain the first answer 
from Art. 86, and the second from Art. 86. The same results 
may also be obtained by actually dividing m* — n* by m — n 
and by OT + n. 

Also »i» + m^ n + m n« + w^ = (m -(- n) (m^ + n^), 
and J»* — m^ n -{-mn^ — w" = (m — n) (m^ + ^^ 5 
hence, m* — n* = (m — n) (m -{- n) (m^ -j- n^). 
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4 Substitating 1 for a and x for b, the quantity 1 — jcf^ 
is factored precisely as in the last example. If the second 
factors be again separated, we obtain the prime factorf^ 
thus, 1 _ ar* = (I — a:) (1 + x) (I + x^). 

5. 8x«— y»=(2x)«— y»=(2a:— y)(4a:»+2a:y+y»). 
by Art 85, or by actual division. 

6. 8af» + l = (2a:)«+l = (2aT+l)(4a:* — 2a:-fl). 
by Art. 87, or by actual division. 

7. See Art. 87. 

8. The first form of the answer is obtained by Art. 
91 ; this is changed to the second form by Art. 85, and 
to the third by Art. 87. This latter contains the prime 
factors. 

By means of Arts. 86 and 85, or by actual division, 
we can also obtain 

anda« — 5«=(a — &)(a* + a*6 + a»ft2^a«i«+ai* + ^). 

The last factor of each expression is capable of being 
separated into three others, thus making up the four 
prime factors, 

(a ^b) (a — b) (a'-^ab + H') (a'-^ab-^ ^), 

(Art. 93, p. 64.) 

4. 6 af^ + I2x^^ + 6xf =z 6x (x^ + 2xf/ -^ f) 

= 6x{x+y) (x+y). 

6. a c — b d -\- b c — a d = a (c — d) -{- b (^c — d) 

= (a + b)(c-d). 

7. 6ax — 2&y + 35a: — 4ay = 2a(3a: — 2y) 

+ b{3x^2y) = {2a + b) (3x — 2y), 
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GREATEST COMMON DIVISOR. 



(Art. 98, page 67.) 
The examples of Case I. are readily solved mentally. 
4. Ans. b ah c d^. 



(Art. 99, page 70.) 

4. According to Note 3, we suppress the monomial fac- 
tor 3 in 3 a:* — 24 a: — 9, and 2 in 2 a:^ — 16 a: — 6, when 
each becomes t? — 8 x — 3, which is therefore their greatest 
common divisor. 

6. According to Note 4, we must multiply the dividend 
by some quantity, not a factor of' the divisor, which will 
render its first term divisible by the first term of the divisor. 
As the two expressions are of the savie degree, it is imma- 
terial which is made the divisor (Note 1). 

4 a* — 4aa: — 16 x* 



6 


a' 


+ 


Y 


ax — 


2 


12 


a" 


+ 


14 


ax — 


6ar» 


12 


€? 


— 


12 


ax — 


45 x« 



(3 



26 a a; -|- 39 x* 

2a-f3ar)4a'— 4aa?— 16 a:* (2 #«->-5ar 
4 a' -|- 6 a X 



— 10 ax 

— 10 ax 



16 x« 
16 X* 



The factor 13 x is suppressed in the first remainder 
\Note 3), and we thus obtain 2 a -|- 3 x, which proves to 
be the greatest common divisor 

3* 
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(6.) 
a«_2ai — 3^) 2a»+ ab— l^ {2 

2c^ — ^ab — 6l^ 



a + b)a'—2ab — Bl^(a — 3b 
a*+ ab 

a + b)3ac + ^bc(Bc —Sab — Sl^ 

Sac + Bbc _3ai — Si* 

We find the greatest common divisor of the first two given 
quantities (Note 6), which is a -f- ^i c^nd then find the great- 
est common divisor of a -f- ^ &nd the third given quantity. 

0) 

a^ + 3ar» — 4x)2a:*— 1 a^ + 5 a^ (2 x 

— ISa^ + lSs^ 

a^ — x)3i^ + Ba^ — 4:x(x + l 
a^— x" 



4 a:* — 4 a; 
4 a:' — 4 a: 



The factor 13 a: is suppressed in the first remainder, 
according to Note 3, and the signs are changed, accord- 
ing to Note 6. The factor 13 a:* is found in both terms 
of the remainder ; but a portion of this, x, is also found 
in the divisor, and we suppress only that part which is 
not common to the divisor and remainder. 

We might have suppressed ar from the original divi- 
dend, as we have done in the remainder ; or, we might 
suppress a^ from one and x from the other, if we finally 
restore the common factor x to the greatest common 
divisor (Note 2). 
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The first division, as given above, might be continued ; 
for the first term of the divisor, a:*, is contained — 13 times 
in the first term of the remainder, — 13 a:^. The result 
would, however, be the same, after suppressing the factor 
found in the remainder. 

(Art. 100, page 71.) 

2. a i + ^ =b (a + h), 

Hence a + i, it being the only common factor, is the 
greatest common divisor. (Art. 96.) 

3. a» — 2 a = a (a — 2), 
ab — 2h = b(a — 2). 

m 

Hence a — 2 is the g^atest common divisor. 

4. a/' — a'U'^c^^c^ — ^), 

a* — b* =(a» + 52) (o^ — ^). 
Hence a* — J^ is the greatest common divisor. 

6. ab'^am-{'bn'\-mn==a(b-{'Tn)-{-n(b^m) 

— (a + w) (5 + m), 
Wn — m^ n=n{l^ — m^) = n (ft — m) (ft + to). 
Hence 5 -|- m is the greatest common divisor. 

6. a» + 2 a & + ^ = (a + 5) (a + J), 
a8 — a J2 = a (o^ — 52) = a (a — 5) (a + i). 

Hence a -^ 5 is the greatest common divisor. 

7. 3a:«— 3y»= 3 i^ — tf) =^{x—y) (x+y), 
Z7^+Qxy+^f=Z{7^+2xy+f) = ^{x+y) (x+y), 

Zabx-^-^abyzzr. 3aft(x + y). 

Hence 3 (a? + y), the product of the common factors, is 
the greatest common divisor (Art. 96). 
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LEAST COMMMON MULTIPLE. 

(Art. 105, pp. 73, 74.) 

4 (a:2 _ a- _ 12) -5- (x + 3) = a: — 4, 

&nda^ + 6x^ + 9x = x{3^ + Qx+9)=zx (a: + 3)*; 

hence ^^ f^;;f- -^ — '-=x{x—4:)(x+3y. 

(5.) 
9 ar» y« = 32 a:« y6 

18ar*/ = 2 X 3^2^*/ 
90aH^y« = 2 X 3» X 6aH^^ 

.(6.) 

ea'<^ =2X3 a^c* 
9aV^d=3^al/^d 



Ans. 36 a* ^ c» rf = 2^ X 3* a* ^ c» rf 

a.) 

10 a^ c2 (a + A) = 2 X 5 a^ c« (a + 5) 
10 a« 62 c« (a + 6) = 2 X 5 o^ 52 c« (a + A) 

(8.) 

a6(x + y)=«*(a: + 5^) 
a<^{2? + f)=ac^{x + y) {^ — xy + f) 

a h c^ {7? -^ r^) =^ a b (^ {x -\- y) {a^ — ^ y + y*) 

(9.) 
3a+l =3a+l 

3 (9 a2 — 1) = 3 (3 a + 1) (3 a — 1) 
3 (9 a2 _ 1) = 3 (3 a + 1) (3 a — 1) 



8. 



9. 



10. 



11. 



FBACTIONa S8 

(10.) 

1 + a =l+a 
1 — a =1 — a 
1 — «• = (1 + a) (1 — a) 

1 — o^ = (1 + a) (1 — a) 

(11.) 
a (a? + y) (a: — y) = a (x" — y*). See Note 1. 

(12.) 
3a«a; + 6afta: + 3^ar = 3a:(a + ft)« 
12 a» — 12 a ft -f 3 ^ = 3 (2 a — ft)« 

3 a: (a + ft)« (2 a — ft)" 



FRACTIONS 

EEDUCTION. 
(Art. 1184, page 79.) 



5. Ans. -r-. 



a* — aft* g (g — ft) (a -f- ft) <»(<» — ft) o* — <»ft 

at-|.2gft + ft« ~ (a 4- ft) (g -|- 6) "" g + ft ~ g -f ft ' 

g*— 1 (x — 1) (g + 1) X — 1 

2xy-f2y~ 2y(x+l) 2y' 

g X +x* X (g -|- x) x 

gc*-|-c*x c*(g-[-x)^"c** 

X* — g* X X (x — g) (x -}- g) x (x — g) 

x*-|-2gx-|-a* (x-f-a)(^-f-a) x-f-a 
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13. 



a* — 6* (a« 4- 6«) (a« — 6«) «« 4- 6»' 



5a* + 10a*g4-5a»a;* _ 5 a* (g 4.x) (04. x) 



c^x+2c^3*+2aa*'{-2/^ (a -{- x) (cf x -\- a a* + 2^ 

5 g* (g 4- g) 6g*4-5g'ar 

g*x4"^^"l~^ g"a:4-<*^~|-^' 



After factoring the numerator, it is evident that if the 
two terms of the fraction have any common factor, a -\~ x 
must be that factor ; and we find by actual division that 
it is contained in the denominator, giving a quotient 

0? a; 4" « ^ + ^' 
The last example can readily be solved by finding the 

greatest common divisor of the terms, according to Art. 
99 ; for the factors cannot readily be determined by 
inspection, especially in the denominator. Suppressing 
the monomial factor, 5 c^, in the numerator, the greatest 
common divisor of the two terms may be found as fol- 
lows : 



a»a;4-2a»a:«4- a a^ 



€^ + 2ax + a^ 



(a X 

aa:* 4" ^* 

a4-^)«' + 2aa:4-^(« + a; 

a" 4" ^^ 

a X -{- a^ 
a X -\~ a^ 

Dividing both terms of the given fraction by the 
greatest common divisor, a -{- x, we obtain at once 

5 g* 4- 5 a' a: 
«* a; -|- g a:* 4" ^* 



FRACTIONS. 85 

(Art. 125, pp. 80, 81.) 



q ^ — y" _ (g + y)(x — y) _ 

o. — , — — i — X — y. 






a: — y x — y ' jr i jr 



12 a;'— 18 . ^^ a ^ a 

6. _^-_=4x--=4x--, Ans. 



7. 2a^-x+l)^^-2x (2- 3^J . , 



q»^y + g» _ a» + a* _ y _ (g+x) ( a« — gg + gQ 

a -f- g ' o -f- * a + x a -f- g 

; — = a* — a a: + a:* 



a + X ' a -|-x 



(Art. 126, pp. 81, 82.; * 

„ 5 al^ 5 a cv> o— 1 r— 1 -« 



*• 8^ = ? = -V. Ana. 
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6. •^=c?^f^y^ = c?:^t^. 



8- J^^yr^ = {a-h){a + h)=<^-l^. 



9. 



10. 



4(r-*yr-* _ 4a'yy _2y 
2 a-* 6-* 2 a* a:* oi"* 

xy {a — ft)~* ar y ^_^ x y 

flT+ft ~ (a + 6) (a — &)« — rfTZr^yZTTSrpfti • 



In the above exatnpleR, factors are transferred from 
either term of a fraction to the other by changing the 
signs of their exponents. 

Since the fractional form may be regarded as an ex- 
pression of division, the required result may also be 
obtained, in each of the first eight examples of Art. 
126, by simply subtracting the exponents found in the 
denominator from those connected with the same let- 
ters or quantities in the numerator. The exponent of 
any letter or quantity not found in the numerator may 
be regarded as 0. (Art. TO.) 



(Art. 127, pp. 83, 84.) 

A Ans ?M-_?^ 



ah — 0* 2aft — { ah — o*) ^ah — ah -\- <f 

^- ^ 26~ ~" 2 6 ~ 2 6 



_ ab-^rc^ 
— ~26 • 



a:— 1 a6 + 6— (ar— 1) a6 + 6 — a?-|-l 
6. a + 1 J— = J = 5 



FRACTIONS. 



87 



7. 2 a 



8 



4V f i^o — X 6a — 66-|-a — x 

i 3— 3 



7 a — Bh — X 



, , „ 4x — 5 4x4- 12 ax — (^ ^ — 5) 12ax+5 

. l + 3a = ' ^ -z=i — ! — ' 

' 4x 4 X 4x 



9. a + 6 , — = ^^ — r 



8 



a — 6- 



' a;y xy xy 

, a« — 2a&4-y _ a«4-2a&4-6» — (a«— 2a&4-y) 



a4-& 



4a6 
a+~*' 



a 4-6 



(Art. 128, page 86.) 

4. The least common multiple of the denominators 5 y, 
10 y*, and 2 x, is 10 x y*. (Art. 105.) 

(10xy»-5- 2x)X« =5»y'; 2^ = "o^- 



5. The least common multiple of 2 a, 6 a', and n 
is 10 a' n. 

^*^« r^v «> «,- 83: 15 anx 

(10a»n-5-2a) X 3x= 15 anx 



(10 a* n -^ 6 a') X 2 a: = 4 n a; 



(10 a» n -5- n) X w = 10 a' w 



* 2a 




10 a«n 


2x 
' 6 a* 




4 n X 
10a«»" 


m 
* n 




10 (^m 
10 a* n' 



Ans. 



15 anx 4fix lOa^m 
lO a* n ' 10 a* n' 10 a« n' 
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Examples 6 and 7 are readily solved by the first part 
of the rule. 

8. The least common multiple of 1, b, and c -}•' d is 

l(bc + bd)^b]Xa= ac + ad', f=JJ±|J 

[ihc+bd)Mc+d)]X(x^2)=bx-2i; ^J^ = »£^. 

NoTB. The same resnlti maj also be obtained bj meani of tiie fint 
part of the rule. 

(Art. 1J9, p. 87.) 

2. Since (a? + y) (a: — y) = as* — y*, it is evident 
that if we multiply both numerator and denominator of 
the first fraction by x — y, and of the second by a: + y, 
the denominator of each of the three fractions will be 

a:*-y*. 

3. Since (a — x) {a^ -^^ a x -^ a^) = c^ — a^ (Art. 

86), it is evident that the multiplier ci* -f~ ^ * 4" ^ 
should be used for the second fraction, and a — x for 
the third. 



ADDITION. 

(Art. 131, pp. 88, 89.) 
8 a j^ ^ , a 9a. 10 g. 4a 28 a 



2 "• 8 "^ 4 15 ' 12 "*" 12 '^ 12 ' 
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S X ^^ X 15 X 1^2 ax 15 x -\- 2 a x 

Fa ' 6 ~ 10a »■ lOTS lOo * 

^ 4a:, j; — 2 20a:,7x— 14 27 x — 14 

"t" "■ 5~~ 35 ' 35 35 ' ' 

Q S x — a _»4 X S X — a _,S X llx — a . 

»• ~i4— i- "T — "~ir""f" u — u ' ^'^*- 

9 ^ I y _ ^ — -gy I jfy + y* _, ^ + y' 

x + y""*!: — y a:* — y* "* ar' — f x^ — y* * 

*• l + a^l — al— a*^l— a»l--a«' 

11 ^ + y I a:--y __ a:«+2gy-|-y* . a:* — 2gy + y« 
X — y ' x + y aJ* — y* ■ ^ — }^ 

2 a:* + 2y* 2( a:*+y*) 

-^ a — 6j^6 — Cj^c — a ac — 6 <? j^a 6 — tf c j- 6 c — afr 

ah~^hcac ahc ' a6c ' ahc 





a & c 



= 0. 



X — a , 1 X * — g* , X* — g X - f- Q* 

^^' X* — a X 4- a« "^^ X + a " x» + a» "• x» + a» 

2 ai* — ax 

~ x» + a» • 

n , 1 — 2n n» , 1 -^ I n n* — 2 w + 1 

^** n — 1 "*■ »• — n ^"^^ »■ »« — n n^^n 

(n — 1) (n — 1) n — 1 

"~ n (n — 1) n * 

• ^ « , 2x , 8x « , , 18x 40x . 22x 

16. 3a+--+a-- = 3a + a + — - — =4a-— . 

i>» I c + <f , c — d I 2 c , ^ 
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18. X _4.y4.__ = x4.y ___4.___ 

2 ab X — 4a*c 



= ^ + y + 



bc 



SUBTRACTION, 



(Art. 133, pp. 91, 92.) 



12 ar 3 X 60 x 21 x 89 a: 

7 6* "35 SST "35" • 



a a 4a 3a a 

*• 3 4 T? TT 12* 



- 3a& 4a6 3aft Sab 5ab 

• ^ 2~ ~4 4~ 4" 



6. ?Jiy_iny = ?J' = y, 

2 2 2 ^ 



^ _1 1_^ x+l a r — 1 



X— 1 ar+l a:*— 1 a:*— 1 a:*— l' 



Ans. 



1 — 2fi n 1 — 2fi n* 1— 2fi — n* 



n* — n n — 1 n* — n n* — n n* — n 



^ - X / X — a\ „ ex , 26x — 2aft 

26 \ <? / 26c ' 26c 

^ , 26x — 2a6 — ex 4bex-^2bx — ex — 2a6 

= ^^"1 26^ — 2bi ' 



l+^_ 4x' _ 0+g*)* ^a;* _ i-|.2a:* + a^ — 4a;* 

_ 1 — 2g'-fa^ _ (l— a^(l--g') _ l--g' 
~ 1 — a?* ~ (1 — i«) (1 + «•) ~" 1 + «• • 
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11. 4.x + ^ - (3 X - ^) = ix - S X + ''-^, + ^ 
' a \ c// ^ ad ^ ad 

, b d A~ ac 

12. ^h-ti-+^-(b+l) = ib-h^''^^+'-^ 

= 66 — 



10 10 

20 a + 11 



10 
8x4-2 7xy — 10 y 3x4-2 7 x — 10 

3x4-2—7x4-10 12 — 4x 4 (3 — x) 

~ y ~ y ~ y ' 

U, X — a x4-a X — a x-X-a — x-\-a 2a 
x4-« x4-o x4-a x-f-a x-\-a' 

, 3x 2x~2a „ , 9cx 2ax — 2a* 

15. 2x-] X = 2x — a: -4-- 

'a 3c ' 3ac Sac 

, 9 ex — 2 ax4- 2 a* 

= a? 4 ;> • 

' 3ac 

,g X y X y_ __ a* y 4- ^ y * j^ y — X \f 

'x — y ar4-y «* — y" «" — y* 

x*y4-3:y* — «*y4~*y* 2xy" 

X* — y* x" — y** 



MULTIPLICATION. 
(Art. 135, page 93.) 

°' a64-ac4-6c4-c»'? ^ »^^~(64-c) (a4-c)~64-c* 

''• 9(x-y)(x4-y) '^ ^^"^^y^— 9(x-y)(x4-y) 

^a 4-64-c 
3 (a? — y) * 

4* 



42 KEY TO ELEMENTABT ALGEBRA. 

(Art. 137, pp. 95, 96.) 



. hew? 

o. Adb. — -,- . 
a a 



"• (• + i)x:=^ 



9_oj + x y_«y + * 



X£ = 



A factor occarriog in any numerator will cancel the 
ftame factor found in any denominator, when the frac- 
tions are to be multiplied together. 

,o 4ar+2 5x _ 2 ( 2 x + 1) 5x _ 10 x 

^^' 3 -^2x4-1" 8 ^2ar-|-l~3" 

**' ""6"^ ^ a* — 6* ~ "~r~ ^ (a + ft) (a — 6) "" ^1=^6 * 
,« fl' + y w^-ft _ _«*+^^ v^«-^_«* + ^ 



a« — 6* ^ a + ft (a + ft) (a — ft) ^ a + ft (a + ft)* 

«* + ^_ 

^*' a -^ ft -^o* — ft»— a ^ "HT" 
X 



(a 4. ft) (a — ft) ft : 



18 



• \^ a/U"^«/ « ^ aft ~ a«ft • 



19 (^^\ (-^^ / ^-A = -^ X -^ 

^ (x + y) (a: — y) _ J 



20 



■ ('■+;)x(' + ") = °-^x^^^ 



a n X y -{-a m y -{-b n X'\'hm 
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DIVISION. 
(Art. 139, pp. 97, 98.) 



>_ o6c + 6'c , ,,v 6c (a 4-6) , ... be 



a; 



c c e 

b C ^ f y^ V ____ h — C b C 

^' r+c"^ ^^'^^^~(b+c)(a + c)~ab + ac + bc + <^' 



(Art. 140, pp. 99 - 101.) 

Q 9ay ^ 2m Say _y Say* 

•4m* v~4m'^2m""8m«' 



. a ^ S m a 4 a 2a* 

2 ■*" To" 2 '^ 3^ 3~m' 



9^"^ 3 9m'^2o 3~m' 



S a a S a ^^ n 8n« 
9 m n 9m a 9 m' 



ab , 3 rf a6 ^ 2o6 2 a« 5* 



Q Qy . Q — ^ gy V ^ g^y 

®' 1 • a: —I'^a — 6~a — 6 



Q ^ . ? — ^ V 1 — _?— 

^' 1— a"^4~l— a'^a — 1— a* 
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g + ft g — &_ a + & 2 _o_+_b 

^' 2 "*■ 2 ~ 2 ^ szTh — ^r^Ti 



11. (^ + ?W?=iiLtf x- = ^^^^'. 

\ ' y/ g y y y" 



6 "*■ 7 a 6 ^a6 + iii "6"a6~-P6 m 



an "*"\*a/ an "*" a 



__ m (g* + ft y) g __ m 

an a*-|-^y ** 



14. ° + ^ ^ ^-~ ^ _ g + ^ X ° = °+ ^ 
a ' a aa* — 1 a 

X 



"(« + 1) (« — 1) g — 1 * 



15 6 g* — 2 ar a* ar (6 ar — 2) 2 + 3? 

4 — a:* "*" 2 4- X ~ (2 — x) (2 + x) ^ a:* 

6 X— 2 6 X — 2 

x~( 2 — x) 2x — x« " 



a» + i» ^ a + 6 ~ (a + 6) (a« — a 6 + J») -^ ft 

2ft 



a« — a ft + ft* • 



lY ^ — y* ^ 3? — y _ (x + y) (x — y) 8 (x + 2 y) 

^*'x+2y'8x4-6y x+2y ^ x — y 

= 3(x+y). 



• A r-i t \ 1+X 1+X^^ X 
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(g + xy \ 12 ^ qi 4, g ar + a:* 



(<i±i)- - ») = H . 



19. 12 

X 



12 _ ar 12x 

— T X ^t 



a^ + ax-j-** a*-|-ox-[-«*' 



(Art. 142, pp. 102, 103.) 



„ X m X , n n X 
2. --*.- = -X-- = — 

y n ^ 7/t 771 ^ 



Q q + 6 .y — « « + ^w * a6 + i« 

X 6 X y — a xy — ax 



4. Multiply both numerator and denominator of the 
complex fraction by b, according to the second part of 
the rule, and the answer is obtained at once. 



_ 5 — c 7 — y 6 — c ^ ^ a 5 a — a c ^ 

6. J- ^ = X y = ^ . Or, 

X a X 7 — y 7x — xy 

multiply both terms of the complex fraction by a ;?. 



6. Such a fraction as -—. x:; is complex in mean- 

X -\- a d~^ *^ 

m 

ing, though not in form, being equivalent to \' I* 

is evident from the rule that the denominators n and d 
may be removed by multiplying both terms of the com- 
plex fraction by dn\ and, according to the note, the 
negative exponents of the original form are removed by 
the use of the same multiplier, thus : 

(y — 771 n-*) X dn dny — ^tti 

(x -\- a </-*) y, d n dn X -^^ a n 
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T ^ — ^Xa _ ab _ ah /Art'rn\ 



- b — X b — X 

o. 



^ X(h-x) 



b + x — (b + x)X(b'-x) — 6« — a:*- 



2^-6 20^-6^20 



9. 



5 5 ^ 4 ( 2 g* — &) 8 a* — 46 

g — 6 g — 6 g^ ~5"(g — ft) 6g— 56' 



10. The operation for reducing the given complex 
fraction to a simple one, according to the rale, is as 
follows : 

« 

The last expression may be reduced thus (Art. 86) : 

a:" — 1 _ (x'+l) (a;«~.ar* + a:«— l) _ g» — a^ + g*— 1 
a:« + a:»~ a:" (a:» + 1) ~ ? " 

= a^ — X -] -^, 

' X ar 

Again, j- = ^ . ^i =a:» — ar + ar* — ar«. In 

a: -I * 

' X 

performing the division, negative exponents must be sub- 
tracted or added whenever positive ones would be ; but 
these operations must be performed in accordance with 
the principles already laid down in the case of other 
negative quantities, thus : 



SIMPLE EQUATIONS. 



1^ — ar* 


ar + ar» 




a;« + aJ 


' X 


»^ + aJ 


a;* — x-\- a;"* — 


ar* 


' X a* 

1 


«» ar« 
— «» — a* 




if — ar*- 


1 




af + ar' 




'-]> 


X-' a;-* 
— ar» — ar— 


'+^ 


1 1 




1 1 



SIMPLE EQUATIONS. 

TRANSFORMATION OF EQUATIONS. 

(Art. 142, pp. 106, 107.) 
6. Ans. 6ar — 2a: = 24 — 3. 

NoTB. The stadent most always bear in mind the fact that trans- 
position is simply adding to, or subtracting from, both members of an 
equation a quantity equal in numerical value to the one which is to 
be transposed, according to the first and second axioms. It may be 
well for the teacher to require this explanation of each transposition, 
until the idea is firmly fixed in the student's mind. Thus, in the fifth 
example, we subtract 3 and 2x from both members of the equation, ae- 
cording to Ax. 2. 



2. 
8. 
4. 



(Art. I5S, pp. 108, 109.) 
Maltiply by a. 



Multiply by 4. 
Multiply by 6. 



6. Multiply by 10. 
6. Multiply by x. 
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7. 6' ven m -|- a?"* = n — p ar^ 
Multiplying byx, mx -^^ oP =znx — psf 
Or, mx '\- Izzznx — p 

Note. It will be seen that this example is precbelj analogoiu to the 
sixth; but the eqaation takes a different form, merely because negatiye 
exponents are nscd instead of denominators. 

The student shoald become accustomed to the use of negative expo- 
nents as early as possible. He will find that they may often be conve> 
nientlj substituted for fractional forms ; in fact, they constitute the natural 
algebraic expression of unperformed division, just as a negative coefficient 
expresses an unperformed subtraction. The ability to comprehend and 
employ them will also be found essential in the higher departments of 
mathematical analysis. 

8. Maltiplyby2. Ans. 2 a— 1 +2 5 = 2c + cf — 2x. 

9. Given ar — ^^i-? = 8 

o 

Multiplying by 6, 6 ar — (4 a: + 8) = 48 
Hence (Note 2), 6 a; — 4 x — 8 = 48 

12. When the denominators are prime to each other, 
it is convenient to multiply each numerator by all the 
denominators except its own. In this instance, there- 
fore, we may thus multiply both members of the equa- 
tion by 65. 

Note. Here, as in transposition, the student must be reminded that 
he can perform no operation npon one member of an equation without 
also performing precisely the same operation upon the other member. 
The process of clearing of fractions is based entirely upon the third ax- 
iom. Multiplying each numerator by all the denominators except its 
own is simply a convenient practical expedient for multiplying both 
members by the common multiple of all the denominators. 

13. Multiply by 6, and apply Note 2. 

14. Multiplj'ing both members of this equation hy he 
\emoves both denominators and the negative exponent 
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15. Multiply both members of the equation by 8, and 
develop the expression 3 (44 — a: + 12) for the second 
member. 

16. Multiplying both members of the equation by 9 
removes all the denominators, and gives 

6 a: — 60 = 4 (30 — ar). 

Performing the multiplication indicated in the second 
member, we obtain 

6 a: — 60 = 120 — 4a:. 

KoTE. In maltiplying a fractional term by the least common mnlti- 
ple of the denominators, we may first divide this maltiple by the denom- 
inator of the term, and then multiply the numerator by the quotient, as 
in reducing fractions to a common denominator. (Art. 128.) 

n Given ^^ + ^i^ = 14. 

x-\- 2 ' X — 2 

Multiplying both members by (x -\- 2) (x — 2), that is 
each numerator by the denominator of the other fraction, 
and 14 by both denominators, 

(a; _ 2)2 + (a: + 2)2 = 14 (a: + 2) (x — 2) 
Or, a:2 — 4 a: + 4 + ar^ + 4a: + 4 = 14 (ar^ — 4) 

SOLUTION OF SIMPLE EQUATIONS CONTAINING 

ONE UNKNOWN QUANTITY. 

(Art. 159, pp. 112-114.) 

5. Given 6 a: + 43 — 5 = 100 — 27 

Transposing the known terms to the second member, 

6x= 100 — 27 —43 + 6 
Uniting the known terms, 5 a: = 85 
Dividing both members by 6, the coeflScient of a:, 

a:=T 

5 
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6. Given 7x + 7 + l = 96 — 11 
Transposing known terms, Tar = 96 — 11 — 7- — 1 
Uniting terms, *l x = *l*l 

Dividing by 7, a? = 11 

7. Given 15j; + 8 — 9 = 212 + 87 
Transposing terms, 15 x = 212 -|~ 87 — 8 -f- 9 
Uniting terms, 15 a; = 300 

Dividing by 15, ar = 20 

8. Given 9a: + 9 = j; — 71 
Transposing terms, 9a: — x = — 71 — 9 
Uniting terms, Sx=z — 80 
Dividing by 8, x == — 10 

9. Given 4a?— 15 = 2a: + 13 

Transposing terms, 4x — 2a:=13-|-15 

Uniting terms, 2 a; =28 

Dividing by 2, a: = 14 

10. Given 4 (x— 12) = 2 (12 — ar) 
Expanding, 4x — 48 = 24 — 2a: 
Transposing terms, 4a? + 2x = 2i:-|-48 
Uniting terms, 6 x = 72 
Dividing by 6, x = 12 

11. Given 9 (x+ 1) = 12 (x — 2) 
Expanding, 9x + 9 = 12x — 24 
Transposing terms, 9x-r-12x = — 24 — 9 
Uniting terms, — 3 x = — 33 
Dividing by — 3, x = 11 

12. Given 3 (x — 3) + 2x = 3 (40 — ^ — 19) 
Expanding, 3x — 9-f2x=120— 3x — 57 

Transposing, 3x + 2x + 3x= 120 — 67 + 9 
Uniting, 8 x = 72 

Dividing by 8, x = 9 
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13. Given 3 (2a: + 3ar) — 15 = 72 — 4 (a? ^ 2) 
Expanding, 6a: + 9a: — 16 = T2 — 4a: + 8 
Transposing, 6a: + 9x + 4a:=72 + 8 + 15 
Uniting, 19 a: = 95 

Dividing by 19, ar = 5 

14. Given 2 (a: — 6) -1-3 (2ar + 5) = 3 (3a; — 2) — 1 
Expanding, 2ar— 12 + 6a:+ 15= 9ar — 6 — 1 
Transposing, 2x + 6a: — 9a: = — 6 — 1 + 12 — 1.' 
Uniting, — a? = — 10 

Changing signs, a? = 10 (Art. 152, Note.) 

15. Given a:_?_f — 30 

2 6 

Clearing of fractions by multiplying by 6, 

6a:— 3a: — a:=180 
Uniting terras, 2 a: = 180 

Dividing by 2, x = 90 

16. First Solution. 

Given I — Sx"^ = \ + Sar^ 

o 

Multiplying by 5 x, to remove denominators and neg- 
ative exponents, 5 a: — 40 = a: + 40 
Transposing terms, 5 a: — a: = 40 -f- 40 
Uniting terms, 4 x = 80 
Dividing by 4, x = 20 

Second Solution. 

Given 1 _ 8 a:"^ = 1 + 8 x"^ 

Multiplying by 5, 5 — 40 a:"* = 1 + 40 ar* 

Transposing, — 40 ar^ — 40 af^ =1 — 5 
Uniting, ^ — 80 a:-^ = — 4 



4_ 1 
80 
Taking the reciprocals, a: = 20 



Dividing by — 80, x-^ — — — — 
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11. Given ?x+12 = ^a: + 6 

Multiplying by 15, 10 x + 180 = 12 a: + 90 
Transposing, 10 x — 12 x = 90 — 180 

Uniting, — 2 x = — 90 

Dividing by — 2, x = 45 



18. Given | + ^ + if=158 

Multiplying by 105, 35 x + 63 x -f 60 x = 16590 
Uniting, 158 x = 16590 

Dividing by 168, x = 105 

Note. In clearing of fractions, the multipUcation of the second mem- 
ber need only be expressed, thus: 158 x 105. The factor 158 will then 
bo removed by the next diyision, and leave the other factor, 105, as the 
value of I. 



19. Given i + f + * = 28 

2 ' 4 ' 8 
Multiplying by 8, 4 x -f 2 x -f x = 224 

Uniting, 7x = 224 

Dividing by 7, x = 32 



21. Given — = rf 

n 

Multiplying by n, a x = n d 

Dividing by a, x = 



22. Given — -(-— -r=rc 

Multiplying by 6, 3ax + 25xi=6c 

Factoring, (3a + 2*)x = 6c 

6c 



Dividing by 3 a -|- 2 ^, x 



Sa-{-2b 
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23. Given Ia^^ — c 

a ' X 

Multiplying by ax, x '■\- ah-=.a c x 
Transposing, x — a c x:=. — ah 

Changing signs, a c x — xz=z ah (Art. 152, Note.) 

Factoring, {a c — 1) x = ah 

Dividing by a c — 1, a: = — — j 



24. Given a: -|- w a: = a 

Factoring, (1 -f* ») a: = a 

Dividing by 1 -|- n, a: = , 

26. First Solution. 

Given o — c xr^ = d ar^ — jh 
Multiplying by a:, ax — c = d — hx 

Transposing, a x -\' h xz=zc -\- d 

Factoring, (a -|- 6) a: = c + c^ 

Dividing by a + ft, a; = ^-y-^ 

Second Solution. 

Given a — c x"^ = d x"^ — h 

Transposing, — c x"^ — d x~^ = — a — h 

Changing signs, c x^^ + d ar^ = a +. ft 

Factoring, (c -|- c?) x"^ = a + ft 

I «, a -^ ft 

Dividing by c + c?, a: * = ^^^ 

Taking reciprocals, x = -^yta 

h X d a ex 
26. Given __- = -_ -^ 

Mult, hy ah cd, h^cdx — ahd^ = a^cd — ahc^x 
Transposing, ahc^X'^h'^cdx = d^cd-\'ahd^ 

5* 
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F^vOtoring, bcx(ac'\'hd):=zad(ae'{'bd) 
Dividing by a e '\' b d, b c x = a d 

Dividing hj b e, x = ^ 

Note. If the mcmbera of the eqaation had not been factored and 
divided hj ae -{' bd, we should have obtained 

a* ed -^ abcP adjae -^ bd ) ad 

' ~ a6c>+ l^cd ^ b ciac-^bd) ^ b~c * 

27. Given iiill = ^_i±^ 

9 4 

Multiplying by 12, 8 a: + 4 = 12 a: — 3 a: — 9 
Transposing, 8x — 12ar-}-3ar = — 9 — 4 
Uniting, — ar = — 13 

Changing signs, ar = 13 

29. Given 5 — ^^^ = x — 3 

Multiplying by 11, 65 — ar — 4=llar — 33 
Transposing, — x — 11 a: = — 33-|-4 — 65 

Uniting, — 12 a: = — 84 

Dividing by — 12, a: = 7 

30. Given 2a: + ^ = ?-^_4 

4 4 

Multiplying by 4, 8 a: + 24 = 3 ar — 16 

Transposing, 8af — 3ar = — 16 — 24 

Uniting, 6 ar = — 40 

Dividing by 6, x=. — 8 

31. Given ar + ?i? — ?^ = a: — 2 

4 8 

Dropping x from both members, —^ ^— = — 2 

Multiplying by 12, 3 x + 24 — 4 ar + 24 = —24 

Transposing, 3ar — 4ar = — 24 — 24 — 24 
Uniting, — ar = — 72 

Changing signs, ar = 72 
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PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING ONE 

UNKNOWN QUANTITY. 

(Art. 167, pp. 117-131.) 

2. Let X = the smaller number, 

and X -\- ! u = the larger number. 

Their sum, a; -{- a: -(- 1 6 = 40 

Transp. and uniting, 2 a: = 24 

Dividing by 2, a; = 12, the smaller number. 

Then, x-\- 16 = 28, the larger number. 

Verification. 

12 + 28 = 40 
28 — 12 = 16 



3. Let X = no. votes for unsuccessful candidate, 

and X '\- 120 = no. votes for successful candidate. 

Their sum, x + x-\- 120 = 1296 

Transp. and uniting, 2 ar = 1176 

Dividing by 2, a: = 588, no. votes for one. 

Then, x + 120 = 708, no. votes for the other. 

Verification. 

588 + 708 = 1296 
1296 — 708= 120 
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4. Let X = smaller number, 
aiid :r -f- 13 = larger number. 

Their Bum and 17, x + ar+ 13 +17 = 62 
Transposing and uniting, 2 x = 32 

Dividing by 2, x = 16, one number. 

Then, ar + 13 = 29, other number. 

5. Let X = sum due A, 

2 X = sum due B, 
and 3 X = sum due C. 

The whole sum, 6 x = 3000 

Dividing by 6, x = 600, sum due A. 

Then, 2 x = 1000, sum due B. 

Also, 3 X = 1500, sum due C. 

6. Let x = no. of children, 

2 X = no. of women, 

and 4 X = no. of men. 



The whole number, 7 x = 266 
Dividing by 7, x == 38, no. children. 

Then 2 x = 76, no. women. 

Also, 4 X = 152, no. men. 

8. Let X = number of days required. 

Then 36 x = distance traveled by one, 

and 30 X = dist. traveled by the other. 

Their sum, 36 x + 30 x = 396 

Uniting terms, 66 x = 396 

Dividing by 66, a: = 6, no. days. 

Then, 36 x = 216, no. miles one trav. 

Also, 30 X = 180, no. miles other trav. 
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9. Let X = no. hoars horseman rides, 

and a: -(- 10 = no. hours first person trav. 

Then 9 x = distance horseman rides, 

and 4 (a: -|- 10) = dist. first person travels. 

Hence, 9 ar == 4 a: -[- 40 

Transp. and uniting, 5 x = 40 

Dividing by 5, a; = 8, no. hours horseman rides. 

10. Let X = price of the house, 
and 850 — ar == price of the garden. 

Then, 5 a: = 12 (860 — x) 

Or, 5x = 10200 — 12 ar 

Transp. and uniting, 17 a: = 10200 

Dividing by It, x = 600, price of house. 

Then, 850 — x = 250, price of garden. 

11. Let X = value of a sheep. 
Then 72 ar -[- 35 = value of A's share, 
and 92 X — 35 = value of B's share. 



Hence, 92 x — 35 = 72 a: + 35 

Transp. and uniting, 20 a; = 70 

Dividing by 20, x = 3^, value of a sheep. 



13. Let X = James's age, 

6" 



8 X 
and -^ = John's age. 



The sum, a? + ?=? = 39 

Clear, effractions, 5 a: + 8 a: = 195 
Uniting terms, 13 a: = 195 

Whence, a: = 15, James's age. 

8 X 
Then, -r- = 24, John's age. 
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14. Let X == C'b share, 

"z- = A'b Bhare, 

and — - = B'b share. 

4 



9 X S X 

Their sum, ar + -— + — = 145 

Clear, of fract., 12a? + 8a? + 9ar= 1740 
Uniting terms, 29 x = 1740 

Whence, x = 60, C's share. 

Then, -— = 40, A's share. 

9 

Also, --- = 45, B's share. 

15 Let X = his age. 

Then, a: + | + | = 44 

Clear, of fract., 6a? + 3x + 2a: = 264 
Or, 11 a: = 264 

Whence, x = 24, his age. 

17. Let 6 a? = length of the pole. 

6 X 
Then — =z 3 a: = half of its length, 

and - - = 2 a: = one third of its length. 



Hence, 3ar + 2a:4-4 = 6a: 
Or, _ ar = _ 4 

Whence, a: = 4 

Then, 6 x = 24, length of the pole. 

18. Let 36 a: = whole journey, 

14 x = f of journey, 
and 16 X = f of journey. 

Then. .14 r 4- 15 r -I- 30 = 35 r 
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19. 



20. 



22. 



23. 



24. 



Or, 


— 6 a? — — 30 


Whence, 


a? — 6 


Then, 


Z5 x^r:z 175, the whole journey 


Let 


6 a: — capacity of the cask. 




2 X amount of oil. 


and 


X i of the oil. 


Then, 


2 a? 21— a: 


Or, 


ar — 21 


Hence, 


6 ar — 126, capacity of cask. 


Let 


X age of youngest. 




a: + 2 age of next. 


and 


X + 4 — age of oldest. 



The sum, 3 ar + 6 = 24 

Transp. and uniting, 3 a? = 18 

Whence, ar = 6, age of youngest. 

Then, a? -j- 2 = 8, age of next. 

Also, ar + 4 = 10, age of oldest. 

Let a? = no. lbs. of each. 

Then, a x -^-h x -{- c x = d 



Whence, 

Let 

Then, 
Transposing, 

Whence, 



ar 

2x-\-b 
2x 



a-^b -{- c 

my age. 

a 

a — b 

a — b 



, no. lbs. of each. 



X = —^ , my age. 



Let x=^ no. votes for successful candidate, 

and ar — ft = no. votes for other candidates. 



The sum, x-^-x — b 
Or, 2 a? 

Whence, 



a 

a + b 
a + b 



X = T" , no. votes for sue. cand. 



2 



i 
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25. 



Let 


X = value of horse. 


and 


- - — value of carriage. 


Their sum. 


, 3 X 
^+ 2 — ^ 


Clear, of fractions, 


2ar + Sx — 2e 


Or. 


6 X=:2 c 


Whence, 


X — - , value of horse, 
o 


Then, 


-^ — - - , val. of carnage 



26. Let ar = no. days second travels, 

and a:-|-n=:no. days first travels. 

Then b x = distance second travels, 

and a (x -j- n) = distance first travels. 

Therefore, b x = a {x -{- n) 

Or, &a; = aa;-|-na 

Transposing, b x — a x :^ n a 

Whence, x = , , no. days required. 



27. Let X = the number. 

Then, ^^^i^ — 4 = 15 

Clear, of fractions, *lx-\-S — 8= 30 
Transposing and uniting, *l x = 35 

Whence, a: = 6, the number. 



28, Let a: =: length of rod. 

Then, :,_|-(| + 3) = 16 

Mult, by 30, 30x — 6a: — 5a:— 90 = 480 
Transp. and uniting, 19 a: = 570 

Whence, a: = 30, length rod 
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30. Let X = price of first houBe. 

X 3 X 
Then «-}-- = -- = price of second house, 

o X . O X u X . « - .11 

-—-+—= -J- = price of third house, 

2 4 4 

and X -f- -J- = -J- = price of fourth house. 



The sum, x + ^ + ?^ + ^ = 8000 

Clearing effractions, 
4:X+Qx+ 9x + 13 a: = 32000 
Uniting, 32 x = 32000 

Whence, x = 1000,. price 1st house. 

S X ■> 

Then, — - = 1500, price 2d house. 

9 X 
Also, — := 2250, price 3d house. 

13 X 
And, -— = 3250, price 4th house. 

Note. Fractions maj be avoided by using 4 x for the price of the 
first house, and, conseqnentlj, 6x, 9ar, and 13 ar for the prices of the oth- 
ers. The value of x will then be found to be 250. 

31. Let X =;;: son's age, 
and S X = father's age. 

Then, 3a: — 5 = 4 (a: — 5) 

Or, 3 a: — 5 = 4 a: — 20 

Transp. and uniting, — a: = — 15 
Changing signs, a: = 15, son's age. 

Then, 3 x = 45, father's age. 

32. Let X = time of first, 
and 10 — x = time of second. 
Then 14 a: = am't deliv. by first, 
and 9 (10 — x) = am't deliv. by second. 

The sum, 14 a: + 90 — 9 a: = 120 



i 
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Tnmsp. and uniting, 5 x = 30 

Whence, x = 6, time of first. 

Then, 10 — x = 4, time of second. 

34. The answer to this prohlem may be obtained either 
bj substitution in the geuerdl formula found bj Prob. 33, 
by a statement similar to that of Problem 33, or as fol- 
lows : 

Let X = the time required. 

Then - = what both can do in one day. 

Also - = what A can do in one day, 

and -z = what B can do in one day. 

Then. \+\ = l 

Clear, of fract., 7 x + 3 x = 21 
Or, 10 X = 21 

Whence, x = 2,^^, time required. 

35. The fractional part of the whole work performed by 
A., B, and C, respectively, in one day will be represented 

by -, r, and -. 
a o c 

Let X = the time required. 

Then - = what all can do in one da v. 

X 

Hence, - -f- r + = - 

' a h * c X 

Clear, of fractions, ftcx-|-acx-|-a5x = aft<? 

Whence, x = r — -, j ^ 

' c-f- ac-\- ah 

^ ah c ., 

Or, X = -r-j j-^~ , time req. 

' ah -Y a c ^h c ^ 
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Note. Since each woald work x days, the parts performed by each 

SR SB SB 

•roald be - , ? , and - ; and as they would perform the whole work in 
that time, the equation might be stated thas : 

XXX 

a ' * c 

36. Substituting 2 for a, 3 for b, and 4 for c, in the 
formula just obtained, we have 

abc 24 24 12 

^ ab + ac + bc 6+8+12 26 18 

4^ of 60 m. = 56f^ m. = 65 m. 23tV s. 

This problem may also be solved independently of the 
preceding formula, thus : 

Let X = the time required. 

Then, ' i + S + I = J 

Clearing of fractions, 6a:+4a: + 3x=12 

Or, 13 a; = 12 

Whence, x = -J-J, the time required. 

If h. = 55 m. 23^^ sec. 

38. Let X = no. bushels of rye, 

and X + 50 = no. bushels of the mixture. 

9 X 
Then — = value of x bush, rye at 4^ s., 

and 5 (a: + 50) = value of the mixture. 
Also 50 X 6 = 300 = value of the wheat 



Then, 5 a: + 250 = ^ + 300 

Clearing of fractions, 10 a: + 500 = 9 x + 600 
Transp. and uniting, a: = 100, no. bush, rye 

39. Let X = no. gals, water, 

and a: + 40 = no. gals, mixture. 

Then, (a? + 40) X 4.50 = 40 X T 
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Or. "^t— = 280 

Clearing of fractions, 9x-|-360 = 560 
Transp. and uniting, 9 x = 200 

Whence, x = 22|, no. gals, vater 

41. Let 3 2; = his money. 

Then 2 x = amount at 6 per cent 

and X = amount at 8 per cent 

2 a? X 7 J5 = 77)0 = income at 6 per cent 
a? X 100 = Y^ = income at 8 per cent 



Then. iol + 'rol=120a 

Clearing of fractions, 12x+8a: = 120000 
Or, 20 ar = 120000 

Whence, x = 6000, am't at 8 p. c 

Then, 2 a: = 12000, am't at 6 p. 



42. Let X = rent last year, 

8x 
100 



and X + r-r^ = rent this year. 



Then, ^ + ^0 = ^^^^ 

Clearing effractions, 100 a: + 8a: = 189000 

Or, 108 a: = 189000 

Whence, a: = 1750, rent last year. 

43. Let X = the original capital. 

40 T It 

Then a: + ^ — 3000 = -^ — 3000 = capital at the 

' 100 

commencement of the second year, 

and ^ — 3000 + ^ (!^* — 300o) -^ 3000 

— 1 ^-1 _ 300o) — 3000 = capital at the end of the 
ond year. 
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Hence, IC-^ — SOOo'j — 3000 = x + ^ 

O \ 5 / ' 100 

Or, «-_?l^«_3000 = ii 

Clear, of fractions, 49x — 105000 — 75000 = 40 a? 

Transp. and uniting, 9x = 180000 

Whence, x = 20000, the capital 

Note. The letter a may be used in place of 3000, and we shall obtain 
a and -f — — a\ — a as expressions for the capital at the timet 

above specified. The equation becomes 

49 X 7_a BjB 

"26" T "" " "" 6 ' 

which gives * = ^ == 20 X 1000. 

45. Let X = the amount 

Then, ?-? + I == 930 

Clearing effractions, 24 a: + 7 ,t = 930 X 56 

Or, 31 a: = 930 X 56 

Whence, a: = 30 X 56 

Or, X = 1680, the am't req. 

47. Let X = the greater part, 

and 34 — x = the less part. 

Then, x — 18 : 18 — (34 — ar) : : 2 : 3 

Or, a: — 18 : a: — 16 : : 2 : 3 

Converting the proportion to an equation (Art. 166), 

3 (a: — 18) = 2 (a: — 16) 
Or, 3 a: — 54 = 2 a: — 32 

Transposing and uniting, a? = 22, the greater part 
Then, 34 — a; = 12, the less part. 

48 First Solution. 

Let a: = no. dollar pieces, 

and 264 — a: = no. eagles. 

Then, a: : 264 — a? : : 9 : 2 

6* 



66 
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id 



50. 



Mult. ext. and oicans, 2 x 
Transp. and uniting, 11 x 

Whence, x 

Then, 264 — x 



2376 — 9x 

2376 

216, no. dollar piecea 

48, no. eagles. 



Let 
and 



Second Solution. 

9 x = the number of dollar pieces, 
2 x=i the number of eagles. 



Then, 

Or, 

Whence, 

Then, 

Also, 



Let 

and 



9 X + 2 X = 264 
11 a: = 264 
a: = 24 
2 X =z 48, no. eagles. 
9 x = 216, no. dollar pieces. 

S X =. age of one, 

4 a: = age of the other. 



Then, 3a: — 5:4a:— 5::2:3 

Mult, extremes and means, 9a: — 15= 8 x — 10 
Transposing and uniting, a: = 5 

Whence, 3 a: = 15, age of one. 

Also, 4 a: = 20, age of other 



Let 
Then 

and 



First Solution. 

X = the price per yard. 

- = length of first piece, 

6.50 13 , ^, J . 
= — - =z= length second piece. 



6 13 

From the conditions, - + 10 : - — + 10 : : 5 : 6 

' a: ' 2 a;' 



?? + 60 = |i + 60 
a; ' 2 a:' 



Mult. ext. and means, 

Clear, of fractions, 60 + 120 a: = 65 + 100 x 



Transposing and uniting, 
Whence, 



20 a: = 5 
x = i 
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■r 

Then, - = 20, length of first. 

13 

Also, -— = 26, length of second. 

Second Solution. 

As the price of each per yard is the same, it follows 

that the lengths of the two pieces must be in the ratio 

of their full prices ; that is, as 5 to 6.50, or 10 to 13. 

Let 10 a: = length of first piece, 

and 13 a: = length second piece. 

Then, 10 a: + 10 : 13a; + 10 : : 5 : 6 

Mult. ex. and means, 60a: + 60 = 65 a: -|- 60 

Transp. and uniting, — 6 x = — 10 

Whence, ar = 2 

Then, 10 x = 20, length of first. 

Also, 13 ar = 26, length of second. 

Note. This problem furnishes a good opportunity for the use of neg' 

ativo exponents. If x represent the pnce per yard, then bxr^ and 

13 

— ar-i will represent the lengths of each, and 

5 ar-i -h 10 : i2 ar-i -I- 10 : : 5 : 6, 

18 
from which xr^ =4, 5 x-i = 20, and — ar-^ = 26. 

52. Let X = A's capital, 

and 6300 — a; = B's capital. 



Then, 12 a; = 8 (6300 — x) 

Or, 12 a: = 50400 — 8 a: 
Transposing and uniting, 20 ar = 50400 

Whence, x = 2520, A's capital. 

Then, 6300 — ar = 3780, B's capital. 

54. Let X = no. days he worked, 

and 48 — a: = no. days he was idle. 

Then 2 ar = am't rec'd for labor, 

and 48 — a; = am't deducted for board 



From the conditions, 2 ar — (48 — ar) =42 
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Or 2 ar — 48 + a? = 42 

Transposing and uniting, 3 x = 90 
Whence, x = 30, no. days he worked. 



55. Let X = no. quarts in each. 

Then x — 34 = no. quarts left in first, 

and X — 80 = no. qtd. left in second. 

From the conditions, x — 34 = 2 (x — 80) 

Or, a: — 34 = 2 x — 160 

Transp. and uniting, — ar = — 126 

Or, X = 126, no. quarts in each. 



56. Let X = no. persons. 

Then -^ X 18 = 12 x = am't rec'd by two thirds, 

X 

and -X30=10x = am't rec'd by one third. 

Therefore, 12 x + 10 x = 660 
Or, 22 X = 660 

Whence, x = 30, no. persons. 



57. Let X = weight of the body. 

Then 12 + f = weight of the tail, 

8 X 
and 24 -|- ^ = weight of the fish. 



Prom the conditions, x = 12 + 12 + 2 -}- 26 

Or, x=50 + | 

Clearing effractions, 2 x = 100 -j- x 

Whence, x =100, weight of body. 

Then, 24 + ?^ = 174, weight of fish. 
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58. Let X = rate river flows. 

Then 9 + 2: = rate he moves down, 

and 9 — a: = rate he moves up. 

Therefore, 9 + a: = 2 (9 — ar) 

Or, 9 + x=18 — 2 a? 

Transposing and uniting, 3 a; = 9 

Whence, a: = 3, rate river flows. 

60 Let X = number of hogs, 

and 35 — a: = number of pigs. 

Then, 1250 x + 250 (35 — ar) = 19750 

Dividing by 250, 5 a: + 35 — a: = 19 
Transposing and uniting, 4 a: = 44 

Whence, ar = 11, no. hogs. 

Then, 36 — a: = 24, no. pigs. 



61. Let X := no. men on a side at first. 

Then a:^ + 21 = the whole no of men. 

Therefore, (a: + 1)^ = a:^ + 21 + 200 

Or, a:2 + 2x+l=ar^ + 221 

Whence, 2 a: = 220 

Dividing by 2, . a? = 110 

Squaring, ar» = 12100 

Then, a:^ + 21 = 12121, whole no. men. 
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SIMPLE EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

(Art. 17)3, page 134.) 

( 2 X + 3 y = 23 (1) 

2- Gi^«» i5a:-2y=10 (2) 

Transp. 3 y in (1) and div. by 2, x= — ^-^ (3) 

Transp. 2 y in (2) and div. by 5, x = ^^"^^^ (4) 

By (3), (4), and Ax. T, —"5 = 2"^ (^) 

Clearing of fractions, 20 + 4 y = 115 — 15y (6) 

Transposing and uniting, 19y = 95 (7) 

Dividing by 19, y = 5 (8) 

Substituting in (4). x = ^^4^ = 4 (9) 



3. Given 



4a:+ y = 34 (1) 

a: + 4y=16 (2) 



_ 84 — y 
4 

From (2), x = 16 — 4 y (4) 



From (1), X = "^^ (3) 



By Ax. 7, ?i^=16— 4y (6) 

Clearing of fractions, 34 — y = 64 — 16 y (Q) 

Transposing and uniting, 15 y = 30 (7) 

Whence, y = 2 (8) 

Substituting in (4), x = 16 — 8 = 8 (9) 



4. Given 
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5 a: — 3y = 9 (1) 

2 X + 5 y = 16 (2) 



From (1), X = ^-+^^ (3) 

From (2), x = ii=ll? (4) 

By Ax. 7, • M^ = ii^.5. (5) 

Clearing of fractions, 18 + 6 y = 80 — 25 y (6) 

Transposing and uniting, 31 y = 62 (7) 

Whence, y = 2 (8) 

Substituting in (3); x = ?-i-^ = 3 • (9) 



5. Given 



7 a: + 3 y = 13 (1) 

5 a: + 2 y = 9 (2) 



From(l), y = iil=_Lf (3) 

From (2), y=^-^ W 

DAN 9 — 5ar 18— 7a: 

By Ax. 7, 2— = 3 (^) 

Clearing of fractious, 27 — 15 a: = 26 — 14 a: (6) 
Transposing and uniting, — x = — 1 
Or, a: = 1 

Substituting in (4), y = ?-=^ = 2 ^ '^"®- 



6. Given ir~I' = ~«' S 

( 3 y — 6 a: = — 9 (2) 

From (1), X = ^^~^^ (3) 

From (2), ^=^+1 (4) 

By Ax. 7, -2-g — = -^^^ (5) 
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Multiplying by 24, 21 y — 46 = 12y + 36 (6) 

Traiisposing and uniting, 9 y = 81 (7) 

Whence, y = 9 (8) 

Substituting in (4), x = — ^^ = 6 (9) 



6 



■?. Given 



14 a: + 6 y = (1) 

6x — 46 =4y (2) 



Prom(l), y = _lif = _L5 (3) 

w /o\ 6z — 46 3x— 23 ,,, 

From (2), y = ^ = (4) 

By Ax. 7, l^J:i^ = -l^l (5) 

Clearing of fractions, 9 x — 69 = — 14 a: (6) 

Transposing and uniting, 23^ = 69 (7) 

Whence, x = 3 (8) 

Substituting in (3), y = — ^- = — T (9) 



8. Given "^ -r « 

1 + 1 = 8 (2) 



Clearing (1) of fractions, 3 a: + 2 y = 42 (3) 

Clearing (2) of fractions, 2 ar + 3 y = 48 (4) 

— 42 — 2 w 

Prom (3), x=--^-'^ (6) 

From (4), x = 1?-=^^ (6) 

T> A N 42 — 2 w 48 — 8 y ,^, 

By Ax. 7, ^ = ^ (7) 

Clearing of fractions, 84 — 4 y = 144 — 9 y (8) 

Transposing and uniting, 6 y = 60 (9) 

Whence, y = 12 (10) 

Substituting in (5), x = ^^ ^ ^^ == 6 (11) 



i 
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(Art. 178, pp. 135, 136.) 

( a: + 4 y = 16 (1) 

3- Gi^e^ J4x + y = 34 (2) 

From (1), ar = 16 — 4 y (3) 

Substituting in (2), 4 (16 — 4 y) + y = 34 (4) 

Expanding, 64 — 16 y + y = 34 (5) 

Transposing and uniting, — 15 y = — 30 (6) 

Whence, ^ y = 2 (T) 

Substituting in*(3), x = 16 — 8 = 8 (8) 

, ^. (x + 2y=18 (1) 

^' ^^^«« J2x-y=l (2) 

From(l), ar=18 — 2y (3) 

Substituting in (2), 2 (18 — 2 y) — y = 1 (4) 

Expanding, 36 — 4 y — y = 1 (5) 

Transposing and uniting, — 5 y = — 35 (6) 

Whence, y = T (7) 

Substituting in (3), ar = 18 — 14 = 4 (8) 



6. Given 



x + y=13 (1) 

x — y = S (2) 



From(l), a:=13 — y (3) 

Substituting in (2), 13*— y — y = 3 (4) 

Transposing and uniting, — 2 y = — 10 (5) 

Whence, y = 5 (6) 

Substituting in (3), a: = 13 — 5 = 8 (7) 



6. Given 



I-y = i (1) 

a:-| = 8 (2) 



Clearing (1) of fractions, x — 2 y ^ 2 (3) 

Prom (3), a: = 2 + 2, (4) 



7 
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Substituting in (2), 2 + 2y — 1 = 8 (5) 

Clearing (6) of fractions, 4 -j- 4 y — y = 16 (6) 

Transposing and uniting, 3 y = 12 (7) 

Whence, y = 4 (8) 

Substituting in (4), x = 2 + 8 = 10 (9) 

(3a: + 6y = 40 (1) 

^- ^^^^" 1 x + 2y=14 (2) 

From (2), x =U — 2y (8) 

Substituting in (1), 3 (14 — 2 y) + 6 y = 40 (4) 

Expanding, 42 — 6 y + ^ y = 40 (5) 

Transposing and uniting, — y = — 2 (6) 

Whence, y = 2 ) (7) 
Substituting in (3), ar = 14 — 4 = 10 j ^^^' (8) 

« p. (6« + 8y = (i; 

^- ^^^®° j X- y = 8 (2> 

From (2), ar = 8+y (3^ 

Substituting in (1), 6 (8 + y) + 3 y = (4} 

Expanding, 40 + 6 y + 3 y = (6) 

Transposing and uniting, 8 y = — 40 (6^ 

Whence, y = — 6 (7) 

Substituting in (3), x = 8 + (— 5) = 3 (8) 



9. Given 



6x + 6y = 7T (1| 

4 X — 3 y = 7 (2) 



Prom(l), a: = — g-^ (3) 

Substituting in (2), 4 (^^^) — 3 y = 7 (4) 

Expanding, g ^ — 3 y = 7 (5) 

Clearing of fractions, 154 — 10 y — 9 y = 21 (6) 

Transposing and uniting, — 19 y = — 133 (7) 
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Whence, y = ? (8) 

6^ 



77 — S5 

Substituting in (3), a: =--^ = 7 (9) 



10. Given 



lif 4-? — 
V 3 ^^6 



"^ = 6 (1) 



6 (2) 



Prom (1), 5 = « - y (3) 

Substituting in (2), 2 ^6 — ^) + 1 = 6 (4) 

Expanding, 12 — ^ + 1 = 6 (5) 

Transposing and uniting, ^ = — 6 (6) 

Multiplying by — J, y = 10 (7) 

Substituting in (3), f = 6 — ?? = 2 (8) 

Multiplying by 3, a: = 6 (9) 



11. Given 



' + V 8y = 3i (1) 

+ 10 a: = 192 (2) 




Clearing (1) of fractions, a? + 2 + 24 y = 93 (3) 

Clearing (2) of fractions, y + 6 + 40 a? = 768 (4) 

Reducing (3), ar + 24 y = 91 (5) 

Reducing (4), 40 a: + y = 763 (6> 

Prom (5), a:=91 — 24y (7) 

Substituting in (6), 40 (91 — 24 y) + y = 763 (8) 

Expanding, 3640 — 960 y + y = 763 (9) 

Transposing and uniting, — 959 y = — 2877 (10) 

Whence, y = 3 (11) 

Substituting in (7), x = 91 — 72 = 19 (12) 



76 KEY TO ELEMEMTART ALGEBRA. 



(Art. 174 


, pp. 137, 138.) 




d. Given 


( 4a: + 3y 25 
1 12 X — 6 y 30 


(1) 
(2) 


Equation (1), 


4 X + 3 y 25 




Dividing (2) by 2, 


6x 3y— 15 


(3) 


Adding (1) and (3), 


10 « — 40 


(4) 


Whence, 


ar = 4 


(5) 


Substituting in (1), 


16 + 3 y 25 


(6) 


Transposing and uniting, 3 y — 9 


0) 


Whence, 


y 3 


(8) 


4. Given 


(3 a;— y 22 

1 2 ar + 4 y — 24 


(1) 
(2) 


Multiplying (1) by 2, 


6 X — 2 y = 44 


(3) 


Dividing (2) by 2, 


X + 2 y — 12 


(4) 


Adding (3) and (4), 


7x — 56 


(5) 


Whence, 


X — 8 


(6) 


Substituting in (1), 


24 — y — 22 


(7) 


Transposing and uniting, — y — ^ — 2 


(8) 


Or, 


y 2 


(9) 


5. Given 


(x + 8y_44 
{6x + y 29 


(1) 
(2) 


Multiplying (1) by 6, 


6 X + 48 y — 264 


(3) 


Subtracting (2) from ( 


3), 47 y — 235 


(4) 


Whence, 


y 6 


(5) 


Substituting in (1), 


X + 40 — 44 


(6) 


Transposing and uniting, x-—=i 


0) 


6. Given 


( 23 X 8 y — 70 
( 8x 2y — 40 


(1) 
(2) 



Multiplying (2) by 4, 32 a: — 8 y = 160 (3) 
Equation (1), 23 x — 8 y = 70 

Subtracting (1) from (3), 9 a: = 90 (4) 
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Whence, a: = 10 (6) 

Substituting in (2), 80 — 2 y = 40 (6) 

Transposing and uniting, — 2y = — 40 (7) 

Whence, y = 20 (8) 



7. Given 



4 a: — 6 y = (1) 

x-y=l (2) 



Multiplying (2) by 4, 4 x — 4 y = 4 (3) 

Equation (1), 4 a: — 6 y = 

Subtracting (1) from (3), y = 4 Ans. (4) 

Substituting in (2), x — 4 = 1 (5) 

Transposing and uniting, a: = 5 Ans. (6) 

a: + y = 35 (1) 

8. Given ^ ?^ + ^ = 18 (2) 



Dividing (2) by 3, l + ^^e (3) 

Clearing (3) of fractions, 2 a: + 3 y = 84 (4) 

Multiplying (1) by 2, 2 a: + 2 y = 70 (6) 

Subtracting (6) from (4), y = 14 (6) 

Substituting in (1), ar + 14 = 35 (7) 

Transposing and uniting, a; = 21 (8) 



9. Given 



Lf + i? = 29 (I) 



Clearing (1) effractions, 63 a; + 32 y = 2088 (3) 

Clearing (2) of fractions, 11 a: — 10 y = 84 (4) 

Multiplying (3) by 5, 315 x + 160 y = 10440 (5) 

Multiplying (4) by 16, 176^— 160y= 1344 (6) 

Adding (5) and (6), 491 x = 11784 (7) 

Whence, x = 24 (8) 

7* 



i 
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Substituting in (4), 264 — 10 y = 84 (9) 

Transposing and uniting, — 10 y = — 180 (10) 

Whence, y=18 (11) 



(Art. 175, pp. 138, 139.) 

2a: + y=35 (1) 

27 (2) 



i2x + y = 
5x-3y = 



From (1), y = 35 — 2 a: (3) 

Substituting in (2), 5 ar — 3 (36 — 2 a:) = 27 (4) 

Expanding, 6 a: — 106 + 6 a: = 27 (6) 

Transposing and uniting, 11 ar= 132 (6) 

Whence, a: =12 (7) 

Substituting in (3), y = 35 — 24 = 11 (8) 



2. Given 



5y — 5a: = 16 (1) 

3 a: + 5 y = 71 (2) 



Subtracting (1) from (2), 8 a: = 56 (3) 

Whence, a: = 7 (4) 

Dividing (1) by 5, y — a: = 3 (5) 

Substituting (4) in (5), y — 7 = 3 (6) 

Whence, y = 10 (7) 



3. Given 




(1) 

(2) 



Clearing ( 1 ) of fractions, 2 a: + 3 y = 72 (3) 

Clearing (2) of fractions, 8 x + 2 y = 68 (4) 

Prom (3). y = ^^~^'' (6) 

Prom (4), y = ?i:=:i5 (6) 

„ . ^ 72 — 2ar 68 — 3z ,^. 

By Ax. 7, 3 — = — 2 (7) 

Clearing of fractions, 144 — 4 x = 204 — 9 r. (8) 
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Transposing and uniting. 
Whence, 

Substituting in (6), 


5x — 60 

x— 12 

• 72 — 24 _ 

y— ^ —16 


(9) 
(10) 

(11) 


4. Given J 


3x + 2y — 4 
4y — 3x+l —0 


(1) 

(2) 


Adding (1) and (2), 
Transposing and uniting. 
Whence, 

Substituting in (1), 
Transposing and uniting. 
Whence, 


6y+l — 4 
6y 3 

y h 

3x+l— 4 

3a: — 3 

a:— 1 


(3) 
(4) 
(5) 
(6) 
(^) 
(8) 


6. Given 


(_4ar + 3y — 45 
\ 2y + 6a: — 4 


(1) 
(2) 


Multiplying (1) by 3, 
Multiplying (2) by 2, 


12 a: + 9 y — 135 

12 a: 4- 4 y — 8 


(3) 
(4) 


Adding (3) and (4), 
Whence, 

Substituting in (2), 
Transposing and uniting. 
Whence, 


13 y— 143 

y-11 

22 + 6 a: — 4 

6 a:— 18 
a: — —3 


(5) 
(6) 

a) 

(8) 
(9) 


6. Given 




(1) 
(2) 



Clearing (1) effractions, a: + 2 y = 70 (3) 

Clearing (2) effractions, 3 a: -j- y = 136 (4) 

From (3), a:=70— 2y (5) 

Substituting in (4), 3 (70 — 2 y) + y = 135 (6) 

Expanding, 210 — 6 y -|- y = 135 (7) 

Transposing and uniting, — 5 y = — 75 (8) 



i 
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Whence, y = 15 (9) 

Substituting in (6), x = 70 — 30 = 40 (10) 



7. Given 



10 ar = 2 + 2 y (1) 
4 y = 20 — 4 a: (2) 



Reducing (1), 6 x — y = 1 (3) 

Reducing (2), a: + y = 5 (4) 

Adding (3) and (4), 6 a: = 6 (6) 

Whence. a? = 1 (6) 

Substituting in (4), 1 -(- y = 6 (7) 

Whence, y==4 (8) 



8. Given 



x + y = a (1) 

x — f/ = b (2) 



Adding (1) and (2), 2 a: = a + 6 (3) 

Whence, ^ x = " "^ (4) 

Subtracting (2) from (1), 2y = a — b (5) 

Whence, y = T^ (6) 



9. Given 



7 a: — 3y = 26 (I) 

2x — 2y = 6| (2) 

Multiplying (1) by 2, 14 a; — 6 y = 52 (3) 

Multiplying (2) by 3, 6 a: — 6 y = 20 (4) 

Subtracting (4) from (3) 8 ar = 32 (6) 

Whence, a: = 4 (6) 

Substituting in (4), 24 — 6 y = 20 (7) 

Transposing and uniting, — 6 y = — 4 (8) 

Whence, y = J (0) 



10. Given 



2x — 2y=16 "(2) 



Clearing (1) effractions, 3 x — 2 y = 36 (3) 
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Subtracting (2) from (3), 
Dividing (2) by 2, 


x — 20 
x—y 8 




(4) 
(5) 


Subtracting (5) from (4), 


y— 12 


(6) 


11. Given 


Vr'^' 




(1) 


• 


l¥+» " 




(2) 


Clearing (1) effractions, 
Clearing (2) of fractions^ 


5a: + 4y— 100 
2 a: + 3 y — 64 


(3) 


From (3), 


100 — 


*y 


(6) 


From (4), 


54 — 
2- 


sy 


(6) 


By Ax. T, 


100 — 4 y 64 — 
6 2 


8y 


0) 


Clearing of fractions, 
Transposing and uniting, 
Whence, 


200 8 y = 2T0 
7y — 70 
y=10 


-16y 


(8) 

(9) 
(10) 



Substituting in (6), x = — „— = 12 (11) 



NoTB. The last equations are readily solved by multiplying (2) by 4 

8 



7 X 
and sabtracting tiie resulting equation from (S), tiius obtaining -^ » 28. 



12. Given i2y+19 = 5x (1) 

l3x— T = 4 + x+y (2) 

Transp. and uniting in (2), 2 x — y = 11 (3) 

From (3), y = 2a:— 11 (4) 

Substituting in (1), 4 x — 22 + 79 = 5 x (5) 

Transposing and uniting, — x = — 57 (6) 

Whence, a: = 57 (7) 

Substituting in (4), y = 114 — 11 = 103 (8) 
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13. Given 



i + - = ~ (1) 

- + -=! (2) 

Multiplying (1) by 8. i + H ^ ^'^ 



Subtracting (2) from (3), - = | (4) 

Dividing by 2, l=z\ (5) 

Whence, y = 5 (6) 

Substituting (4) in (1). S + 5 = 15 C^) 

Transposing and uniting, - = —- = - (8) 

Whence, x = 3 (9) 



14. Given 



2ar-i+85r*=J (1) 

4:ar^-\-Sr'=^ (2) 

Multiplying (1) by 2, 4 ar* + 6 y* = 3 (3) 

Subtracting (8) from (2), 2 y*^ = ^ (4) 

Dividing by 2, r' = i (5) 

Multiplying by 6 y, 6 = y (6) 

Or, y = 6 (7) 

Substituting (5) in (1), 2 af* + ^ = J (8) 

Transposing and uniting, 2 xr^ = 1 (9) 

Dividing by 2, ar* = J (10) 

Whence, a: = 2 (11) 

NoTB. We might have divided (2) by 2, instead of molttplyiiig (1) 
07 2. 

It will be observed that examples 13 and 14 are similar to each other, 
in one case the fractional form being employed, and in the other n^^ 
tive exponents. The pupil, of coarse, already understands that x-^ and 

«— I are the same as - and - . 

W X ff 



16. Given 
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"8+! = * (2) 



Clearing (1) of fractions, 3a: + 2y=6a (3) 

Clearing (2) of fractions, 4 x + 3 y = 12 6 (4) 

Multiplying (3) by 4, 12 a: + 8 y = 24 a (5) 

Multiplying (4) by 3, 12 ay'-f 9 y = 36 6 (6) 

Subtracting (6) from (6), y = 36 6 — 24 a (T) 

Multiplying (3) by 3, 9x + 6y=18a (8) 

Multiplying (4) by 2, Sx + 6y = 2ib (9) 

Subtracting (9) from (8), a: = 18 a— 24 b (10) 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING TWO 

UNKNOWN QUANTITIES. 

(Art. 17C, pp. 140-145.) 

2. Let X = the greater number, 

and y = the less number. 

Then, a: + y = 133 (1) 

and X — y= 47 (2) 

■ — a- — -»»■ I ■ ■ ■ I 11 I 

Adding (1) and (2), 2 ar = 180 (3) 

Whence, x=dO (4) 

Subtracting (2) from (1), 2 y = 86 (5) 

Whence, y = 43 (6) 
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Then, x + y = 84 (1) 



X 



and - = 13 (2) 

Clearing (2) of fractions, x = 13y (3) 

Substituting in (1), 13 ^ -|- y = 84 (4) 

Uniting terms, 14 y =: 84 (6) 

Whence, !f = 6 (6) 

Substituting in (3), a? = 13 X 6 = 78 (7) 

!!• Let a? = James's ag'e, 

and If = John's age. 

Then, a; : ^ : : 3 : 4 (1) 

and ar + 6 : y + 6 : : 5 : 6 (2) 

Prom (1), 4 a: = 3 y (3) 

Prom (2), 6 a? + 36 = 5 y + 30 (4) 

Transposing and uniting in (4), 6 a; — 6 y = — 6 (5) 

Multiplying (3) by 3, 12 a: — 9 y = (6) 

Multiplying (6) by 2, 12 x — 10 y = — 12 (Y) 

Subtracting (7) from (6), y = 12 (8) 

Substituting in (3), 4 a; = 36 (9) 

Whence, ar=9 (10) 



12. Let 
and 


from 


X = grater onmber, 
y — less number. 




Then, 
and 


a; : 24 : : X + y : 42 
X — y : 6 : : 4 : 3 


(1) 

(2) 


From (1), 
From (2), 
Reducing (3), 


42 a: — 24x + 24y 
Zx — 3y — 24 
3x — 4y = 


(3) 
(4) 
(5) 


Subtracting (6) 
Substituting in 
Whence, 


(4), y — 24 

3x=96 

x = 82 


(6) 

0) 
(8) 
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14. Let 
and 


(4). 

? 

7 


X =z greater part, 
]f — less part. 


Then, 

and 

Multiplying (1) by 2, 


x+y— 72 
3x — 2y=121 
2» + 2y = 144 


(1) 
(2) 
(3) 


Adding (2) and (3), 
Whence, 

Substituting in (1), 
Whence, 

16. Let 
and 


5a: — 265 
x = 53 
63 + y — 72 
y=19 

X no. men 
y — no. men 


(4) 
C5) 
(6) 
0) 

at $0.90, 
at $ 1.50. 


Then, 

and , 

• 


a; -f- y = 50 
90x+150y = 4800 


(1) 
(2) 


Multiplying (1) by 3, 
Dividing (2) by 30, 


3ar4- 3y — 150 
3a: + 5y=160 


(8) 
(4) 


Subtracting (3) from 
Whence, 

Substituting in (1)« 
Whence^ 

16. Let 
and 


2y— 10 (5) 

y-5 (6) 

X + 6 — 50 (7) 
« — 45 (8) 

X = wages of each man, 
y — wages of each woman, 


Then, 
and 


X + 7 y — 1640 
X — 6y — 400 


(1) 
(2) 


Multiplying (1) by 7, 
Multiplying (2) by 5, 


35 z 
35 ar 


+ 49 y — 11480 
— 30y— 2000 


(3) 
(4) 


Subtracting (4) from (3), 79 y — 9480 
Whence, y _ 120 
Substituting in (1), 5 a; + 840 = 1640 
Transposing and uniting, bx — 800 


(5) 
(6) 
0) 
(8) 



I 
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Whence, 



a: =160 



(9) 



Note. In the last two solatioiis, the Bams of money are expressed in 

cents throaghout. 



n. Let 
and 



Therefore 



X 

y 

X 

y 



the numerator, 
the denominator. 



Ml 

- = the fraction. 



Then, 



and 



g-|-4 

y 

X 

y+^ 



1 

2 
1 
5 



(1) 
(2) 



From (1), 






2z 


-y = -i 


3 


(3) 


From (2), 


from 


(4). 


6x 


-y-1 




(5) 


Subtracting (3) 




3 a? = 15 


Whence, 








x — 5 




(6) 


Substituting in 


(*). 




25- 


-y T 




a) 


Whence, 






■ 


-y -] 


18 


(8) 


Or, 


« 






y=l8 




(9) 


Therefore, 








X 5 
y 18 




(10) 


19. Let 








X 


income 


tax, 


and 








y — 


assessed tax. 


Then, 


^ + y — 


30 


(1) 


and 




x + 


20 x . 25 y 
100 ' ^ 100 


32J 


(2) 


From (2), 




24 2 
20 


r , 15y 
"T" 20 "" 


257 

8 


(3) 


Clearing (3) of fractions. 


48 a; 


• + 30y 


1285 


(4) 


Multiplying (IJ 


1 by 30, 
from (4), 


30 a; 


+ 30y- 


900 


(5) 


Subtracting (5) 




18 a; = 


385 


(6) 


Whence, 








X = 


2Wf 


0) 


Substituting in 


(1). 




2iA + y 


30 


(8) 


Whence, 








y — 


8« 


(») 
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20. Let 




X the first quantity. 


and 




y == the second 


quantity. 


Then, 


X -{- a — my 


(1) 


and 




y -{- h n X 


(2) 


From (1), 


— X -{- my a 


(3) 


Multiplying 


(2) by »n, « 
ind (4), 


\n X — my b m 


(*) 


Adding (3) i 


m n X — X a -^ b m 


(5) 


W hence, 


• 


a -\-h m 

X — — ■ 

m n — 1 


(6) 


Multiplying 


(3)byn, — 


nx'\'mny a n 


0) 


From (2), 


md (8), 


n X — y b 


(8) 


Adding (7) i 


m 

mny — y 5 -{- a n 


(9) 


Whence, 




b -{- a n 
^ m n — 1 


(10) 


21. Let 




X A's monej 


', 


and 




y B's mone} 


'. 


Then, 




^ — iy 


(1) 


and 




x+lO—y—lO 


(2) 


Substituting (1) in (2), 


#y+10 y-IO 


(3) 


Clearing (3) 


of fractions. 


4y-f-90 — 9y— 90 


(4) 


Transposing 


and uniting, 


5y— 180 


(5) 


W hence, 




y 36 


(6) 


Substituting 


in (1), 


a? — 1 X 36 — 16 


0) 



SIMPLE EQUATIONS CONTAINING THREE OR 
MORE UNKNOWN QUANTITIES. 

■ 

(Art. 177, pp. U7, 148.) 

!ar4-2y+ « = 24 (1) 

2a:+ y-j-3«=38 (2) 

3a:4-3y + 2« = 46 (3) 

8* ' 
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Multiplying (1) by 3, 


3a: + 6y+3«=72 


W 


Equation (2), 


2x+ y + 3« — 38 




Subtracting (2) from (4), 


a? + 5 y — 34 


(5) 


Multiplying (1) by 2, 


2a: + 4y-f-2;y — 48 


(6) 


Equation (3), 


3x-f3y + 2« — 46 




. Subtracting (3) from (6), 


— x+y_2 


0) 


Equation (5), 


a? + 6y — 34 




Adding (7) and (5), 


6y — 36 


(8) 


Whence, 


y-6 


(9) 


Substituting in (6), 


ar + 30 — 34 


(10) 


Whence, 


X — 4 


(11) 


Substituting (9) and (11) in (I), 4 + 12 + z = 24 


(12) 


Whence, 


z — S 


(13) 




r4a: + 2y— 2f — 26 


(1) 


4. Given 


< 5x + 2y — 3z— 16 


(2) 




(2a:— y + 22 — 23 


(3) 


First Solution. 




From (1), 


z 4ar-|-2y — 26 


(4) 


SubBt;in(2), 5x + 2y — 


3(4ar+2y — 26)— 16 


(5) 


Subst. in(3), 2x— y-f- 


2(4x + 2y — 26) — 23 


.(6) 


Expanding (5), 6a:-|-2y- 


-12ar — 6y+T8=16 


0) 


Expanding (6), 2x — y 


+ 8a: + 4y — 52— 23 


(8) 


From (T), 


Ta: + 4y— 62 


(9) 


From (8), 


10a:-f 3^-75 


(10) 


From (9), 


62 — 
y- 4 


'' (11) 


Substituting in (10), 10 


.+ 3f7-)-V5 


(12) 


Expand, and clear, fract., ^ 


tOx+186 21x = 300 


(13) 


Transposing and uniting. 


19a:— 114 


(14) 


Whence, 


X — 6 


(15) 


Substituting in (11), 


62 — 42 

y 4 -6 


(16) 


Substituting in (4), z 


— 24 -f- 10 — 26 — 8 


(17) 
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Skcokd Solution. 




Subtracting (2) from (1), 


— X + 2Z—10 


(4) 


Multiplying (3) by 2, 


4a: — 2y-|-4« = 46 


(6) 


Adding (2) and (6), 


9 a: + « — 62 


(6) 


Multiplying (6) by 2, 


18a: + 2«— 124 


0) 


Subtracting (4) from (T), 


19 X— 114 


(8) 


Whence, 


x — 6 


(9) 


Substituting in (6), 


64 + « — 62 


(10) 


Whence, 


z—B 


(11) 


Substituting in (3), 


12— y+ 16 — 23 


(12) 


Whence, 


y-6 


(13) 



Note. The first solotion is g:iTen to illastrate elimiDation by fabstita- 
tion when there are three unknown quantities. 

(1) 

(2) 
(3) 

(4) 
(5) 
(6) 

0) 
(8) 

(9) 

Note. The aboTe equations are peculiar, from the fact that two let- 
ters maj be eliminated at once. This only happens when the coeffi- 
cients of two letters may be made alike in two equations, and the signs 
either alike in the case of both letters, or different in the case of both. 





(^ 


+ 


y + « — 33 


5. Given 


P 




X + Z — 2S 




(z 




a: — y_ 1 


Subtracting (2) from (1), 




2x = 10 


Whence, 






x — 5 


Subtracting (3) from (2), 






2y— 22 


Whence, 






y 11 


Adding (1) and (3), 






2z—U 


Whence, 






z—11 



*l. Given 



a? + y + «=i3 (1) 

u + x^y=l1 (2) 

u4-a:4-«=18 (3) 

u+y + z = 2\ (4) 

Assume # = u-f-a-+y + 2: (5) 



1 



1 
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Prom (1), 




« — 1«=13 


(«) 




Prom (2), 




9 — Z—Vl 


0) 




Prom (3), 




M—y—n 


(8) 




Prom (4), 


ting (6), 


f — a:— 21 


(9) 
(10) 




Adding, and substita 


4 # « — 69 




Or, 




3« — 69 


(11) 




Whence, 




#—23 


(12) 


« 


Substituting in (6), 




23 tt — 13 


(13) 




Whence, 




tt = 10 


(14) 


• 


Substituting in (V), 




23 — 2—17 


(15) 




Whence, 




« — 6 


(16) 




Substituting in (8), 




23 — y — 18 


(17) 




Whence, 




y-6 


(18) 




Substituting in (9), 




23 a: — 21 


(19) 




Whence, 




ar — 2 


(20) 




The above equations may 


also be solved as i 


bllows 


• 

• 


Adding (1), (2), (3), and (4), 


3tt-f-3a?+3y+32j 


--69 


(5) 


Dividing by 3, 




« + a; + y + 2^^ 


= 23 


(6) 


Equation (1), 




^ + y + 2: 


= 13 




Subtracting (1) from 


(6), 


u 


— 10 


0) 


Subtracting (2) from 


(6), 


z 


— 6 


(8) 


Subtracting (3) from 


(6), 


y 


— 5 


(9) 


Subtracting (4) from 


(6), 


X 


— 2 


(10) 


V 


x — 3f/ 


— z—12 




(1) 


8. Given < 


x + 2y 


+ Sz—I1 




(2) 


(4 


X— y 


+ 2«— 13 




(3) 


Prom (1), 




z— 1 X — 3y 


— 12 


(4) 


From (2), 




17 — X — - 

3 


2y 


(6) 


Prom (3), 




^ lS-4x + y 


(6) 


Comparing (4) and (5' 


), 1x—l 


«y 12 " : 


2y 


(') 
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Comparing (4) and (6), Tar— 3y— 12 = 11— ^^-^jfj'. (8) 

Clear. (V) of fract., 21a:— 9y— 36 = IV — x — 2 y (9) 

Clear. (8)offract., 14a:— 6y— 24 = 13— 4 a: 4-y (10) 

Transp. and uniting in (9), 22 x — 7 y =: 63 (11) 

Transp. and unit, in (10), 18a:— 7y = 37 (12) 

Subtracting (12) from (11), 4 a: = 16 (13) 

Whence, a: = 4 (14) 

Substituting in (12), T2 — T y = 37 (16) 

Transposing and uniting, — 7y = — 35 (1^) 

Whence, y = 6 . (17) 

Substitut. in (4), « = 28 — 16 — 12 = 1 (18) 

Note. In eliminating the last time, the method of comparison is 
abandoned, because there is so good an opportunity to eliminate y by 
subtraction. 



9. Given 

Adding (1), (2), and (3), 

Subtracting (1) from (4), 

Whence, 

Subtracting (2) from (4), 

Whence, 

Subtracting (3) from (4), 

Whence, 

Note. A still simpler plan for elimination would be to add the orig- 
inal equations, taken two and two. Thus (I) + (2) gives the value of 
«?» (I) + (3) gives y, and (2) + (3) gives z. 



f a? . y 



ar-f-y — «_0 


(1) 


or -j- * — y — 2 


(2) 


y_|_a_a; = 4 


(3) 


x-\-y-\-z — (i 


(1) 


22 — 6 


(5) 


« — 3 


(6) 


2y — 4 


(T) 


V 2 


(8) 


2x — 2 


(9) 


X— 1 


(10) 



10. Given 



X z 

- + - = 1 (2) 



M 
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SobtractJng (3) from (2), ? _ ? — o a\ 

a b ^ ' 

Equation (1), ? _L. ? = i 



Subtracting (4) from (1), — = 1 (5) 

Whence, 



b 

y=| (6) 



Adding (4) and (1), — = 1 (T) 

Whence, x = ^ (g) 

Substituting in (2), - + - = 1 (9) 



Whence, * = '^ 

2 



(10) 



11. Given 



(1) 
(2) 

(3) 

Subtracting (3) from (2), x—y = b — c (4) 

Adding (1) and (4), 2x=:a + b — c (6) 




Whence, 



x = i(a + b — e) (6) 



Subtracting (4) from (1), 2y = a — b + c (1) 

Whence, y==i(a + c — J) (8) 

Substituting in (3), °"^^""^ + « = c (9) 

Clearing of fractions, etc. 2z = c — a -]- b (10) 

Whence, z = i(b + c — a) (11) 

Note. Examples 10 and 11 may also be solved by sabtracting each 
rquation from half the sum of the three. 



12. Given 
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Adding (1) and (3), ar + y = 18 (4) 

Clearing (2) of fractions, 8 a? — 6 y + 9 « = 132 (6) 

Clearing (3) of fractions, 9 a? + 8 y — 6 « =;: 108 (6) 

Multiplying (5) by 2, 16 a: — 12 y + 18 ;? = 264 (7) 

Multiplying (6) by 3, 27 a? + 24 y — 18 « = 324 (8) 

Adding (7) and (8), 43 a: + 12 y = 588 (9) 

Multiplying (4) by 12, 12 a? + 12 y = 216 (10) 

Subtracting (10) from (9); 31 x = 372 (11) 

Whence, x = 12 (12) 

Substituting in (4), 12 + y = 18 (13) 

Whence, y = 6 (14) 

Substituting in (1), 3 -f 2 + | = 9 (15) 

Transposing and uniting, o = ^ (^^) 

Whence, z = B (17) 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING THREE 
OB MORE UNKNOWN QUANTITIES. 

(Art. 178, pp. 149-151.) 

1 . Let X = price of an orange, 

y = price of an apple, 
and z == price of a pear. 

Then, 3a:+y + 2«=14 (1) 

4x-j-3y + «=17 (2) 

and a? + 4y + 3z=13 (3) 

Multiplying (2) by 2, 8 a: -f- 6 y + 2 « = 34 (4) 

Subtracting (1) from (4), 6 a: -f 5 y = 20 (6) 

Dividing (5) by 6, x + y = 4 (6) 

Multiplying (2) by 3, 12 x + 9 y + 3 « = 61 (T) 
Equation (3), a:-j-4y + 3«=13 



i 
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Subtracting (3) from (7), 11 x + 6 y = 38 (8) 

Equation (5), 5 x -(- 5 y = 20 

Subtractiug (5) from (8), 6 x = 18 (9) 

Whence, x = 3 (10) 

Substituting in (6), 3+^ = 4 (11) 

Whence, y = 1 (12) 

Substituting in (2), 12 + 3 + ;? = 17 (13) 

Whence, « = 2 (14) 

■ 

' 2. Let X = Mary's part, 

y = Isabel's part, 
z = Jane's part, 
and u = Ellen's part. 



Then, x + y + « + « = 100 (1) 

2 y + 3 tt = 160 (2) 

3 X + 2 2 = 90 (3) 
and 2 X + tt = 60 (4) 

Adding (2) and (3), 3 x + 2y + 2 z+ 3 « = 250 (5) 

Mult. (1) by 2, 2x-f2y + 2z + 2tt = 200 (6) 

Subtracting (6) from (6), x + u = 60 (7) 
Equation (4), 2 x + «« = 60 

Subtracting (7) from (4), x = 10 (8) 

Substituting in (7), 10 + « = 60 (9) 

Whence, « = 40 (10) 

Substituting in (2), 2 y + 120 = 160 (11) 

Transposing and uniting, 2 y = 40 (12) 

Whence, y = 20 (13) 

Substituting in (1), 10 + 20 + « + 40 = 100 (14) 

Whence, « = 30 (16) 

16 ' 16 "^ 16 ^^ 

3. Given - -^ + jf + i6 = I (2) 

'ex y 5z_ll 

I Te" "f" 16 "I" 16 — T ^^^ 
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Clearing (1) of fractions, 
Clearing (2) of fractions, 
Clearing (3) of fractions, 

Multiplying (5) by 4, 
Subtracting (4) from (V), 
Multiplying (6) by 3, 
Subtracting (5) from (9), 
Multiplying (10) by 3, 
Subtracting (8) from (11), 
Whence, 

Substituting in (10), 
Transposing and uniting, 
Whence, 

Substituting in (6), 
Whence, 



1 x+l2y + 4:Z=l2S 
Zx + Sy+1z = 60 
6x + y + 5zz=6S 



12a?+ 12y + 28 2 

5 a: + 24 2 

18a: + 3y + 15z 

15x + Sz 

45 ar + 24 iz 

40 a: 

X 

120 + 8 z 

Sz 

z 

48+y+15 



240 

112 

204 

144 

432 

320 

8 

144 

24 

3 

68 

5 



4. Let 



and 



X == price of the chaise, 
y z=i price of the horse, 
z = price of the harness. 



Then, 



and 



a: + y + z = 400 
a: = 4 2? 

3 



Clearing (3) of fractions, . y ^ 3 z 

Subs. (2) and (4) in (1 ), 4 «-f- 3 « + z = 400 
Or, 8 z = 400 

Whence, . z = 50 

Substituting in (2), x = 4 X 50 = 200 
Substituting in (4), y = 3 X 50 = 150 



(1) 
(2) 

(3) 

(4) 
(5) 
(6) 

0) 
(8) 

(9) 



(*) 
(5) 
(6) 

a) 

(8) 

(9) 
(10) 

(11) 
(12) 

(13) 

(14) 

(15) 

(16) 

(IT) 
(18) 



Note. It will be seQp that this problen^ cap be readily solved by 
the use of only o.ne unknown quantity. 

9 
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5. Let 



and 



Then, 



and 



Transposing in (2), 
Adding (4) and (1), 
Whence, 

Substituting in (1), 
Whence, 

Multiplying (8) by 5, 
From (3), 

Adding (9) and (10), 
Whence, 

Substituting in (8), 
Whence, 



X = the first number, 
y = the second number, 
SI = the third number. 



«+y + « = 324 


(1) 


y—x—z—y 


(?) 


X : z : : 5 : 1 


(3) 


2y — X — z — 


(*) 


3y— 324 


(5) 


y=108 


(6) 


ar-|- 108-[-af=324 


(7) 


x-|-z=216 


(8) 


6 a: + 6 a: = 1080 


(9) 


7 X — 5 2 = 


(10) 


12 a: = 1080 


(11) 


ar — 90 


(12) 


90 + « = 216 


(13) 


«=126 


(14) 



6. Let 



and 



Then, 



and 



Transposing in (1), 

Subtracting (4) from (3), 

Whence, 

Transposing in (2), 

Subtracting (7) from (3), 

Whence, 

Adding (4) and (Y), 

Whence, 



a? = the husband's age, 
y = the wife's age, 
z = the son's age. 

x + z = y+l2 (1) 

y + z = a: + 8 (2) 

^+ y + « = 92 (3) 

^— y + 2^=12 (4) 

2 y = 80 (5) 

y = 40 (6) 

^ + y + z = S , (7) 

2 ar = 84 (8) 

a: = 42 (9) 

2 2r = 20 (10) 

^=10 (U) 
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T. Let a: = no. bush, wheat, 

y = no. bush, barley, 
and z = no. bush. oats. 



Then, 




x + y\-z = 


:146 


(1) 






y x = 


:15 


(2) 


and • 




« + y = 


■■z 


(3) 


Substituting (3) 


in (1), 


2z = 


146 


(*) 


Whence, 




X 


73 


(5) 


Therefore, from 


(3), 


* + y = 


73 


(6) 


Equation (2), 


(2), 


— « + y — 


15 




Adding (6) and 


2y 


88 


0) 


Whence, 




y = 


44 


(8) 


Subtracting (2) 


from (6), 


2a: = 


58 


(9) 


Whence, 




X — 


29 


(10) 



8. Let X, y, and x represent the number of days 
in which A, B, and C, respectively, could perform the 

whole work alone. Then -, -, and -, or a:"*, y"\ and 

X y z ' ^ ' 

sr""^, will represent the part which each can perform in one 
day. Also, A and B together can do i of the work 
in one day, A and G ^, and B and C yV- 

Hence, x'^ + r' = i (1) 

x-^ + z-^=i (2) 

and y^ + ^-^ = tV (3) 

Subtracting (2) from (1), y-^—z-^=i—i = j\ (4) 

Adding (3) and (4), 2 ^^ = ^V + tV = i^ (5) 

Dividing by 2, y^ = ^^ (6) 

Whence, y = V^ = Hff (7) 

Subtracting (4) from (3), 2 ar^ = ^^ — j\j = y% (8) 

Dividing by 2, z-^ = ^V^ (9 ) 

Whence, « = J^ = 23/y (10) 

Substituting (6) in (I ), a:-^ + ^V = 4 (H) 
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Transposing, ar"* = ^ — /^V = ^^ (12) 

Whence, a: = J^ = 14^ (13) 

NoTB. Elimination may also be conveniently effected, and the valae 
of each unknown quantity found, by subtracting each of the original 
equations from half the sum of the three equations. 

9. Let X = digit in hundreds' place, 

y = digit in tens' place, 
and z = digit in units' place. 

Then 100a:-|- 10y-|-2? = the number. 

From the conditions, x-{-f/-\'Z=9 (1) 

100 a? + 10 y + z — 198 = 100 ;? + 10 y + a: (2) 

and ioox+iOy + ^^108 (3) 



Transposing and uniting in (2), 99 a: — 99 2 = 198 (4) 

Dividing (4) by 99, x — z = 2 (6) 

Clearing (3) of fractions, 100 a?+10y + z = 108a: (6) 

Or, _ 8 a: 4- 10 y -h 2 = (V) 

Multiplying (1) by 10, 10 a; -f 10 y + 10 z = 90 (8) 

Subtracting (7) from (8), 18 a: + 9 « = 90 (9) 

Dividing (9) by 9, 2 a: + « = 10 (10) 

Equation (5), x — z = 2 

Adding (10) and (6), 3 a? = 12 (11) 

Whence, a: = 4 (12) 

Substituting in (10), 8 + « = 10 (13) 

Whence, z = 2 (14) 

Substituting in (1), 4 + y + 2 = 9 (15) 

Whence, y=3 (16) 

Therefore, 100 x+ 10 y + « = 432 (H) 
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10. Let ar, y, and z denote the number of days in 
which A, B, and C, respectively, can reap the field 

alone. Then, -, -, and -, or a:~\ y~^ and sr^ will 

denote the part of the field that each can reap in one 

day. Also, A and B together can reap - of the field 

in one day, A and C ?, and B and C -. 

c 

Hence, ar"* + y* = a""* (1) 

ari + «-i = b-^ (2) 

and y-i -f ^^ = ^"^ (3) 

Adding (1), (2), and (3), 

2 a:-i + 2 y-i 4- 2 ^1 = a"^ + ft-i + c"* (4) 
Multiplying (3) by 2, 2 ^r* + 2 i^^ = 2 c'^ (6) 

Subtracting (5) from (4), 2 x""^ = a"^ + b'"^ — cr^ (6) 

Multiplying hj a b c x (Art. 163, Note 3), 

2abc=: (bc'\-ac — ab)x (7) 

Whence, x = ,— ^ r (8) 

Equation (4), 2 ar^ + 2 jr^ + 2 ar^ = a-^ + 6-^ + c'^ 
Multiplying (2) by 2, 2 a:-^ + 2 ar^ = 2 b'^ (9) 

Subtracting (9) from (4) , 2^^ = a-^ — 6-^ + c'^ (10) 

Multiplying hj abcy, 2abc-=. {be — a c ••{- ab) y (11) 

Whence, y = -^~l— (12) 

' ^ ab-\-hc — ac ^ ' 

Equation (4), 2 a:-^ + 2 ^^ + 2 ^^ = a-^ + ^-^ + c-^ 

Multiplying (1) by 2, 2 ar^ + 2 y'^ = 2 a-^ (13) 

Subtracting (13) from (4), 2 z"^ = b-^ + c-^ — ar^ (14) 

Multiplying by a 6 c «, 2abc=.{ac-\'ab — 5 c) 2? (15) 

Whence, z=z—j— =— (16) 

' ab -[- ac — be ^ ^ 

Note. Equations (6), (10), and (14) may be readily obtained by the 

method adopted in the solation of Ex. 11, Art. 177, or Prob. 8 of this 

Art. 

9* 



i 
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INVOLUTION. 

(Art. 185) pp. 155, 156.) 
7. Ans. 243 a** x^^ | 15. Ans. IGa^a^^. 

(Art. 186, pp. 156, 157.) 
8. Ans. -^^pp. 

(Art. 187, pp. 157, 158.) 

In these examples, as well as the preceding ones, there 
are three points to be considered : the sign of the power, 
which is determined by Arts. 182, 183, the coefficient, 
and the exponents, both of which are determined by the 
rule found in Art. 190. The signs of the exponents must 
be determined by the rules for ordinary multiplication. 

It has already been shown that the negative exponent 
expresses an unperformed division, and that a quantity 
containing a negative exponent is, in reality, the same 
as a fraction. 

3. The answer to this example cannot be both -f~ ^^^ 
— for the same value of n ; but if n is even, it is -|-» 
while if n is odd, it is — . 

5! Multiplying the exponents by — 2 changes their 
signs. 

6. The answef is negative because the original quan- 
tity is negative and the exponent — 3 is an odd number. 

7. The result is positive because the exponent — 4 
is an even number. The coefficient becomes 

2-*— i — 1 
~2*~16* 
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8. If the negative exponent is removed, the answer 
becomes ^ ^^ . 

The negative exponents are also readily removed in 
examples 9 and 10, by transferring factors according to 
Art. 126. 

POWERS OF BINOMIALS. 

(Art. 200, pp. 163, 164.) 

In writing any power of a binomial, the student has 
only to apply the principles found in Arts. 191 - 200. 

4. Ans. a* + 4 a»y + 6 aV + * « y* + y*. 

6. The coefficients of the seventh power are thus 
obtained : 1, 7, ^ = 21, ?i^ = 36, ?^-^ = 36, 

2 o 4 

^ = 21, &c. 

T. The first form of the answer, according to the 
Binomial Theorem, would be a» -|- 3 aU + 3 a 1» + 1». 

8. (1 — xy = (ly — 6 (1)« X + 16 (1)* x» — 20 {If a^ 
-+- 16 (lyx^ — 6(l)x^ + 2f^. The powers of 1, being 1, 
have no effect as factors, and can therefore be omitted. 

9. The coefficients of the eighth power are thus 
obtained : 1. 8. ^4-' = 28, ?if? = 66, '-^ = 70. 
^IXi = 56, Ac. 

(Art. 201, pp. 164, 165.) 

2. (3 a + 2 by == (3 ay + 4 (3 af (2 6) + 6 (3 a)« (2 by 
+ 4 (3 a) (2 by + (2 by = 81 a* + 216 a» ft + 216 a^ ft* 
4- 96 a ft^ -f- 16 ft*. 
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3. (2 a— 3ar)*=(2a)«— 3 (2a)« (3ar)+8 (2a) (3ar)«— (3x)'^ 

4. (1+3 xy = (1)* + 4 (1)« (3 X) + 6 (ly (3 x)» 

f 4 (1) (3a:)»+ (3x)*= 1 -I- 12ar + 54x2+ 108ar^ ^ gl^.! 

6. (a« + ^» = (ay + 3 (a^)* (5«) + 3 (a^) (^)* + (5»/ 

= a« + 3a*i* + 3 a« 6* + ^•. 

6. (3x — 6)'=(3x)» — 3(3x)-'6 + 3(3x)6» — 6» 

= 27 x» — 136 x* + 225 X — 125, Ana. 

7. (3 xy — ay = (3 a:y)« — 2 (3 xy) a + a« 

= 9x2y* — 6axy + a». 

8. (i a 6 + c)« = (^ a ft)« + 2 (J a 5) c + c^ 

= ia^lif^+abc-{-c\ 

9. (^-f)' = a^-2x(|) + gy=:^_^.+^. 

10. (3x + l)'=(3x)« + 2(3a:)Q+(l)=9x«4-6-hJ. 

11. (a + a-»)* = a* + 3 a« (a-») + 3 o (a-i)« + (a"')' 

= a* + 8a + 3a-»4-a-». 

Note. It will be obseired that negatire exponents might be cm- 
ployed in the 10th, or the fractional fi>rm in the llth. 

12. {2^ + 3^^" = (x')» + 5(3^*(3f) + 10 (x^* (3fy 
+ 10 (x»)» (3y»)» + 5 (x») (3J0* + (3y»)» = a** + 16a:»y 
-f 90 xV + 270 xV + 405 x» y« + 243 y**. 

13. (i«-§y)''=(ix)«-3(Jx)«(§y) + 3(ix)(§y)' 

— (?y)' = 4 a^ — i x'y + § X j/« — jft.y». 

14. (ar" _ 2 x)» = (x«)« — 6 (x^" (2 x) + 15 (x^« (2 x)« 
-20 (x^)» (2x)» + 15 (x«)« (2x)« — 6 (x») (2x)» + (2x)' 
= x"" — 12x'> + 60x>«_ 160 x» + 240 x» — 192x» + 64x'. 
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EVOLUTION. 



SQUARE ROOT OF NUMBERS. 



(Art. 1315, page 171.) 



(3.) 



611524 
49 



148 



782 



1215 
1 184 



1562 



3124 
3124 



43 



468 



(4.) 

56644 
4 

16 6" 
129 



3744 
3744 



238 



(5.) 



6561 
64 



8 1, Ana. 



161 , 161 
161 



(6.) 

2il6 
16 



46 



86 



516 
516 



0) 

10246401 
9 



62 



124 
124 



6401 



6401 
6401 



3201 



(8.) 

16.24 9 
16 



803 



4.0 3 



2409 
2409 



(9.) 

.94 9 
81 



187 



1309 
1309 



.9 7 



(10.) 

.008 1 
81 



.0 9 



i 
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3. 



(11.) 

.06600006 
49 

14.1" 



.0YY4-f. 



1100 
1029 



1544 



7100 
6176 



(12.) 

1 2.0 60606060606 
9 



64 



3.464101 + 



300 
256 



686 



4400 
4116 



6924 



28400 
27696 



69281 



70400 
69281 



6928201 



11190000 
6928201 



(13.) 

.o6o6oi232i 
1 



.00111 



21 
221 



23 
21 



221 
221 




(Abt. 216y page 172.) 

7i69~13' 



/ 484 ^484 _ 22 

V 729 — y^729 — 27 • 

V I21~\l21~ y/i2i ~ 11 ~ ^ if 
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- /s" /i V'l 2 

6 . / 1899_ _ ■ / 1899 -i- 2U _ /9 _ y/T » 
V 10339 V 10889-1.211 ~y 49 — 4/49 ~ 7* 



— = .692308, nearly. 



.692308 I .832 + 
64 



163 



523 

489 



1662 



3408 
3324 



16 



(8.) 
^^3^ = .01661891i. 

.124 6, pearly. 



.01551891 
1 



22 
244 



55 
44 



1118 
976 



2486 



14291 
14916 



CUBE ROOT OF NUMBERS. 

(Abt. fSSS^ page 176.) 
(3.) (4.) 



941192 
729 



24300 

2160 

64 

26524X8 = 



98 



389017 
343 



212192 



212192 



14700 

630 

9 

15339 X 3 = 



73 



46017 



46017 



(5.) 

37259704 
27 



2700 

270 

9 

2979X3 = 

326700 

3960 

16 

330676X4 = 



10259 



8937 



334 



1322704 



1322704 



i 



108 



KEY TO ELEMENTART ALGEBRA. 



(6.) 



251239591 
216 



10800 

540 

9 

11349X3 = 

1190700 

1890 

1 

1192591 X 1 = 



631 



35239 



34047 



1192591 



1192591 



a.) 

46268279 

27 



2700 

450 

26 

3175X 5 = 

367600 

9450 

8J. 

377031X9 = 



359 



19268 



15875 



8393279 



3393279 



(8.) 

i48i.544 
1 



800 
30 

___ 1 

331 X 1 = 

36300 

1320 

16 



11.4 



3 7 6 3 6 X 4-= 



481 



331 



150544 



150544 



* It is fonnd, by trial, that 7 and 6 are too large, although 27 is 
contained in 192 seven times. 
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(9.) 

.0 08649000000 
8 



120000 

3000 

2 5 

123026X5 = 

12607500 

12300 

4 

12619804X2 = 



.2062 + 



649000 



615126 



33876000 



25239608 



(Art. 283, page 177.) 



3. 

4800 

120 

1 

4921X 1 = 



V343 

6892i 
64 



41 



69319 
27 



4921 



4921 



2700 32319 

810 
8J. 

3691 X 9= 32319 



39 



j/68921 V 68921 41 2^ 

V593i9 — ^5^~39"" 39' 

(4.) 



-ft=. 10626316 8, nearly. ^ 

.106263168.4 72 + 

64 ^1 

4800 



840 
49 



41263 



6689X7 = 

662700 

2820 

4 

665624X2 = 



39823 



1440168 



1331048 



* It is found, by trial, that 8 ia too large, althougb 48 is contained in 
412 eight times. 



la 
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ROOTS OP MONOMIALS. 

(Art. 224, pp. 178, 179.) 

6. Ana. 12 0*^0*. 

It will be a valaable exercise for the student to ex- 
press the answers in varioos ways, whenever thej are 
capable of it. Thus, 

9. ± J^^=±|cr**a^y-*=±2X3-*<r^ftx«3r^ 



10 



V729/ V^^/ 



X 

3? 



= -a:y-« = 3-*a?3r«. 



9 



12. — 9cr-*A-« = — -^. 

air 



14. We here divide each exponent by the index of 
the root, which is 2, or midtipfy each by the fractional 



esqHment, which w « • ± 13 a^ 6 * r"^ = ± -y 



15. Aj- = iaft+x-^y-^ 



16. a^c^d-^z^ 



a^<^ 



SQUARE ROOT OF POLYNOMIALS. 
(Art. 225, page 182.) 

(4.) 
rt«-|-4a«ft + 45« a« + 2* 



2 a« + 2 6 



4a«6 + 46» 
4a«ft4-46* 



EVOLUTION. 



Ill 



9x* 



(5.) 

— 12 a:» + 16 a:^ — 8 ar + 4 



6x^—2x 



— 12a^ + 16a:« 

— 12a^-|- 4ar» 



3a:* — 2a? -f 2 



6a:* — 4a: + 2 




(6.) 

aJi + 4fta: + 4^|a: + 2ft 
ar» 



2a: + 2ft 



46a: 4-4^ 

46a: 4- 4:^ Ans. x-\-2b. 



0) 

a4^4^j^l0a*6*+12a6» + 9 6* 
a* 



a^^2ab + BV' 



ia^ + 2ab 



4a«6+10a2 6* 
4a3j I 4^353 



2a*4-4a6 + 36* 



6a2 6a4-12ai^ + 96* 
6a*6*--12a6«4-96* 



0' 


^ 2a» + 2 


(8.) 
la* — a + i 


2a* a 


2a»H 
2a«H 


-2a* 
- a* 


2a* 


— 2a + 


^ 


a* — a- 
a* — a- 


hi 



a* 



-a + i 



8a:*— 



1 



(9.) 
2a:* + l 



2 a:* 
2a:* 



sc'—l 



1 

1 





(10.) 
'— 2 + a-» 


tf-i 


— 2H 

— 2- 


ha-* 
-a-* 



2a — o-^ —24- 
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(11.) 

4:a*—l2ab+9^ + 4:ax — 6bx + x' 2a—Bb + x 
4a» 



4a — 3A, — 12aA-f 9^" 
— I2ab4-9l^ 



4a — 66 + a: 



4ax — 66a: 
4aar — 6bx 



x" 
x" 



(12.) 



a*_|_8a»ft-|-24a«6' + 32a6»+16ft* 



a' 



2a« + 4aft 



a« + 4a6+4fi^ 



80^6 + 2402^ 
8a»ft4-16a*i' 



2a« + 8a6 + 4^ 



8a«^-|-32ai?+166* 
8a«i»--32a6'4-166* 



a8 + 4a5 + 4i8 



tf 



a + 26 



2a + 2ft 



4a6 + 45* 
4aft4-45^ 



CUBE ROOT OF POLYNOMIALS. 



(Art. 126, pp. 185, 186.) 
(4.) 



a? + y 



3a:« + 3a?y + 5^ 



3ar*y + 3a:y2 + y» 
3ar'y + 3a:y» + y» 



(6.) 
y« — 3y» + 6^— 3y— 1 



3y* — 3y»+i^ 



3^-y-i 



— 3y»4-6y» 



3y* — 6y» + 3y + l 



3y* + 6y» — 3y— 1 



Note. In the last complete divisor, 3^ and —3^ cancel each other. 
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(6.) 
27 a:^ + 64a:»y + 36ary*+ 8y» 

27 a:^ 



3a: + 2y 



54a:2y + 36xy»4-8/ 



Ans. 3 a: -|- 2 y. 

7. It will be observed that the solntion of this ex- 
ample is precisely the same as that of the 3d, except 
that m is substituted for x. 



(8.) 



8 a« 4- 3 + a-^ 




a + a^ 



RADICALS, 

REDUCTION OF RADICALS. 
(Art. 333, page 1 88.) 

2. V9a^'x = V'Q a* X a? = VOo* Vx = 3 c^ Vx. 

3. V32 a'x = V^l e^'x 2x = \/l6'a»\/27=4a\/2x. 

4. 7 \/8(r?= 7 V16 X 5x = 7X4 V'S x = 28 V'Sx. 

6. ^eri*^^ = ^64a»ft« X a' = 4 a 5* ^^. 

7. \^EOaW? = \/25F?"x~2a = 6 ftc V"^, Ans. 

8. (aa? + bx^)^ = 4^^(a + bx) = a: (a + bx)^. 

9. 2 (a:» — a^x")^ = 2 V'a^^x — a^) =2x(x — a^)^. 
10. aJ/5 (^-^ + af b) = ^6 o^ (1 + JT) = a ^60"+^). 

10* 
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11. 6\/64a«i^tf = 6V'9a»^X 6aitf = 6 X ^ah\/^hc 

= 18a^\/6aTc. 

12. 3^32'a«i»c» = 3^32a»c»X a^ = 3X2atf4^a? 

13. (72 a: + 108 y)* = \/3er(2^^"3y) = 6 (2 ar + 3 y)*. 

14. 6{a — 5) \/a*^2"i 6^^c=6 (a— ft)\/tf (a + hy 

= 6 (a — i) (a + 6)\/c = 6 (a» — i»)V^. 

(Art. 234, p. 183.) 



3 /2 a a* S /2a3*^S 8 /6aa:» 3 /x* _ ^ 
= T X f Ve^ = 7 \/6 ax. 

4 4 

= -2" (2 «)^- 
^ /3fl» ^ /3~a« 2 6 , /6"a^ , /"? T T 

= 4 X A -v^e « * = ? vm. 

4 o o 



= ?(l0«6c)* 



i 
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(Art. 235, page 1 90.) 

2. Sax=(Sax)^ = \/(3 a x)« = \/9a«l?. 

3. —5aH = 4^{— 6 a» *)« == 4^-^125V^. 

4. 2a:— 3= ((2 a:— 3/)* =(4 a:*— 12 a: + 9)* 

6. 2 a» a^ y = -^(,2 a«V y)* = ^16 aH^a^V* Ana. 



4. 



5. 



8aa;«_ . /(8aa:')* _ ,/243a»a:^ 

(Art. 236, pa^e 191.) 

2. 5 ♦'a:y— 1 = ^6*(xy— 1) = ^126 a: y— 126. 

3. 2a«4/3a^ = a«4^2*X 3 a ft = a* 4^48a"ft. 

4. (a + 6) V'c = Vc (a + 6)^^ = \/c (a« + 2'ah + }^) 

= (a»c + 2aftc + 5^c)*. 



^- ft Y a* _ 5« — y 6» \^aa _- ft«^ — y ^ftTZTft* • 

(Art. 237, page 192.) 
3. 3 4^3 = 3 (3)* = 3 (3)* = 3^»=: 3^27. 

^a = a^ = d^= (o*)"^. 

(5 h)^ — (6 h)^ = [(6 ft)«]^ = (25 }^y^. 

(a« + 5?)* = (a» 4- J2)A = [(a« + A*)*]*, 



^ir=l = (a — *)* = (a — ft)^* = ^{a — hy^ 
^ ^i/S"+l = (a + *)^ = {a + h)^ = ^{a + b)\ . 



\ 
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ADDITION OF RADICALS. 
(Art. J38, pp. 193, 194.) 

3. 5 \^9Sx = 5 V'49 X 2 i = 5 X T \/2~i= 35 \/2x ; 

35 \/2lc + 10 \/2i = 46 \/2^. 

4. ^^^48^ = ^8 X 6a = 2^6 a 
^<{/i62fl = ^27 X 6a=: 3^6^ 

Sum = 6^6a j 

I 

5. 4/32 = 4^16X2 = 2^2 ; 2<^ + 5 ^2 = Y ^2. 

6. ^/Sl^b = \/a' X 3 i z=:aVsl 
VW^?h = \/i2^3T =^^36 

Sum = (a 4- ar) \/3l 

1 

7. 5\/20^x=:5\/4a2x5x = 5x2a\/57=10a\/5x 
3V45a^x = 3V9a^X5x = 3X3aV'6"i^= 9a\/5x 

Sum = 19a\/5a? 

8. (3a«6)*= (a«X3 6)*= a (3 5)* . 
(27 a* 5)* = (9 a« X 3 6)* = 3 a (3 6)* 

Sum = 4 a (3 5)* 

9. <;45c»)*= (9c»X5c)^ = 3c(5c)^ 
(80 c')^ = (16 c» X 6 c)* = 4 c (5 c)* 
(6a»(?)*= (a«X5(?)*= a(5(?)* 

Sura = (7 c + a) (5 c)*, Ans. 

10. 4^iry = ^VFx^b^ = b<^ 
^-bY = ^7xh'y = y^h^ 

Sura == (b + y)si^hy 
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12. 12<i^= 12^1= 12^4 X 2=12Xi^2=6^ 

Sum = y- 1^2 

13. VI^ = 2 ^/x. The radicals being all dissimilar, 
their addition can only be indicated by the sign -{-. 

14. \/4a: + 4 = \/4"(a: + 1) = 2 \/i"+T ; 

15. (a:»y)* = a:y*; (ary»)*=ar*y; (8a*y)*=(8a»Xay)* 
:rt: 2a(ay)^. These radicals are all dissimilar. 

16. \^/cfhi =\xa\/rc = |\/i7 
5^/4^^*= i X 2x2\/^= ?^\/6^ 

O 9 O 



(2+¥)^ 



17. ♦'l6a»6= 4/8a»X2i=:2a^26 
^STo^ 6 = ^27 o^ X'2~6 = 3a^2T 

6a^2^ 

It will be seen that 5 a 4^2 h and 3 a s/h are dissimi- 
lar, because the radicals are of a different degree, while 
the quantities under the radical sign are also different. 
Their addition can, therefore, be only indicated, 

SUBTRACTION OF RADICALS. 
(Art. 339, page 195.) 

2. \/45a=\/9x5a = 3\/5^; 3\/5c/.>— \/5a = 2\/5^ 

3. ^192 = ^4X^3 =4^3 
^5^ =a5/8x^ =2^3 

Difference =2 ^3 
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= a* x^ = a* ^a:. 

Difference = a* ft ^h 

6. The radicals are already similar ; hence we merely 
take the difference of the coefficients 4 and 8, and annex 
the common radical. 

7. \/l08aa:«=:V36a:*X 3a = 6a:\/3a 
ViSo^ =\/l6a:*X 3a = 4a:\/3^ 

Difference = 2 a: \/3 a:, Ans. 

8. \/f = \/fX~3=:i\/3 = f\/3 
V* = 'vTxl = -%/* = ViX 3 = i\/3 = |\/3 

Difference = i Vs 

9. 2\/3a»ft^c = 2\/a^ft«X 3~c = 2aft\/3^ 

\/6~^ = Vft^ X 6 o A =ft\/6aT 

Difference = 2 a ft v'g^ _ j \/5aT 

10. 'ij^32a = -C/ie X 2 a = 2 ^^a 
2 -^40 a = 2 ^8 X 6a = 4 ^5^ 

Difference = 2 a{^^ — 4 4^b"a = 2 (^2^ — 2 4^6^) 

11. ^8a8ft+16~a* = ^8«3(ft4-2a)=2a^2a + ft 
^{^ftr4r2^i? = ^ftP (ft + 2 a) = ft^2V+ ft 

Difference = (2 a — ft) ^2a + ft 
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MULTIPLICATION OF RADICALS. 

(Art. 340, page 197.). 

4. 6 v/64 X 3 \/2 = 6 X 3 -\/54x" 2 = 18 VFOS 
= 18 -\/36 X 3 = 18 X 6 \/3 = 108 \/3, Ans. 

6. 1 sfaxy X 3V2aa: = 21 \/2 a^ar^y = 21 a ar \/2y. 

6. a^i X hi^~yz=^a^^ X ftV^* = «*^^a:»y"». 

7. 4>*^X 3\/;^ = 4</a^X 3^iY = 12^a2x*y». 

8. i\/6X A\^9 = iX AV6'>r9 = iX'ftX3\/6 

Note. The second of the given radicals, ^^9, is rational, and re- 
duces to ^ X 3 — f . Multiplying ^ V^6 by f we obtain ^ v^6, the same 
resalt as before. 

9. 2^1 X 3^1 = 2 X 3^jxl = 6^| = 64/|o<f 

= 6 4^ = 6 ^jjV X 15 = I V^ = 2 ^1 5. 

10. 3i* X 4 a* = 12 a* 6* = 12 a^^ ^"^ = 12 ^a«l»*. 

11. 3a</8^X2ft^^4^^ = 3a X 26^8"^^1<T^ 

= 6ai^32"a*c = 6ai^l6a*X 2c = 6aftX 2a</27 
= 12a2*<^. 

12. (a4-6)*X («+*)*=(«+*)* X (a4-^)*=(a+5;* 

13. i/i^ viA^ — i/^^^^7^* — i/i^ 
V 8^ "^ V 2ar ~ V 3c '^ 2"x ~ V 6c 



=v/ 



14. ^6a*^c-* X ^3-* a-* ftc« = '^6a» ic-^ X 3"^ a"* 5c« 
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(Abt. e41, page 198.) 

(2.) 

4 + 2 \/2 

2^— y2 

8 + 4^2 
_ 4 V2 — 4 

8 —4 = 4 

3. (a+ar)?X (a— ar)? = [(a+a:) (a— a:)]5=(a2— ar^)!. 

4. \/a~+ h X ^/a~^b = -\/(a 4- by^ = a + 6. 

Note. It will be seen that mnltipljing the square root of any quan 
tity by itself removes the radical. 

(5.) (6.) 

i + J \/6 A/x + y/a + x 



f + i \/5 Va + 



X 



J + f\/6' Vaar-j-V + a + x 

a^ + h^ 
a^ — 2h ^ 
a* _|- a* h^ 

— 2a^h^ — 2 h'^ 



a^^a^h^ — 2a^h^ — 2 b^ 

DIVISION OF RADICALS. 
(Art. 242, pp. 200, 201.) 

3. Y^ = y -2 = \/20 = \/4X~5 = 2 \/5. 
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*■ 'i-0=ff 






Note. The same result can be obtained by reducing ^135 to itt 
plest form, 3 /5, and then dividing by y 5. 



4/-i 



6. 



'i§-m=t'''^="^='-^- 



% 






_4 ,/^_4 
~3\ 3*i/'~ 3 





8. ^-^ = ^V- = ^^^"- 
*fa b \ a 

11. i >^i -^ * -^i = a - ^ i) ^ r-^' j =(i X f ) '•J'ixi 

13. The radicals, being alike, cancel each other in 
dividing, and there is nothing lefl but the coefficients 
m and n, which give 5 as the result. 

U ^^"^-^^ = V(a + b)(a^h) ^ /(a + 6)(a-~6j 
a — ft V^(a — 6)* V (a—*)* 



11 
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(16.) 
a — 2**)a»+ aft* — 66(a + 3 5* 

3 a 6* — 6 5 
8 aft* — 6ft 

(16.) 

ai_4ft*)a« + 2a*ft* — 4a*ft* — 8ft*(a* + 2ft* 

a^ — 4,a^b^ 

2 a* ft* — 8 ft* 
2 a* ft* — 8 ft* 



INVOLUTION OP RADICALS. 
(Abt. 1343, page 202.) 

3. (5 a*)« = 5« a* = 25 J. 

4. (5a^)« = 5«a»^'3?=125a»y. 

5. (a:»></6)'»=(xy^6^ = a:*^36. 

6. (4 a V3";^*=4* a V3^= 4*a» X 3 V = 2304 aV, Ans. 

7. (3>4/25^)^ = 3«\/25ax = 9X 5\/^ = 45\/^. 

8. V3 — V2 

V3 — V2 

3 — \/6 

— \/6 + 2 



3— .2\/6+2 = 5 — 2\/6 



6_2-\/6 
5_2\/6 

25 — 10-\/6 

— 10\/6 + 24 

25 — 20^6 + 24 = 49 — 20\/6 



RADICALS* 



12S 



9. 
10. 



.>» a*. 



11. 



(^2 a)« = 



3. 
4. 

5. 
6. 

?. 

8. 



9. 



EVOLUTION OF RADICALS. 
(Art« d44, page 204) 

V^IW^ = \^4 X ^5l = 2^67. 

Vd-^(^y)J = a"* (a:y)* = a^* x*y* 

^25 ^4"^* A = \/25 X ^4^ = 5 ^4"?1, Ans. 



3 
8 



n/^ 



=./V=-y37. 



V^125 a:* = 5 x*. 



10. ^64a»6*\/2crf=l}^16a«ft*\/4*X 2crf=2a«54^32^. 



(11.) 
a?^ + 6a:*y^ + 9y 



a:*-|-3yJ 



2a* + 3y* 6x*yi + 9y 



6ar*y* + 9y 



124 KEY TO ELBMENTABT ALGEBRA. 

RATIONALIZATION. 
(Art. 1^46, page 205.) 

3. The factor x* will rationalize a:*, because a^ X ^ 
:= ar* = ar. 

4. 4^^a^ = 4a*i*; 4a*i* X a*^* = 4a* ; 

J 6* = 4^c^. 

Note. It is evident, without the nse of fractional exponents, that 
4^ab^ X Y*** 6 — 4 V a' 6* «= 4 a 6. In general, snch a radical quantity 
is rationalized by means of another radical of the same degree, with such 
exponents as will make the product a perfect power of the same degree 
as the radical, and thus remove the radical sign. 

5. a s X a^ ~ a^ = a* The factor a s will rationalize as, as the 
product will be a"' » ; but it will not make the exponent positive, that 
is, it will not make the product integral. 

Note. The rule, as stated in the Algebra, is intended to appi j to . 
radicals in their simplest form. (Art. 233.) Thus, to rationalize )/cfi, we 
first reduce it to a v^o, and then multiply by such a factor as will ration- 
alize v^a, without reference to the coefficient a, that being already ration- 
al. If, however, -we are required to rationalize y^o*, or a*, as it stands, 
we must multiply the given sard by the same quantity with such a fractional 
exponent as, toAen added to the fractional exponent of the given quantity, shall 

le equal to an integer. Thus, a* X a^ ^= a* » a*. If the radical signs 
ore to be used throughout, we must multiply by such a radical, of the 
same degree, as will make the quantity under the radical a perfect power 
of the same degree as the radical. Thus, /a* X /«' = ^«' = «*• 

(Abt. 247, page 206.) 

2. (a + Vb) (a — ^/b) =a^ — b, 

3. (V6 — \^r) (\/6 + \/I) = 5 — 1=4. 

Note. It will be observed that the radical sign over 1 does not change 
its value, and the multiplication may be thus expressed : 

(y/5 — 1) (V^5 + 1) = 6 — 1 «= 4. 
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(Abt. S49, page 207.) 

Vb Vb Va Vab' 

1 _ 1 •s — 1 _ • a — 1 _ •s — 1 

V^3-{-l"" V^3-}-l v/8-_i~8 — 1 2 

J. 2 _ 2 •S 2^3 .^^ 

•s 1^3 •s 8 

6 g _ g •& — V^? _ q(V^6 — •?) 

•2 _ •? 8 + ^ 2_3V^2 + 2 8/2 + 2 

' 337^~3^r^2^3 + /2~ "9-2'~ 7 ' 

^ •;+ v^ ^ •x4- /y ^ v^^+ >^y _ (v^^ + v^'y)' ^ 

Vx — Vy Vx — Vy Vx + Vy * — y 

RADICAL EQUATIONS 

LEADING TO SIMPLE EQUATIONS. 
(Abt. 254, page 210.) 

4. Given \/^"+ T— 2 = 3 
Transposing and uniting, Va: + 1 = 6 
Squaring, a; + 1 = 25 
Transposing and uniting, x = 24 

5. Given Vx + 7 = \/a: + 1 
Squaring, a: + Y =: x + 2 Va + I 
Transposing and uniting, — 2 -s/x = — 6 
Dividiug by — 2, \/x == 3 
Squaring, ar = 9 

6. Given 2 + V3a; — 3 = 6 
Transposing and uniting, \/3 x — 30 = 3 
Squaring, 3 a: — 30 = 9 
Transposing and uniting, 3 x = 39 
Whence, a: = 13 

11* 
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Y. Given \/r= g + 6 = 8 — 1 

Transposing and uniting, V3 — x = 1 
Squaring, 3 — x=l 

Whence, x = 2, Ans. 

8. Given a*— 7 = — 3 

Transposing and uniting, a:* = 4 

Squaring, x = l6 

9. Given \^x + 6 = 3 
Squaring, x + 6 = 9 
Whence, x = 3 

10. Given V4 + a: = 4k — s/x 
Squaring, 4 + a:=16 — 8\/i + x 
Transposing and uniting, 8 ^x = 12 

Dividing by 8, Vi = J 

Squaring, x = f == 2:J 

11. Given yJ + 6 = 11 
Transposing and uniting, yi = 6 
Cubing, y = 216 

12. Given ^20 — \/2^ — 2 = 
Transposing, ^20 — V2i = 2 
Involving to the fourth power, 20 — ^2 x = 16 
Transposing and uniting, — s/2 x = — 4 
Squaring, 2 x = 16 
Whence, x = 8 

X — ax }/x 



13. Given 



V 



X 



X 



Clearing of fractions, a:* — aa^ = x 

Dividing by x, x — a x = 1 

1 
Whence, ^ — i-^a 

Note. Mnltiplymg the giren equation by ^x will also prodnce 
X — a a: s™ 1. 
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14. Given « («^ + x"^) =ax^ 
Multiplying by a;*, x (x + 1 ) = o a: 

Dividing by x, x -\' I = a 

Transposing, x = a — 1 

Note. Performing the mnUiplxcation indicated in the original equation 
gives xi -{-xi = a x*, and thia dlTided hj xi also gives x + 1 « a. 
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PURE QUADRATIC EQUATIONS. 

(Art. 263, pp. 213, 214.) 

3. Given 3x«— 2 = 2x«+2 
Transposing and uniting, x^ = 4 
Evolving, X = ± 2 

4. Given -^ + x« = 126 

Clearing of fractions, 6 x* + 2 x* = 252 
Uniting terms, T x* = 252 

Dividing by 7, x* = 36 

Evolving, X = ± 6 

5. Given y" = 9 a* 

Evolving, y = ± 3 a*, Ans. 

6. Given Y (2x^— 6) + 6 (3 — x^) = 198 
Expanding, 14 x« — 42 + 15 — 5 x^ = 198 
Transposing and uniting, 9 x^ = 225 
Dividing by 9, x^ = 25 . 
Evolving, X = ± 5 

7. Given (x + l)- = 2x + n 
Expanding, x»4-2x+l = 2x+17 
Transp. and uniting, x^ = 16 
Evolving, X = ± 4 
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8. Given a:* -j- a i = 6 ar* 

Transp. and uniting, — 4 a:* = — ab 

Dividing by — 4, a^ = --■ 

Evolving, x= ± -|- = ±1 V^ 

9 Given 2^+i0_ 50+^ 

16 25 

Multiplying by 76, 10a:« + 60 = 626 — 160 — 3 x» 
Transp. and uniting, 13 x^ = 326 

Dividing by 13, a:^ = 26 

Evolving, X = ± 6 

10. Given (x + 2)^ = 4 ar + 6 

Expanding, a:* + ^^ + ^ = ^^"l"^ 

Transp. and uniting, x^ = 1 

Evolving, X = ± 1 

11. Given (2x — 6)« = x« — 20x+ 73 
Expanding, 4x« — 20x + 25 = x" — 20x + 73 
Transp. and uniting, 3x* = 48 

Dividing by 8, x^ = 16 

Evolving, X =: ± 4, Ans. 

12. Given 4x — 160x-^=x — 3x-* 
Multiplying by x, 4x* — 160 = x^ — 3 
Transp. and uniting, 3 x" =: 147 
Dividing by 3, x* = 49 
Evolving, X = ± 7 



13 Given _?L_4-_JL_ = 8 

' 1 — X 



^ 8 

1 ^-x"" 

Clear, effractions, 3 — 3x + 3 + 3x = 8 — 8x* 

Transp. and uniting, 8x^ := 2 

Dividing by 8, x^ = ^ 

Evolving, x=± i 
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14. Given a:« — ^ + 3aft = 2a« + &^ 

Clear, of frac.,4a:»— a" + 12a6 = 8a« + 4*« 
Transp . and uniting, 4x' = 9a* — 12a6H-4^ 

Evolving, 2xz= ± {3 a — 2 b) 

Whence, ac = ± — 

Or, x=±Qa-b) 

16. Given c(a:»+4a*+4ftc)=a.(a + 2c)«+rfa:«— a«* 
Expanding first member, 

c X* 4- 4 a 6 c 4- 4 ft c« = a (a + 2 c )« + rf a:« — a« i 
Transposing terms, 

c x^ — da^ = a {a + 2cy — a*h — 4rahc — ibc^ 
Factoring, (c — rf) a:^ = a (a + 2 c)« — ft (a + 2 c)« 
Or, (c — rf) x« = (a + 2c)» (a — ft) 

Dividing by (c - rf), a- = (^+ ^;>' ^^ " '^ 



Evolving, x= ± (a + 2 c) J^ 



C'-d 

— ft 
(2 



^. x+ 2 , X — 2 13 

16. Given _i_ + ^-^_^ = ^ 

Clear, of frac., 6 (a: + 2)« + 6 (a: — 2)> = 13 (a:« — 4) 
Expanding, 

6ar» + 24a: + 24 + 6a:* — 24 a: + 24 = 13a-» — 52 

Uniting terms, 12 ar» -|- ^8 = 13 a:^ — 62 

Transp. and uniting, — x^ = — 100 

Changing signs, a:* = 1 00 

Evolving, a: = ± 10 

1 7 Given x - ^4=^ = 3 ar> - ? ^.^ " 

DX OX 

Mult, by 15a:, 15a:* — 9a:* + 6 = 45 — 10ar» + 25 
Uniting terms, 6a:* + 6 = 70 — 10a:* 

Transp. and uniting, 16a:* = 64 

Dividing by 16, ar»=4 

Evolving, a: = ± 2 
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3 10 



18. Given V^ . . 

CleariDg of fractions, 9 (3 + y*) — 18 = 10 

Expanding, 2Y + Qy* — 18 = 10 

Transp. and uniting, 9y^^ = 1 

Dividing by 9, y-* = ^ 

Evolving, y-i = ± X 

Whence, y = ± 3 

19. Given 14^+ 16 _ 2^+ 8 _ 2^ 

21 8a»— 11~ 3 

Clearing of fractions, 

112«* — 26««— 176 — 42;r»— 168 = 112^*— 154;r» 
Transp. and uniting, S6^ = 344 

Dividing by 86, . «» = 4 

Evolving, zz=z ± 2 

(Art. 2Mf page 215.) 

1. Given 22^ + ^6(4a:* — 1) = 26 
Transp. and uniting, ^^{Ax!^ — 1) = } 
Squaring, 6 (4 x" — 1) = ^ 
Dividing by 5, 4 a:* — 1 = J 
Transposing and uniting, 4 a:* = | 
Dividing by 4, a^ = A 
Evolving, a = ± 2 

2. Given Va:* + V^'^V* = a 

Squaring, x^ + ^3^ — a* == a* 

Transposing, Vx* — a* = a* — a:* 

Squaring, x* — a* = a* — 2a*a:*-f-a:* 

Transp. and uniting, 2 a^a:* = 2 a* 

Dividing by 2 a*, a:^ _ ^a 

Evolving, a: = ± a 

3. Given Var^ — 16 = ^ 

Squaring, a:* — 16 = 4^ 

25 
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Clear, of fract., 25 a:«— 16 X 25 = 9 a:" 
Transposing and uniting, 16 a:* = 16 X 26 
Dividing by 16, ar« = 25 

Evolving, a: = ± 5, Ans. 

4. Given s/a" + x' = <^b* + a^ 

Inv. to the fourth power, a*+2 a« a:"+ ar* = ft* + x* 
Transposing and canceling, 2 a* a:* = 6* — a* 

Dividing by 2 a^ ar = g^a 

/bTZTa* 
Evolving, ar = ± y -y^ 

/4a!"+ 128 o^/" 
Given y J- — = 2Vx 

n . 4x«+128 . 

Squanng, 3 ^^^ = 4 3: 

Clearing of fractions, 4 a:^ + 128 = 12 a:» 
Whence, 8 a:* = 128 

Dividing by 8, ar* = 16 

Evolving, a: = ± 4 



5. 



6. Given \^i^^ = Va: + Vft^ + ar» 

Squaring, a: + a = ar + V6* + ^ 

Canceling a:, a = \/6* + a:* 

Squaring, o" = ft* + ^ 

Whence, ar* = a' — ft* 

Evolving, x=: ± v'a* — ft* 

1. Given ar (10 + a:*)^ = 5 — a:« 

Squaring, 10 ar* + a:* = 25 — 10 ar* 4- ar* 

Transposing and uniting, 20 ar* = 25 

Dividing by 20, ar* = f 

Evolving, x= ±Vl = ± iVh 

8. Given a? + (a* + a:*)* = 2 a* (a* + ar*)'^ 

Mult, by (a* + ar*)*, x (a* + x*)* + a* + ar* = 2 a* 
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Transp. and uniting, a: (a* + x*;^ = a^ 3? 

Squaring, a« a:> + a?* = a* — 2 a^ar^ ^ ^4 

Transposing and uniting, 3 a* a:* = a* 

Dividing by 3 a», a:> z= - 

3 

Evolving, :r = ± -? 

9. Given ^^^Ef = h 

Rationaliz. denom., ^°""^"'~?' = J 

Or, .<^nV^«'Hf*)"=x 

x* 
Evolving, «-J^?^:^ = ± V4 

Clear, of fractions, a — \/d^ — 3i?z=z ± xs^l 
Transposing, — \Jd' — Q^ = — a ± a; \/? 

Squaring, a» — a:^ = a» :F 2ax\/J+*a:« 

Transp. and Chang, signs, Q^'\'h7?z=^ ± 2ax\/S 
Dividing by a;, a: + ia;=±2a\/S 

Dividing by 1 + ^ X = ± ^^ 

1 -j- o 



10. Given ^+^— J = 5 

Squaring, J±J +2 + ^-^ = 25 

Transp. and uniting, ^ ' 4- ^~" ■ = 23 

X — 8 X -4- 3 
Clearing of fractions, (a? + 3)' + (a: — 3)^ = 23 (a^ — 9) 
Or, ar» -[- 6 a; + 9 + ^— 6 ar + 9 =23a:2 — 207 

Uniting terms, 2 a:^ + 18 =z= 23 ar» — 207 

Whence, 21 ar* = 225 

Dividing by 21, ar^ = ^ == !^ 

Evolving, a: = ± \/.^ = ± 5 \/| 
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SIMULTANEOUS EQUATIONS. 
(Akt. g65, page 216.) 



2. Given 


Ua:2_3y» — 21 


(1) 
(2) 


CleariDg (1) effractions, 


a^ 9y2 — 63 


(3) 


Clearing (2) effractions, 


X 4-4y = 


(4) 


From (4), 


X — — 4y 


(5) 


Squaring (6), 


^ l^f 


(6) 


Substituting (6) in (3), 


16y«— 9y»— 63 


(?) 


Or, 


t5^ — 63 


(8) 


Dividing by T, 


y" — 9 


(9) 


Evolving, 


y=± 3 


(10) 


Substituting in (5), a? = 


:(— 4)X(±3)— T12 


(11) 


Note. The values of x and 


y most hare different signs; bat : 


it mat- 


ters not which one is ±, and which is If. (See Note, Art. 286, 


, Alg.) 


3. Given 


( 6ary — 3y«=!l00 
\ bx — 4y — 


(1) 




(2) 


Multiplying (2) by y, 


&xy — ly" — 


(3) 


Subtracting (3) from (1), 


y— 100 


(*) 


Evolving, 


y ±10 


(5) 


Substituting in (2), 


6a: T 40 — 


(6) 


Transposing, 


5 a; — ± 40 


(7) 


Whence, 


xz=. ± 8 


(8) 


4. Given 


(xy + y« 126 
\ 5y 2a: 


(1) 
(2) 


From (2), 


5y 


(3) 


Substituting (3) in (1), 


5|!+y.-126 


(*) 


Clearing effractions. 


6^ + 2^—252 


(5) 


Uniting terms. 


Ty" — 262 


(6) 


Dividing by Y, 


J^— 36 


(T) 



12 
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Evolving, y = ± 6 J (8) 
Substituting in (3), x = ^ = ± 15 j ^^^(9) 

(4x«+t5^=148 (1) 

^- ^^^^^ I 3x» — y*=ll (2) 

Multiplying (2) by 7, 21 a:* — t y» = TT (3) 

Adding (1) and (3), 25 x« = 225 (4) 

Dividing by 25, a:^ = 9 (5) 

Evolving, x= ± 3 (6) 

Substituting (5) in (2), 27 — jt* = U (7) 

Whence, y* = 16 (8) 

Evolving, y = ± 4 (9) 

6. Given Ij^-^^L""'"' iJ! 

(«» — ^ = 66 (2) 

Transposing in (1), — 2 a: = — 4y (3) 

Dividing by — 2, « = 2 y (4) 

Cubing (4), a^=8y» (5) 

Substituting (6) in (2) , 8 y» — y» = 56 (6) 

Uniting terms, 7 y* = 56 (7) 

Dividing by 7, y* = 8 (8) 

Evolving, y=2 (9) 

Substituting in (4), a; = 2 X 2 = 4 (10) 

a:* + y«:a:* — y»:: 17 : 8 (1) 

xf/» = 45 (2) 



7. Given 



From (1), 8a:* + 8y»=17a:* — 17y» (3) 

From (3), 9a:* = 25y» (4) 

Evolving, 8x= ± 5y (5) 

From (5), * = ± T ^^^ 

Substituting (6) in (2), ± ^ = 45 (7) 

Clearing of fractions, ±5y*=135 (8) 

Dividing by ± 5, y" = ± 27 (9) 

Evolving, yz= ± B (10) 

Substituting in (6), x= ± ?^I^ = 6 (H) 
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135 



KoTB. The Talae of x can only take the positire sign, for y* a 9, 
which, suhstitated in (2), gires 9 x » 45, and x » 5. The same results 
are obtained if we first eliminate ^ from (2) and (4), 



PROBLEMS 

LEADING TO PURE EQUATIONS. 
(Abt. 266, page 217.) 

X = the smaller naniber, 
bx = the larger number. 



2. Let 
and 

Then, 

Uniting terms, 
Dividing by 24, 
Evolving, 
Then, 

3. Let 
and 

Then, 

Dividing by 6, 
Evolving, 
Then, 
Also, 

4. Let 
and 
Then 
and 

Therefore, 
and. 

From (2), 
Evolving, 

Substituting (4) in (1), 
Uniting terms. 
Dividing by 3, 
Substituting in (4), 



25a:« — a:* = 96 
24a:« = 96 

0^ = 4: 

x = 2, the smaller number. 
5x-= 10, the larger number. 

Sx=. length of the field, 
2x = breadth of the field. 

6x* = 3 A. 3 R. = 600 rods, 
a:* =100 
a: =10 
3a:=: 30, the length. 
2 a; = 20, the breadth. 

X = no. yards in first piece, 
y = no. yards in second piece, 
ar" = entire price of first, in dimes, 
^ = entire price of second, in dimes 

(1) 



a: -f- y = 36 
a:" : y^ : : 4 : 1 



x' = 



X 



X 



y 
2x 12 



4y* 
2y 

36 
36 
12 
24 



(2) 

(3) 
(4) 
(5) 
(6) 

a) 

(8) 
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Note. If only one unknown qoantity be used, the eqnatbn may be 
derived from the proportion x* : (36 — x)' : : 4 : 1. 

AFFECTED QUADRATIC EQUATIONS. 

FIRST METHOD OF COMPLETING THE SQUARE. 

(Art. »», pp. 223, 224.) 

6. Given a:« + 2a: = 8 

Coinpl . square by adding (i{)S a:* + 2a:+l==9 
Evolving, X + 1 = ± 3 

Transposing, a: = — 1 ± 3 

Uniting, a: = 2, or — 4 

T. Given ar« — 4x = — 4 

Completing the square, s^ — 4a; + ^ = ^ 
Evolving, a: — 2 = ± 

TranBposing, a: = 2 ± 

Or, a: = 2, or 2 

8. Given a:« — 6 a: = 55 
Compl. the square, a^ — 6a: + 9 = 64 
Evolving, X — 3 = ± 8 
Transposing, a: = 3 ± 8 
Uniting, a; = 11 , or — 6, Ana. 

9. Given a:«+12x + 35 = 
Transposing, s? -\-\2x^=. — 35 
Completing the square, a:* + 12 ar + 36 = 1 
Evolving, a: + 6 = ± 1 
Whence, ar = — 6 ± 1= — 5, or — 7 

10. Given 3 2« + 48 = 30aj 

Transposing terms, 3 »" — 30 « = — 48 
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Dividing by 3, »» — 10 « = — 16 

Completing the square, «* — 10« + 25 = 9 

Evolving, « — 6 = ± 3 

Whence, « = 5±3 = 8, or2 

11. Given 7? — 2axz=,h 
Compl. the square, «* — 2aa: + a' = a" + A 
Evolving, a: — a = ± Va ^ + h 
Transposing, xi=:^a ± Va* + 5 

12. Given 0^ = 3 a; + 10 
Or, a:« — 3 a: = 10 

Compl. the square, a:»— 3a: + J = 10 + f = y 

Evolving, a? — J = i } 

Whence, x=f±J=6,or— 2 

13. Given 2a; + 60 = 2a:» 
Or, 2 a:* — 2 ar = 60 
Dividing by 2, ^ — x = 30 
Compl. the square, x* — a: + ^ = 30| = ^\^ 
Evolving, X — i = ± V 

'Whence, . x = J±V = 6,or— 6 

14. Given 4:y* + 8y=:5 
Dividing by 4, y* + 2 y = J 
Compl. the square, y* + 2y+l = ;J+ 1=1 
Evolving, y + 1 = ± J 

Whence, y =.--1 ± J = ior — ^ 

15. Given 5 a:» + 20 = 25 a: 
Transp. and div. by 5, o^ — 5ai= — 4 
Compl. the square, o^ — 5 a: + ^j^. = ^^s. _ 4 = | 
Evolving, a: — ^ = ± ^ 
Whence, a: = ^ ± J '= 4, or 1 

16. Given 3 a: + 4 = 39 a;-* 

Multiplying by ar, 3 a:" + 4 x = 39 

Dividing by 3, a:« + i ^ = 13 

12* 
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Oompl. the equare, a» + |a:-f|=13| = -4^ 

Evolving, a: + I = ± -y- 

Whence, x = — i±^ = ^, or — ^ 

17. Given ba^ — ^0x=10 
Dividing by 6, a^ — 8a;=14 
Completing the sqaare, ac* — 8 a: -(- ^^ = ^^ 
Evolving, X — 4 = ± \/30 
Transposing, a: = 4 ± \/30 

18. Given Sx^lO + ia^ 
Transposing, — ^a:* + 3a:=10 
Mult, by— 4, a:*— 12ar = — 40 
Compl. the square, a:" — 12 x-\y36 = — 4 
Evolving, x — 6=± \/— 4 = ± 2 \/-^l 
Transposing, x = 6 ± 2 \/ — 1 

Note. Multiplying by — 4, is the same as diyiding by — i, the coef- 
ficient of X*, according to the Bole and Note 1. 

19. Given x* — 6ar=0 
Compl. the square, a? — 6x+9 = 9 
Evolving, X — 3 = ± 3 
Whence, x = 3±3 = 6, orO 

NoTB. By dividing the original eqaation by x, and transposing, we 
obtain at once x s 6. 

20. Given a"* x + a ar* = 2 ar^ 
Multiplying by ax, x* + ^ = 2x 
Transposing terms, x* — 2 x = — a* 
Compl. the square, a* — 2x+l = l — a* 

Evolving, X — 1 = ± \/l — a' 

Transposing, « = 1 ± \/l — a" 

(Art. 070, page 225.) 
I. In this equation, p = .— 8, and g = 9 ; hence 

a?=4 ± V9 + (— 4)"=4 ± \^=4 ± 6 = 9, or— 1. 
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2. la this equation, p = 16, and g = — 66 ; hence 

a: = — 8 ± V— 66 + 8^ = — 8 ± V9 = — 8 ± 8 
= — 6, or — 11. 

3. In this equation, /> = — 20, and q ^=- 800 ; hence 

a:= 10 ± V800 + (— 10^»= 10 ± V^900 = 10 ± SO 
= 40, or —20. Ans. x = 40, or —20. 

4. In this equation, /> = 6, and g = 14 ; hence 

= 2, or— ?. 

5. Multiplying the given equation by 3, which is the 
same as dividing by J, the coefficient of as*, we have 

7? -\' \x'=-^Z,m which p = §, and g = 63 ; hence 

= 6, or — lOJ. 

6. Given ia:* — i«+Tf = 8 
Multiplying by 2, a:* — Jx + 14J = 16 
Transp. and uniting, a^ — f a:= l^ = J 

In this equation, p = — §, and y = J ; hence 

x = i ± V^iTi = 4 ± Vjl = |±i = f,or — t. 

SECOND METHOD OF COMPLETING THE SQUARE. 

(Art. 872, page 229.) 

4 Given a:«— Yar + Oz^O 

Transposing, a^ — *l x = — 6 

Multiplying by 4, 4 x^ — 28 a: = — 24 
Completing the square, 

4x« — 28x + 49 = 25 
Evolving, 2 a: — Y = ± 6 

Transposing, 2 a; = T ± 6 = 12, or 2 

Dividing by 2, x= 6, or 1 
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X 



5. Given a:» + - = 3 

Clearing of fractions, 2 ar* -[- a; = 6 

Multiplying by 8, 16 x^ + 8 a: = 48 

Completing the square, 16ar*-|-8a: + l=49 

Evolving, 4 a: + 1 = ± T 

Whence, 4a? = — 1 ± 1 = 6, or — 8 

Dividing by 4, x = 1 J^, or — 2 

6. Given 10x = 6ar« + 4 
Transposing, — 6x*-|- 10ar = 4 
Dividing by —2, Sa:^ — 6 ar = — 2 
Multiplying by 12, 36 a:* — 60 a; = — 24 

» Compl. square, 36x^ — 60a; + 25 = 1 
Evolving, 6x — 5 = ± 1 

Whence, 6a; = 5±l = 6, or4 

Dividing by 6, a: = 1, or §, Ans. 

Y. Given 6ar* = 6Y — 4a: 

Transposing, 6 x* + 4 a: = 6T 
Multiplying by 5, 25 x' + 20 x == 285 

Compl. square, 25 x* -|- 20 x + 4 = 289 

Evolving, 5 ar -j- 2 = ± 17 

Whence, 5 x = — 2 ± 17 = 15, or —19 

Dividing by 6, a; = 3, or — 3| 

Note. As 4, the coefficient of j;, is an even nnmber, we complete the 
square by Note 2. 

8. Given '^^^=2ax-~ca» 

c 

Transposing, ex*— 2 ax = ^^-^11^ 

Multiplying bye, c^x^ — 2ac x = ^ — c^ 

Compl. the square, (^sc^ — 2acx-\-a^=:ly^ 
Evolving, * cx — a=±b 

Transposing, cx=za ± b 

I>ividing by c?, a: = ?L±i 
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NoTB. By multiplying the equation by c, we both clear of fraetioni 
and make the first term a perfect square. As 2 a is even, we use e in- 
stead of 4 c, according to Note 2. 

9. Given - + ft ar^ = e 

Multiplying by ax, a^ -\- abr=zacx 
Transposing, x" — acx =z — ab 

Multiplying by 4, 4a:* — 4aca: = — 4a5 
Compl. the square, 4a:" — ^acx-^-a^t^ = cf€^ — 4aft 

Evolving, 2x-^ac = ± \/a*c* — 4aft 

Transposing, 2x = ac ± s/c^ c* — 4 a ft 

Tk- -J- V o ac±\/fl"c« — 4aft 
Dividing by 2, x = ^ 

(Abt. yia, pp. 230, 231.) 

1. Given a^* — 14x = 120 
Adding (4^)", x* — 14 x + 49 = 169 
Evolving, X — Y = ± 13 
Transposing, x = Y ± 13 
Uniting, x = 20, or — 6 

2. Given x»— ^ = 27 

Clearing of fractions, 2 x" — 3 x = 64 

Multiplying by 8, 16 x« — 24 x = 432 

Adding 3^ 16x»— 24x + 9 = 441 

Evolving, 4 X — 3 = ± 21 

Whence, 4x= 3±21=:24, or — 18 

Dividing by 4, x = 6, or — 4^ 

E. Given 2 x» — 10 x = 100 

Dividing by 2, x* — 5 x = 60 

Adding ( J)«, x« — 5 X + \«^ = 60 + ^ = « jA 
Evolving, X — J = ± -^ 

Transposing, a: = J ± -^ 

Uniting, x = 10, or — 6, Ans. 
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4. Given 16 «-> — 4 == 12 ar* 

Dividing by 4, 4 x-» — 1 = 3 ar« 

Transposing, &c. , 8 a:"-* — 4 ar* = 1 

Multiplying by 3, 9a?-*— 12a;-* = — 3 

Adding (J)*, 9 ar« — 12 ar» + 4 = 1 

Evolving, 3ar* — 2 = ± 1 

Whence, 3 a:-* = 2 ± 1 = 3, or 1 

Dividing by 3, ^.-i _ ^ ^^ i 

Hence, a? = 1, or 3 

6. Given si^ — ^x = ^ 

Adding(j^)*, ^-^x + ^=^-\^^i^=^j^ 
Evolving, x — T^%=±^ 

Transposing, ar = /^ ± /^ 

Uniting, x = i, or — ^ 

6. Given ?|! + 3i = |+8 

Multiplying by 6, 4 a:* + 21 = 3 a: + 48 

Transp. and uniting, 4 a:* — 3 a: = 27 

Multiplying by 16, 64 a:* — 48 a: = 432 

Adding 3*, 64 x* — 48 a: + 9 = 441 

Evolving, 8 a: — 3 = ± 21 

Whence, 8 a: = 3 ± 21 =24, or— 18 

Dividing by 8, a: = 3, or — f , Ans. 



7. 

• 


Given 

Clearing of Fractions, 
Transposing, 


12 • .3 — ^^ 

• «* + 80 = 24;? 
«*— 242f = — 80 




Adding (1*)* 


ar*- 24;? + 144 — 64 




Evolving, 

Whence, 

Or, 


«-12 = db8 
«=12±8 
ar_20,or4 
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8. Given 2a:»+15 = 3a: 
Transposing, 2ar* — 3x = — 15 
Multiplying by 8, 16 a:"— 24a: = — 120 

Adding 3^ 16 a:* — 24 a: + 9 = — 12 + 9 = — 111 
Evolving, 4 a: — 3 = ± V— 111_ 

Transposing, 4a: = 3 ± v — 111 

Dividing by 4, a: = 

Note. These values are imaginary, 

9. Given a:» — 6x+19=13 
Transposing and uniting, a^ — 6 a; = — 6 
Adding (f)S a:*— 6a: + 9 = — 6+9 = 3 

Evolving, X — 3 = ± \/3 
Transposing, a: = 3 ± v3 

Or, a: = 3 ± 1.T32 

Hence, a: = 4.7 32, or 1.268 

10. Given . 4aa:* — 2^x = c 
Mult, by 4 a, 16 a"a:* — 8a6a: = 4ac 

Adding (^Y, I6(f a^—Sabx+lf' = 4.ac + l^ 

Evolving, 4 a X — 5 = ± V4 ac-\-l^ 

Transposing, 4cax = b ± \/4 a c + 5* 

Dividing by 4 a, a: = — 

11. Given a:* — 4 = 16 — (a: — 2)« 
Expanding, a:« — 4 = 16 — aj* + 4a: — 4 
Transp. and uniting, 2a:" — 4a: --16 

Dividing by 2, a:« — 2 a: = 8 

Adding (|)», a:* — 2a: + 1 = 9 

Evolving, a: — 1 = ± 3 

Whence, a: = 1 ± 3 = 4, or —2 

12. Given - (3a: — 6) (2a: — 5) = (a: + 3) (a:— 1) 
Expanding, 6a:" — 26x + 25 = a:* + 2x— 3 
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Transp. and uniting, 5a^ — 2T a: = — • 28 

Mult, by 20, 100 a^* — 540 a; = — 660 

Adding 27*, 100ar»— 640a:+729 = 169 

Evolving, 10 a: — 27 = ± 13 

Whence, 10 a: = 27 ± 13 = 40, or 14 

Dividing by 10, a: = 4, or f 

13. Given (2a;~3)2 = 8x 
Expanding, 43:^-— 12a:-|-9 = 8a: 
Transp. and uniting, 4 a;^ — ■ 20 a: = — 9 

Adding (^^ 4x*~20ar + 25 = 16 

Evolving, 2 ar — 5 = ^4t 

Whence, 2ar = 5 d= 4= 9, or 1 

Dividing, a: = |, or ^ 

14. Given ^ (x — 3)« + f = a? 
Expand, and mult, by 6, a^ — 6a: + 94-27 = 6a? 

Transposing and uniting, x' — 12 a: = 36 

Adding (^/, a:* — 12 a: + 36 = 

Evolving, a: — 6 = ± 

Transposing, ar = 6, or 6 

16. Given ar* + (a; + 1)^ = -^^ a: (a: + 1) 

Expanding, a:» + a:« + 2a:+l = ^^^+13 a: 

Clear, of fract., 6a:» + 6ar2 + 12a: + 6 = 13a:2 + 13a: 
Whence, a:^ + a: = 6 

Adding ay, x'-\-x+ l = 6i=z\^ 

Evolving, x + i= ± ^ 

Whence, a? = — i±f = 2, or — 3 

16. Given 3 (2 — ar) + 2 (3 — a:) = 2 (4 + 3 a:^ 

Expanding, 6 — 3a: + 6 — 2a: = 8 + 6af» 

Whence, 6a:2+5a: = 4 

Multiplying by 24, 144 a:* + 120 ar riz 96 
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Adding 5^, 144 a:* + 120 ar + 25 = 121 
Evolving, 12a; + 6=± 11 

Whence, 12 x = — 5 ± 11 = 6, or — 16 

Dividing by 12, a: = J, or — | 

17. Given 4 (a: - 1)— '^- = 3| 

Mult, by 4x, 16a:=-16a;— 2a: + 2 = 15a: 
Transp. and uniting, IGx^ — 33a:= — 2 
Multiplying by 16, 256 x^ - 528 a;= - 32 

Adding ( fy 256 x«-528a: + ly^ = ajl 

Evolving, 16 X — ?2^= ± V 

Whence, 16x=^ i V = 32,orl 

Dividing by 16, x=2, or ^ 

IS. Given _J_. 4.2_3 

Clear, of fractions, 6x + 2x + 2 = 3a?' + 8« 

Whence, 3ar® — 6x = 2 

Multiplying by 12, 36 a:* — 60 x = 24 

Adding 5^ 36 x» — 60 x + 25 = 49 

Evolving, 6 X — 6 = ± 7 

Whence, 6x = 5 ± 7 = 12, or— 2 

Dividing by 6, x = 2, or — J 



Given 




7 


-+--5-0 

1 ' X 


Clear, of fract., 7x + l 


2x + 2- 


-5x^ — 5x — 


Whence, 






5x2 4ar — 2 


Multiplying by 5, 




25^ — 20 X — 10 


Adding (J)«, 




25 x«- 


- 20 X + 4 — 14 


Evolving, 






5x — 2 ± \/l4 


Transposing, 






6 ar 2 ± \/l4 


Dividing by 6, 






^ 2 ± Vil 

*- 5 


P'. 13 






X— 1.148, or — 0.348 
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20. Given • _*_ = ^ 

a: + 60 3 a: — 5 

Clearing of fractions, 3a:*— 6x=Ya? + 420 

Transp. and uniting, 3 a:* — 12 a: = 420 

Dividing by 3, a:* — 4 x = 140 

Adding (f)*, a:*— 4a: + 4=144 

Evolving, a: — 2 = ± 12 

"^^ence, a: = 2 ± 12 = 14, or — 10 

21. Given 8a:+ 11 + 7ar-i= 3 + — 

Multiplying by 7 a:, 56 a:* + 77 a: + 49 = 21 a: + 65 a:* 

Whence, 9 a:* — 56 a: = 49 

Multiplying by 36, 324a:*— 201 Oar = 1764 
Adding 56*, 324a:*— 2016 a: + 3136 = 4900 

Evolving, 18a: — 56 = ±70 

Whence, 18a:= 56 i 70 = 126 or— 14 

Dividing by 18, a: = 7 or — 5 

22. Given ^^ ^—q^ 

Clearing of fractions, 147 — 5a: + a:*=115_23x 
Transp. and uniting, ar* + 18 a: = — 32 

Adding (J/)2, a:* + 18 a: + 81 = 49 
Evolving, a: + 9 = ± 7 

Whence, a: = — 9 ± 7 = — 2, or— 16 

23- Given ?!^- = ,_3 . ^1 

Mult, by a: (a: + 3), a:» — 5 a:* = x'—^x + x^^ 

Transp. and uniting, — 5a:*-|-8a; = 3 
Mult, by —6, 25a:* — 40 a: = _ 15 

Adding (|)2, 25 a:* — 40 a: + 16 = 1 
Evolving, 6 a: — 4 = ± 1 

^^^°^®' 6;r = 4±l = 6,or3 

Dividing by 5, x=l, orf 
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24. Given ^e + ^'^'^^h 

Multiplying by a; (a: + 6) (x -f- 2), 

a^i ^_ 2a; + Sa:* + 64a: + 96 = 3a:» + 18a: 

Transp. and uniting, 6 a:* + ^^ ^ = — ^^ 

Dividing by 6, a:* + 8 x = — 16 

Adding (|)«, a:»+8a:+16 = 

Evolving, a: -f- 4 = ± 

Whence, x = — 4 ± = — 4, or — 4 

*25. Given — Hi H 7^ = r 

Clearing of fractions, 
i»— '?a: + 6+a:« — 2a:» — 5a: + 6 = 2a:»— 3a:»— 8a:+12 

Transp. and uniting, a^ — 4 a: = 

Adding (|)^ a:* — 4a: + 4 = 4 

Evolving, X — 2 = ± 2 

Whence, a: = 2±2 = 4, orO 

26. Given (a + b)x^—cx= -^ ^ 

Mult, by 4 (a + ft), 4 (a + ft)'ar» — 4c (a + ft) x = 4ac 
Adding c*, 4 (a + *)'^ — 4c(« + ^)^ + ^ = ^ + 4«c 
Evolving. 2(a + 6)x— c=± Vc" + 4 a c 

Transposing, 2 (a + ft) x = c ± Vc^ + 4 a c 

Dividing by 2 (a + ft), ^='-4x^55^ 

27. Given Vi* + Vx^ = 6 \/i 
Dividing by Vx, a:^ + x = 6 
Adding ay, ^ + x + i = 6i = ^ 
Evolving, a: + J = ± 5 

Whence, x = — i ± § = 2, or — 3 

28. Given (4x + 6)^(7a; + 1)* = 30 
Squaring, (4 a: + 6) (7 a + 1) = 900 



i 
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Expanding, 28 a:* + 39 x + 6 = 900 

Transp. and uniting, 2Sa^ + 29x=S95 

Dividing by 28, «« + || a? = i*/^ 

Adding (||)», a» + iix+ (||)« = -iH^J-L 

Evolving, x + ii=±^^^ 

Transposing, ar = — f f ± ^ 

Uniting, a? = 6, or — -*//' 

EQUATIONS IN THE QUADRATIC FORM. 

(Art. 276, page 233.) 

3 Given a^ — 9a»+20 = 

Transposing, . x* — 9 x^ = — 20 

Adding (f )«, a:* — 9 a:» + V- = i 

Extracting square root, a^ — 8 = ± i 

Whence, a:*=|±i = 6, or4 

Extracting square root, a? = ± V6, or ± 2 

4. Given a:* — 35 a:* + 216 = 
Transposing, a;' — 35 x* = — 216 
Adding {^2^y, x^— 35 a:* + ^^ = ^± 
Extracting square root, s? — ^= ± -yt 

Whence, a? = ^^ ± 4^ = 27, or 8 

Extracting cube root, a? = 3, or 2 

5. Given 5 a:* — 90 a:» — 270 = 945 
Transp. and unit., 5a:*^ — 90 a:* = 1215 
Dividing by 5, a^— 18 x^ = 243 
Adding (J/)«, a:«— 18a:»+ 81 = 324 
Extracting square root, a:' — 9 == ±'18 

Whence, ar* = 9 ± 18 = 2T,or — 9 

Extracting cube root, ar = 3, or ^ — 9 

6. Given ar^^ + 31 a^^ = 32 
Multiplying by 4, 4 a:»<> + 124 x^ = 128 
Adding (31)^ 4a:»+ 124aH^4- 961 = 1089 
Extracting square root, 2x^-\- SI = ± 33 
Whence, 2a:» = — 31 ± 33 = 2, or — 64 
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Dividing by 2, a:* = 1, or — 32 

Extracting fifth root, x = 1, or — 2 

1. Given «:»*— 4a- = 10 

Adding (|)^ a:** — 4 x* + 4= 14 ^ 

Extracting square root, x*-r- 2 = ± Vl4 

Transposing, a:* = 2 ± Vli 

_ 1 

Extracting »th root, a: = (2 ± Vl4)* 

8. Given a* + 1225 ar» = 74 

Multiplying by a:*, a^ + 1225 = U a:* 

Transposing, a^ — 74 a:* = — 1225 
Adding ( V^)^ a?* — 74 a:« + 1369 = 144 

Extracting square root, x^ — 37 = ± 12 

Whence, a:« = 37 ± 12 = 49, or 25 

Extracting square root, x= ± 7, or ± 5 

(Art. 377, page 235.) 

3. Given a? + 4\/i==21 

Adding (J)^ a: + 4V^ + 4 = 26 

Extracting square root, \/x + 2 = ± 5 

Whence, ' Vx = — 2 ± 6 = 3, or — 7 

Squaring, a: = 9, or 49 

4. Given ari + a:~*=6 
Adding ay, ari + a:"* + i = 6^ = V 
Extracting square root, xf + i = i J 

Whence, a?"*^ = — i ± ^ = 2, or — 3 

Squaring, xT^ = 4, or 9 

Hence, a? = ii or ij 

5. Given a;* + 10 a;* = 171 

Adding (V-)'* a?* + 10 a:* + 25 = 196 

13* 



i 
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Extracting square root, x* -|- 6 = ± 14 

Whence, x^ = — 5 ± 14 = 9, or — 19 

By Note, x = 9^, or (— 19)^ , 

Or, X = 2T, or (— 19)^ 

Note. It wUl be observed that the second value of x is imaginary. 
I Art. 250.) 

6. Given 6 y^ + y^ = 22 

Multiplying by 20, 100 y* + 20y* = 440 

Adding 1, 100 y* + 2o/ + 1 = 441 . 

Extracting square root, 10 y* + 1 = ± 21 

Whence, lOy* == — 1 ± 21 = 20, or — 22 

Dividing by 10, yi = 2, or — J^J- 

Raising to fourth power, y = 16, or ( — -^y 

?. Given ^+4^=6 

Or, x^ + x^z=6 

Adding (J)«, x* + x* + J. = 6^ = ^ 

Extract, square root, a:^ + i = ± J 

Whence, a;^ = — i ± f = 2, or — 3 

Raising to fifth power, x = 32, or — 243 

1 2 

8. Given a^ — x* + 2 = 

a 1 

Or, x» — x^ = 2 

J 1 
Adding (J)«, x«— x» + i^ = 2^ = | 

Extracting square root, x* — J = ± J 

Whence, x** = J ± f = 2, or— 1 

Raising to wth power, x = 2**, or ( — 1)* 
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n 

9. Given x"" -^px^ =ig 

Adding (^y, x" +jpa:* + ijp*= ^ + i r 



2 



Extract, sq. root, x^ + ip= ±Vq + ip'^ 
Transposing, x^ = — ip ± Vq + iP 

By Note, ar = (— J p ± ^5' + i P^Y" 

1 0. Given Vi* — 3 x = 40 x"^ 

Multiplying by x*, a:* — 3 x^ = 40 
Mult, by 4, 4 ar^ — 12 ar^ = 160 

Adding 3^ 4 x» — 12 x^ + 9 = 169 
Extract, sq. root, 2x^ — 3 = ± 13 
Whence, ' 2 x* = 3 ± 13 = 16, or — 10 

Dividing by 2, x^ = 8, or — 5 

By Note, x=8^, or(— 5)* 

Or, x = 4, or(— 5)* 

(Abt. 278, pp. 236, 237.) 

8. Given (a: — 1)» — x = — -^ 

Adding 1, (x—iy— (x — 1) = J 

Adding a)», (a:— 1)»— (x— l)+i=l 

Extr. sq. root, (x — 1) — i = ± 1 

Or, a: — J=±l 

Whence, x = J ± 1 = 2^, or i 

Note. If the given equation be expanded, it reduces to x' — 3 z = — |, 
and this form, after completing the square and evolving, gives x — | = ± 1, 
as above. 

4. Given (y» — 4y)» — 6 (»* — 4y) + 5 = 

Trans, and add. (f )", (y— 4y)* — 6 (y* — 4 y) + 9 = 4 
Extract, square root, (f — 4y) — 3 = ± 2 

Whence, y« _4y = 3 ± 2 = 5, or 1 
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Adding ($)«, 3^ — 4y + 4 = 9, or6 
Extract, square root, y — 2 = ± 3, or ± \/6 
Transposing, y = 2 ± 3, or 2 ± \/5 

Or, y = 6, or — 1, or 2 ± \/5 

Note. If we sabstUate jr* for (y* — 4 y)', and * for (y* — 4.y), the 
original equation becomes, jr* — 6 * « — 5, which gives the roots * = 5, 
or 1. Replacing the yalue of x, we have y* — 4^ = 5, or 1, as before. 

5. Given a:* — 2 a: + 6 \/^^^2T+ 5 = 11 

Adding 6, (x»— 2ar + 6) 4-6(x» — 2x + 6)i = 16 

Let a:^ — 2x-f 6=y», and (jc*— 2x + 5)* =y 
Then, f\-^y=\Q 

Adding (|)», y» + 6y+9 = 25 

Extracting square root, y -|- 3 = ± 5 

Whence, y = — 3±5 = 2, or — 8 

Squaring, y* = 4, or 64 

Eeplac. val. of y^, t? — 2 a; -f- 5 = 4, or 64 
Transp. and uniting, a? — 2a: = — 1, or 59 
Adding {i)\ a:» — 2 ar + 1 = 0, or 60 

Extracting square root, a; — 1 = 0, or ± \/60^ 

Transposing, (b = 1, or 1 ± \/60 

Or, a: = 1, or 1 ± 2^15 

6. Given Va: + 2 + 2 ^ a: -f 2 = 8 

Adding (f )^ \/:r4^ -f 2 ^a: +l! +1 = 9 

Extracting square root, 4/x -\- 2 -|- 1 = ± 3 

Whence, aJ^x + 2 = — 1 ± 3 = 2, or— 4 

Raising to fourth power, a: -{- 2 = 16, or 266 

Transposing and uniting, x = 14, or 254 

?. Given (a^a 4. '[)f -j. 2 (a:* + T)^ = 80 

Adding (f )», (a:^ + 7)^ + 2 (a:^ + 7)^ + 1 = 81 
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Extracting square root, (^ + '^)+l==±9 

Whence, (a:» + 7)^ = — 1 ± 9 = 8, or —10 

Extracting third root, (aj» + Y)* = 2, or (— 10)* 

Raising to fifth power, a? -{• *l = S2, ov ( — 10)* 

Transposing and uniting, a^ = 25, or — ? —10* 
Extracting square root, a: = ± 5 

SIMULTANEOUS EQUATIONS INVOLVING QUAD- 
RATICS. 



2. Given 



(Abt. 283, page 240.) 

ar + y=7 (1) 

ar» + 25^=34 (2) 



From (1), x=1 — y (3) 

Squaring (3), a^ = 49 — 14y-f"y* W 

Subs. (4) in (2), 49 — 14y + y« + 2y« = 34 (5) 

Transposing and uniting, 3y* — 14 y = — 16 (6) 

Multiplying by 3, 93^^ — 42 y = — 45 (7) 

Adding ( ^-)3, 9 5^ — 42 y + 49 = 4 (8) 

Evolving, 3 y — 7 = ± 2 (9) 

Whencfe, 3y = 9, or 5 

Dividing by 3, y = 3, or J 

Substituting in (3), • x = 7 — 3, or 7 — 4 

Uniting, x = 4, or -^ 

f — ^-i-'=* (1) 

3. Given < ^ u. *i « 

Clearing (1) of fractions, 2x — a: + y = 8 (3) 

Clear. (2) of fract., ary + 2y — a: — 3y = a: -f 2 (4) 

From (3), y = 8 — a; (5) 

From (4), xt/ — 2 a: — y = 2 (6) 

Subs. (5) in (6), ,a:(8— a:) — 2aj — (8— a:) = 2 (7) 



i 



154 KEY TO ELEMENTABY ALGEBRA. 

Or, Sx — x' — 2x — S-]-x = 2 {S) 

Whence, x' — 1x = ^lO (9) 

Adding (})^ s^—1x + ^ = i (10) 

Evolving, x — i=±i (11) 

Whence, a: = 5, or 2 

Substituting in (5), y = 8 — 5, or8 — 2 

Uniting, y = 3, or6 

( x + 4.f/ = 2S (1) 

^- Given I 0:2+3x3^ = 54 (2) 

From (1), y = —r~ (3) 

(23 — x\ 
—4—) = 5^ (^) 

Exp. and mult, by 4, 4 x« + 69 x — 3 ar» = 216 (5) 

Uniting terms, x« + 69x=:216 (6) 

Adding ( V-)^ ^ + 69 ai+ ^^r^-L = ^^^ (1) 

Evolving, a: + A^- = ± ^^ (8) 

Whence, a: = 3, or — T2 

23 — 3 23 + 73 

Subs, in (3), y = — T"' ^^ — T^ 

Whence, y = 5, or ^^^ 

^- G^^^^ i a:(2a:+i)+3a:y-^(6y+5)+128 = (2) 

Extracting square root of (1), 7 x = 6 y (3) 

Expanding (2), 2ar»+ Jx + 3a:y — 6y» — 6y = — 128 (4) 

7 X 
From (3), ^ = "6~ (^^ 

Sub8.(5)in(4), 2x-+ix + '-^-iy'-'4^ = -128(6) 

Mult, by 6, 12x2+3a: + 21ar^ — 49a:« — 35x = — 768(7) 
Uniting terms, — 16 ar» — 32 ar = — 768 (8) 

Dividing by — 16, ar^ + 2 a? = 48 (9) 

Adding (|)^ aa+2x + l=49 (10) 

Evolving, a:+ 1 = ± 7 (11) 
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W'hence, a? = 6, or— 8 

Substitutingin (5), y = ^^ ^ , or "^^ ^ ^ 

6 ' 6 

Whence, y=*l, or — ^ 

(Abt. 284, page 241.) 



2 Given y'-^ = S (1) 



Let 



y = t?a: (3) 

Subs, in (1), v^x^ — 3^=:S (4) 

Subs, in (2), v^x*—2va^ + 2x^ = 2 (5) 

From (4), :^ = _L_ (g^ 

From (5), ar» = -^ 1— _ (7) 



Hence, 



r* — 2 i; -f 2 
S 2 



(8) 



i;*— 1 r"— 2i;+ 2 

Clear, of fractions, 3 r* — 6 r + 6 = 2 e;^ 2 (9) 

Transposing and uniting, v^ — 6 v = — 8 (10) 

Adding (1)2, t;» — 6r + 9=I (U) 

Evolving, t; — 3 = ± 1 (12) 
Whence, ^ _ 4 ^j. 2 

Substituting in (6), x^ = 



S 8 

or 



16 — 1 ' -^ 4~:i 
Reducing, ar» == |, or 1 

Evolving, x= ± \/^, or ± 1 

Or, a? = ± i \/5, or ± 1 

Substituting in (3) , y = ± i V5 X 4, or ± 1 x 2 

Reducing, y—±^ V6, or ± 2 

3. Given j ^^ + 3^y-y» = 27 (l) 

( 3ar»+2a:y=63 (2) 

I^et y = V a: (3) 

Subs, in (1), a:^ + 3ra:« — i;2a:» = 2? (4) 

Subs, in (2), Sx' + 2vx^=z6S (6) 



I 



100 KEY TC 

Prom (4), 


1 KT.KMENTABY ALGEBRA. 
^— l + Su — 


• 


From (5), 


^_ 63 


a) 


B + 2v 


Hence, 


27 63 


(8) 


l_[-3v — 1;« 8-j-2» 


Dividing by 9, 


S 7 


(9) 


l4-3» — »• 3-}-2» 


Clearing of fractions, 


9 + 6t;— 7+21r— 


Iv'ilO) 


Tr. and uniting. 


?t;«— 16t; = — 2 


(11) 


Mnlt. by 28, 196 t;* — 420 v = —66 


(12) 


Adding (IS)^, 196 r^-^20 v + 226 — 169 


(13) 


Evolving, 


14r— 16— ±13 


(14) 


Whence, 


14 V — 28, or 2 


(15) 


Dividing by 14, 


r — 2, or 1 




Substituting in (1), 


- 63 
'^ 3 + 4'°' 


68 
8 + * 


Reducing, 


at" 9, or W 




Evolving, 


* _ ± 3, or d: 


21 


Or. 


• 

« — ± 3, or ± li \/23 


Substituting in (3), 


!f ± 3 X 2, or ± , 


Ji\/23 X ■} 


Reducing, 


y — ± 6, or ± 


AV23 


The last two examples may be solved in 


accordance 


with the principles 


contained in the note 


(Art. 284, 


Alg.)» as follows : 




• 


2. Given \ „ 


y^ — x^—S 


(1) 


ly'- 


2a:y + 2a:* — 2 


(2) 


From (1), 


f 3 + :r« 


(3) 


Evolving, 


y ± ^^S^- 


x' (4) 


Subst. in (2), 3 + x' =F 2 ar\/3 + x2 + 2 ar» — 2 (5) - 


Trausp. and uniting. 


SarS-l-l— ,t 2a:\/3+«« (6) 


Squaring, 9 a^ 


• + 6ar»+ 1 — 12x» + 4;»* (7) 


Transp. and uniting, 


6ar* — 6x» — — 1 


(8) 
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ifcltiplying by 6, 25 «* — 30 a:* = — 6 (9) 

Adding (§)«, 25aJ*— 30a:« + 9 = 4 
Evolving, 6 a:* — 3 = ± 2 

Whence, 5 a:* = 6, or 1 

Dividing by 6, o:^ = 1, or ^ 

Evolving, ap = ± 1, or ± ^ V'S 

Substituting in (4), y = ± V3 + 1, or ± ^3+^ 

Reducing, y = ± 2, or ± f \/6 

KoTS. Equation (8) is also readily obtained as follows: Subtract (2) 

8 x' -4- 1 
from (1), and the result gives y «= — - , which, after sqoariog, may 

be substituted directly in (1). 

(^ + Sxy-y' = 2'l (1) 

a. Uiven i 3a:' + 2a;y = 63 (2) 



i 



From (2), y = 51.Zli^ (3) 

Squanng, y« = ^^— ^^ (4) 

o u • /tN 9 1 189 — 9a:* 3969 — 878 a:* + 9 a^ ^^ ,_. 
Subs.in(l), x'H 4?-^ =^^ (^) 

Clearing of fractions, 

4 a:* + 318 ar« — 18 a:* — 3969 + 3T8 ar» — 9 a:* = 108 ar« (6) 
Whence, 23 x* — 648 x» = — 3969 (7) 

Multiplying by 23, 629 a^ — 14904 ar^ = — 91287 (8) 

Adding (&JA)a, 52'9 ** — 14904 a:» + (324)^ = 13689 
Evolving, 23 a:^ — 324 = ± 117 

Whence, 23 ar» = 441, or 207 

Dividing by 23, x« = Vo^, or 9 

21 

Evolving, x= ± -— _, or ± 3 

g3 1823 

Substituting in (8), y = — ■ ■ 42 — » or — ^^ ■ 

± -= 
V^23 

8 

Reducing, y = ± ;7=» or ± 6 



V^23' 



14 



I 
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Note. When both equations contain both |k>wer8 of each letter, this 
method of elimination becomes rather tedioas. In such a case we should 
first eliminate the square of one of the letters, and proceed as in the pre- 
ceding note. It will be seen that jf has but one power in one equation 
of. each of the examples given. 

(Abt. 38ff, pp. 244, 245.) 

a: + y = 4 (1) 
^' ^^^^° ^ari + y-i=l (2) 



Multiplying (2) by x 


yt 




- y + ''- 


=zxy 


(3) 


From (1) and (3), 






xy. 


= 4 


(4) 


Squaring (1), 




*». 


f axy + y": 


= 16 


(5) 


Multiplying (4) by 4, 


(5), 




ixy 


= 16 


(6) 


Subtracting (6) from 


x'- 


-ixy + f: 


= 


0) 


Evolving, 






X — y : 


= 


(8) 


Equation (1), 






*+y = 


= 4 




Adding (8) and (I), 






2x: 


— 4 




Whence, 






x: 


= 2 




Subtracting (8) from 


(1)» 




2y: 


— 4 




Whence, 






y- 


= 2 




5. Given 








:65 

.5 


(1) 
(2) 


Dividing (1) by (2), 


x'- 


— ary 4" 2/^ = 


:13 


(3) 


Squaring (2), 




*• + 


2a:y + y«- 


:25 


W 


Subtracting (3) from 


(i). 




Zxy — 


:12 


(5) 


Dividing (5) by 3, 






xy = 


:4 


(6) 


Subtracting (6) from 


(3), 


*» — 


.2xy+y2_ 


:9 


0) 


Evolving, 






x — y = 


:± 3 


(8) 


Equation (2), 






^+y = 


:5 





Adding (8) and (2), 2 a; = 8, or 2 

Whence, a: = 4, or 1 

Subtracting (8) from (2), 2 y = 2, or 8 

Whence, y = 1, or 4 
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(^ + ^ = 9 (1) 

6. Given < y ^ * ^ ^ 

( x + y = ^ (2) 

Clearing (1) of fractions, ac* + y» = 9 a: y (3) 

Dividing (3) by (2), ^ — xy-\-^ = ixy (4) 

Transposing and uniting, a:* — J a: y + y* = (5) 

Squaring (2), a:« + 2 xy + y' = 36 (6) 

Subtracting (6) from (6), Jary = 36 (7) 

Whence, a?y = 8 (8) 

Multiplying by 4, 4 a:y = 32 (9) 

Subtracting (9) from (6), a:« — 2 a:y -f y* = 4 (10) 

Evolving, X — y= ± 2 (11) 
Equation (2), ar -(- y =^ 6 

Adding (11) and (2), • 2 a: = 8, or 4 

Whence, a: = 4, or 2 

Subtracting (11) from (2), 2y = 4, or 8 

Whence, y = 2, or 4 



7. Given 



^ + «*y'+y* = 93i (1) 

^ + a:y + y' = 49 (2) 



Dividing (1) by (2), ar^ — a:y + y^ = 19 (3) 

Subtracting (3) from (2), 2a:y = 30 (4) 

Dividing by 2, xy = 15 (5) 

Adding (6) to (2) , a:» + 2 a: y + y^ = 64 (6) 

Subtracting (6) from (3), ar» — 2xy-fy^ = 4 (Y) 

Extracting square root of (6), a: + y = ± 8 (8) 

Extracting square root of (7), x — y = ± 2 (9) 

Adding (9) and (8), 2 a: = ± 10, or ± 6 

Whence, a: == ± 6, or ± 3 

Subtracting (9) from (8), 2y = ± 6, or ± 10 

Whence, y = ± 3, or ± 5 

Not6. It will be seen that the original equations, after dividing one 
by the other, are homogeneons, and of the second degree ; henoe the ex- 
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ample might be dasied nnder Case EL The doable signs of the roots 
also indicate the nature of their equations. (Alg., Art. 284, Note.) 



8. Given 



{: 



+ y =61 (1) 

i+y4 = ll (2) 



First Solution. 

(4) 



Substitating v for x* and » for y', J , ^^ 



Squaring (4), 


v' + 2vz -^2^—121 (5) 


Subtracting (3) from (6), 


2VZ — 60 (6) 


Subtracting (6) from (3), 


v^ — 2vz + 2^—l (Y) 


Evolving, 


v — z—±l (8) 


Equation (4), 


v-^z—ll 


Adding (8) and (4), 


2t;— 12, or 10 


Whence, 


V 6, or 6 


Subtracting (8) from (4), 


2z— 10, or 12 


Whence, 


z 6, or 6 


Replacing a;* and t/*, 


X* 6, or 6, and y* 6, or 6 


Squaring, 


X — 36, or 25, and y — 25, or 36 


Second Solution. 


Squaring (2), 


x + 2x*y* + y— 121 (3) 


Equation (1), 


x-\-f/— 61 


Subtracting (1) from (8), 


2x*yi— 60 (4) 


Squaring (4), 


4xy — 3600 (5) 


Squaring (1), 


x« + 2xy-f y» — 3721 (6) 


Subtracting (6) from (6), 


^a— 2xy+y»— 121 (?) 


Evolving, 


a: — y=±ll (8) 


Equation (1), 


a: + y = 61 



Adding (8) and (1), 2 x = T2, or 50 

Whence, x = 36, or 25 

Subtracting (8) from (1), 2y = 50, or 12 

Whence, y = 25, or 36 
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1. Given J 



(Art. 286, pp. 245, 246.) 

3i^ + y^ + xy—2x—2y = 9 (1) 
a:y = 6 (2) 

Adding (1) and (2), (a: +y)^ — 2 (x + y ) = 16 (3) 

Adding ( J)^ (a: + y)* _ 2 (or + y) + 1 = 16 • (4) 

Evolving, ^ + y — 1=±4 (6) 
Whence, x + y = 5, or — 3 (6) 

Squaring (6), a* + 2 xy + 5^ = 25 (?) 

Multiplying (2) by 4, 4 a: y =24 (8) 

Subtracting (8) from (7), a^ — 2 a: y + 5^ = 1 (9) 
Evolving, a? — y = ± 1 (10) 
Equation (6), x-\-y=^b 



Adding (10) and (6), 2 a: = 6, or 4 

Whence, a: = 3, or 2 

Subtracting (10) from (6), 2y = 4, or 6 

Whence, * y = 2, or 3 



2. Given 



i 4a?y = 96— x«y» (1) 
|x + y = 6 (2) 



From (1), ««y» + 4xy4-4 = 100 (3) 

Evolving, a:y + 2 = ± 10 (4) 

Whence, a: y = 8, or — 12 (5) 

Squaring (2), a:* + 2 a: y + y^ = 36 (6) 

Multiplying (6) by 4, 4 a:y = 32, or — 48 (T) 



;>? — 2xy + f 




:4, 


or 


84 


(8) 


x—y= ± 


2. 


or 


± 


2^/21 


(9) 


x+y 6 













Evolving, 
Equation (2), 

Adding (9) and (2), 2 a: = 8, or 4, or 6 ± 2 s/2l 

Whence, a; = 4, or 2, or 3 ± V2I 

Subtracting (9) from (2), 2y = 4, or 8, or 6 q: 2\/2i 

Whence, y = 2, or 4, or 3 :F S^ 



14* 
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^ 4x 85 
3. Given {t/"^ 9 9 ^'^ 

x — y = 2 (2) 



Adding (*y to (1). ^+if + 4 = iH (3) 

Evolving, ? + 2 = ± y (4) 

Transposing, 5 = — 2 ± -- (5) 

Uniting, f = _ , or — y (6 ) 

Whence, a: = -^, or ~ (T) 

Substituting in (2), ^J^ — v=2,or—^^—y=2 

Whence, 2y = 6, or — 20y = 6 

Therefore, y = 3, or — ^jy 

Substituting in (7), x = ^, or (- y) X (— ^^ 

Reducing, a: = 6, or -fj 



1. Given 



(Abt. 287, pp. 246, 247.) 

ar»-|-a:y = 60 (1) 

y* + a:y = 84 (2) 



Adding (1) and (2), x" + 2 ary + y» = 144 (3) 

Evolving, a? + y = ± 12 (4) 

Dividing (1) by (4), ar= ± 5 

Dividing (2) by (4), y = ± 7 



2. Given 



a:8 + 9y« = 62 (1) 

a:4-3y = 10 (2) 



Squaring (2), a:^ + 6 a: y + 9 y^ = lOO (3) 

Subtracting ( 1) from (3), 6 a: y = 48 (4) 

Subtracting (4) from (1), a;* — 6 a:y + 9 y* = 4 (5) 

Evolving, X — 3 y = ± 2 (6) 

Equation (2), ar + 3y = 10 
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Adding (6) and (2), 2 a: = 12, or 8 
Whence, a: = 6, or 4 

Subtracting (6) from, (2), 6 y = 8, or 12 
Whence, y = |, or 2 

Note. We take precisely the same steps that we should take if the 
cqaations were x* + «* b 53 and x + 2 b lo. 

3. Given j-^*+f = ' (1) 

( x^y=lU (2) 

Substituting r for a:' I r -|- 2? = 7 (3) 

and z for y% ( v* 2* = 144 (4) 

Extracting square root of (4), 1? « = ± 12 (5) 

Squaring (3), ©« + 2 vz + 2» = 49 (6) 

Multiplying (6) by 4, 4 v z = ± 48 (7) 

Subtract. (7) from (6), v^ — 2vz + 2^=l,or91 (8) 

Evolving, V — 2f = ± 1, or ± \/97 (9) 

Equation (3), v -|- z = 7 

Adding (9) and (3), 2 v = 8, or 6, or 7 ± \/97 

Whence, x* = t; = 4, or 3, or 

Transposing exponent (Aft. 277, Note), 

X = 4^ or 32, or ( — ^ — ) 

_ 3 
Or, a: = ± 8, or ± 3 Vs, or (^-—^Y 

Subt. (9) from (3), 2 ar = 6, or 8, or 7 T \^97 
Whence, y^ z=z z z=: S, or 4, or —^ — 

Squaring, y = 9, or 16, or ( - ^ - j 

The solution given above, expressed without the use 
of V and 2, would be 
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Extracting square root of (2), x^ ^^ = ± 12 (3) 

Squaring (1), x* + 2 ar* y* + y = 49 (4) 

Multiplying (3) by 4, 4 x*y* = ± 48 (5) 

Subt. (6) from (4), a:*— 2x*y*+y = 1, or 97 (6) 

Evolving, ar* — y* = ± 1, or ± \/97 (7) 

Equation (1), ar* + y* = 7 

Adding (7) and (1), 2 x* = 8, or 6, or 7 ± V97 

Subtracting (7) from (I), 2y* = 6, or 8, or 7 :? V91 



4. Given 


ix'+Zxy— 64 (1) 
lxi/ + 4.f 116 (2) 


Adding (1) and (2), 


a:» + 4ary + 4y— 169 (3) 


Extracting square root of (3), ar + 2y — ±13 (4) 


From (4), 


x— ± 13 — 2y (5) 


Subs. (5) in (2), ± 13y — 2y» + 4y» — 116 (6) 


Uniting terms, 


2y» ± 13y=115 (7) 


Dividing by 2, 


f±.x^^y -L^i (8) 


Adding (J^)«, 


y" ± ¥y + W -4F (9) 


Evolving, 


y ± J^ — ± ^ (10) 


Transposing, 


y ^^±^ (11) 


Uniting, 


y— ±6,or:FV(12) 


Substituting in (5), 


a? = ± 13 :F 10, or ± 13 ± 23 (13) 


Uniting, 


a: — ± 3, or ± 36 (14) 



Note. In equation (11), the signs 2p and ± are entirely independent 
of each other, as they originate in different evolutions ; hence they pro- 
duce four distinct values of y, thus : y = — "V + V* or-^^ — -^j or 
— ^ — y. or^H--^. But the double signs of equation (13) are not 
all independent in their origin, as the sign of 2if is dependent npon that 
of 13 ; hence we do not hero obtain four values from two double signs. 

It is evident, from the form of the equations, and also of their rootS) 
that the above example might be classed under Case II. 
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1. Given | 



(Asr. 288, pp. 247, 248.) 

a:»— y»=24 (1) 

^ +y =6 (2) 

Dividing (1) by (2), a; — y = 4 (3) 

Adding (2) and (3), 2 a: = 10 (4) 

Whence, a: = 5 (5) 

Subtracting (3) from (2), 2 y = 2 (6) 

Whence, y = 1 (7) 

2. Given \'"^'^l S 

( xy=h (2) 

Squaring (1), a:» + 2ary + y» _ ^a (3^ 

Mult. (2) by 4, 4 a: y =46 (4) 

Subt. (4) from (3), «»— 2a:y+y2 = a» — 46 (6) 

Evolving, X — y = ± Va* — 4 5 (6) 

Equation (1), a: + y = o 

Adding (6) and (1), 2a: = a ± Vo^TZTjA 



Whence, 



a ± Va* — 4 b 



3. Given 



2 
Subtracting (6) from (1), 2y = eiq: Va^ — 4 6 

Whence, y = « T ^a^^^4 6 

^ + y = « (1) 

ar»+ya = <- (2) 

Squaring (1), a:* -f 2a:y + y= = a« (3) 

Subt. (2) from (3), 2 a: y = a« — c (4) 

Subt. (4) from (2), a:^— 2ary^y» = 2 c — a« (5) 

Evolving, x — f/=± \/2 c — a* (6) 

Equation (1), x -^^ = 

Adding (6) and (1), ^ 2 a: = a ± V2c — cf 

Whence, x = ° =^ ^^"^"=^' 
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Subtracting (6) from (1), 2 y = a :F V2c — iA 

Whence, y = -^ — ^ 

Note. Equation (5) may also be obtained by subtracting (3) from (2) 
multiplied by 2. 



4. Given 






a: + y = 2 . (1) 

2 (2) 



Multiplying (2) by a? y, y + a: = 2 a: y (3) 

From (1) and (3), 2 xy = 2 (4) 

Squaring (1), a^ + 2ary+y» = 4 (5) 

Multiplying (4) by 2, 4 x y =4 (6) 

Subtracting (6) from (6), x» — 2 x y + y» = (7) 

Evolving, X — y = (8) 

Equation (1), x + y = 2 

Adding (8) and (1), 2 x = 2 

Whence, x = 1 

Subtracting (8) from (1), 2y = 2 

Whence, y = 1 

5. Given KtK=^^ 9^ 

\^' + r' = i (2) 

Squaring (2), x-« + 2 x-^ y^ + y-« = 1 (3) 

Subtracting (1) from (3), 2 x'^ y ^ = t (4) 

Subtt-acting (4) from (1), x-« — 2 x"^ y^ + y-« = ^ (5) 

Evolving, x-^ — y^ = ± J (6) 

Equation (2), x"^ -|- yi = 1 

Adding (6) and (2), 2 x-^ = J, or | 

Dividing by 2, ar^ = §, or ^ 

Whence, x = f , or 3 

Subtracting (6) from (2), 2 y^ = §, or | 

Dividing by 2, tT^ = h or # 

Whence, y = 3, or f 

NoTB. If it is preferred to do lo, the negative exponents may be re 
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furred at once, transforming ( 1 ) and (2) to x* + ^ » ^ and x + g 
p= jr y, from which x + ^ » | and ry := | are easily obtained. 

6 Given (a^-^ = 8 (1) 

U — y =2 (2) 

. Dividing (1) by (2), ar» + xy + y» = 4 (3) 

Squaring (2), a?« — 2xy-j-y» = 4 (4) 

Subtracting (4) from (3), 3 ary = (5) 

Whence, a:y=0 (6) 

Adding (6) to (3), x^ -[. 2 a: y + y« = 4 (7) 

Evolving, ar + y = ± 2 (8) 
Eqiiation (2), x — y = 2 

Adding (8) and (2), 2 a: = 4, or 

Whence, a? = 2, or 

Subtracting (2) from (8), 2y = 0, or — 4 

Whence, y = 0, or — 2 



Y. Given 



a^ + y* = 82 (1) 

a:y=3 (2) 



Squaring (2), x^ f = 9 (3) 

Multiplying (3) by (2), 2 a:>y» = 18 (4) 

AddiD'g (4) to (1), a?* + 2 a:V + y* = 100 (6) 

Subtracting (4) from (1), a:* — 2 xV + y* = 64 (6) 

Extracting square root of (6), a;* + y* = ± 10 (7) 

Extracting square root of (6), 3^ — ^ =z ± S (8) 

Adding {1) and (8), 2a^= ± 18, or ± 2 

Dividing by 2, ar» = ± 9, or ± I 

Evolving, a: = ± 3, or ± I, or ± 3\/^^, or ± V — 1 

Subtracting (8) from (7), 2^* = ± 2, or ± 18 

Dividing by 2, y* = ± 1, or ± 9 

Evolving, y = ± 1, or ± 3, or ± V — 1, or ±S\^^—L 

Note. The same results may be obtained from (2) and (7), as in 
Ex. 2, Art. 285, without the nse of (6) and (8). 
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8. Given j.-y-8(Vi- 

( Vary = 16 


v'P) (1) 

(2) 


Dividing (1) by \/i—Vy, \/i + \/y — 8 


(3) 


Squaring (3) , ar + 2 Vx y + y 64 


(4) 


Substituting (2) in (4), x+y — S4: 


(5) 


Squaring (2), xy — 225 


(6) 


Squaring (6), ar» + 2 ary + y^ — 1166 


0) 


Multiplying (6) by 4, 4xy — 900 


(8) 


Subt (8) from (Y), a;^— 2a:y + y*— 266 


(9) 


Evolving, X — y ±16 


(10) 


Equation (6), ar -j" y 34 




Adding (10) and (5), 2 a: — 60, or 18 




Whence, x — 26, or 9 




Subtracting (10) from (5), 2y — 18, or 60 




Whence, y — 9, or 25 





Note. After obtaining equation (4), we might subtract from it foar 

kimes equation (2), and the square root of the result would be )/x ^}/y 

■= db 2. This, combined with (3), gives )/x = 5, or 3, and ^y =» 3, or 
5, whence x — 25, or 9, and ^ =^ 9, or 25, as above. 

Since we divide (I) by V^ar — yfy^ it is evident that >lx — ^y r= 0, or 
rs=^, will satisfy that equation. This, combined with (2), gives. the ad- 
ditional roots of the equations, x = 15, y = 15. The same results may 
be obtained by eliminating one of the unknown quantities from (1) and 

(2) by substitution, without dividing by >! x — V^. The resulting equa 
tion may be pat in the form 

a:* — 8a:*+ 16ar = 16ar— 120a:* -f- (15)" 

which gives x — 4 ar^ = ± (4 ar* — 15) 

whence x » 25, or 9, or 15 

Also y = 9, or 25, or 15 

The forms of the roots show that equation (1) is tymmttrioaX in signs, 
as well as in other respects. (Art. 285, Ex. 1.) This may also be in* 
fcrred from the fact that if all its signs be changed, the signs of x and ^ 
will be reversed. Equation (1) is also changed to the symmetrical form 

r — 8 V^x = y — 8 V^y by simply transposing. 
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ix +y =72 (1) 

'• ^'^'" i x* + y^ = 6 (2) 

1 1 C i/» + «-' = 72 (3) 

Substituting v for x* and « for y^, J y -I- z = 6 (4) 

Dividing (3) by (4), v' — vz + s^=l2 (5) 

Squaring (4), r* + 2 t; z + «* = 36 (6) 

Subtracting (5) from (6), 3 1; 2 == 24 (7) 

Whence, y 2 = 8 (8) 

Subtracting (8) from (5), r* — 2 r z + «« = 4 (9) 

Evolving, V — z= ± 2 (10) 
Equation (4), v -{- z = 6 



Adding (10) and (4), 2 r = 8, or 4 

Dividing by 2, r = 4, or 2 

Whence, a: = r" = 64, or 8 
Subtracting (10) from (4), 2 « = 4, or 8 

Dividing by 2, z = 2, or 4 

Whence, y = 2* = 8, or 64 

KoTB. The yalne of jr y* may be fonndi jast as eqnation (8) is ob- 
tained, withoat the use of v and x. The remaining portion of the sola- 
tion may be made to correspond exactly with the above, x and y with 
fractional exponents being used' in pUce of v and z ; but, if it is preferred, 

x*y* = 8 may be cabed, and we then have x + y = 72 and xy — 512, 
from which x and y can be obtained without any farther u^c of fractional 
exponents. In the latter case we must work with larger numbers, but wc 
avoid fractional exponents ; in the former we have the advantage of smaller 
nnmbers, but we mnst work with fractional exponents. 

One of the unknown quantities may be eliminated by substitution in 
either of the preceding examples, and the resulting eqnation will be a 
quadratic, or in the quadratic form, except in the first example. 



10. Given 



t 



X -{-y : X — y : : 13 : 6 (1 ) 

f + x = 25 (2) 



From (1), bx + 5y=lSx—l3y (8) 

Or, 18y = 8a: (4) 



15 
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Whence, 


«-'f (6) 


Substituting in (2), 


y» + yf_25 (6) 


Complet. the square. 


* ~ 4 ~64 64 ^ '' 


Evolving, 


y+|-± V 


Whence, 


y — 4, or — 6J 


Substituting in (5), 


9X4 25 ^ 9 

'= . '°' 4 X4- 


Reducing, 


X 9, or — 14t'^ 



Note. As these eqnationB are not symmetricalf the only proper coarse 
is to eliminate one of the nnknown quantities at once, and solve the 
quadratic equation thus produced according to the principles of Case I. 

„ p. ( a: + 4y = 14 (1) 

11. Given \^x-2y + f/'=U (2) 

From (1), ar = 14 — 4y (3) 

Subst. in(2), 56 — 16y — 2y + y2 = 11 ' (4) 

Or, 5^— 18y = — 45 (5) 

Completing square, y* — 18 y -j- ^1 = 36 (6) 

Evolving, y — 9 = ± 6 

Whence, y = 15, or 3 

Substituting in (3), x = 14 — 60, or 14 — 12 

Uniting, x = — 46, or 2 



12. Given j 


a:^- 


x+Sy — 1 
-3xy + 3y«— 7 


(1) 
(2) 


From (1), 




X— 7 — 3y 


(3) 


Subs, in (2), 49 — 42y 


+ 


9ff — 2lt/ + 9y^ + Sf'^1 


(4:) 


Whence, 




21 if 63y— 42 


(5) 


Dividing by 21, 




y«_3y — — 2 


(6) 


Completing the square. 




f-^y + i i 


(?) 


Evolving, 




y-i ±i 




Whence, 




y 2, or 1 




Substituting in (3), 




X 7 — 6, or 7 


~3 


Uniting, 




X 1, or 4 
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THEORY OF QUADRATIC EQUATIONS. 

(Art. ^90, page 250.) 

1. Given x* — 4a: + 3 = 

Transp. and compl. square, o? — 4a:-j-4 = l 
Evolving, X — 2 = ± I 

Whence, a:-= 3, or 1 

Hence, a:* — 4a: + 3 = (ar— 3) (x— 1) = 

2 Given x« _ f — ^ = 

Transp. and compl. square, o^ — ^ + y^^ = ^ 

Evolving, x — ^ = ±^^ 

Whence, a: = J, or — ^ 

Hence, a:' — | — 4 = (a: — «) (a: + i) = 

3. Given a:>— 7ar+I2 = 
Transp. and compl. square, a:* — 7 ar -|- ^^^ = i^ 
Evolving, X — J == ± i 
Whence, a: = 4, or 3 

Ans. (a: — 4) (a: — 3) = 

4. Given a:* + 6a: + 8 = 
Transp. and compl. square, a:*+6x + 9 = l 
Evolving, X -j- 3 = ± 1 
Whence, x = — 2, or — 4 

Ans. (x + 2) (x + 4) = 

Note. The principles established in Art. 289 will determine whether 
the roots obtained for any quadratic equation are correct; and in some 
cases they will enable us to obtain those roots by inspection. Thus, in 
the third example, it is evident that 4 and 3 are the only nambers whose 
mm is 7, and whose product is 12. 
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(Art. 1^1, page 251.) 

1. Assunie x* — 6 a; -{- 6 = 0. It is evident that 8 and 2 
are the only numbers whose sum is 5 and whose product 
is 6 ; hence they are the roots of the equation, and 
aJ _ 6x + 6 = (a: — 3) (x — 2). 

2. Assume x* — — — 1 = 

12 * 

Completing square, a:* — ^ + rf^ = ?f i 

Evolving, r — jV = ± if 

Whence, a: = |, or — | 

Therefore, a:«_£_|=(x — |) (ar + f) 

3. Assume, a:* + 3x — 28 = 
Completing square, a^ -{- Sx -\- 1=-^^^- 
Evolving, a: + J = ± -y 
Whence, ar = 4, or — 7 

ar2 + 3ar — 28 = (x — 4) (x + 7), Ans. 



FORMATION OF EQUATIONS. 

<Art. 1392, page 251.) 

2. (x — 4) (x — 6) = X* — 9x + 20 = 
Or, x* — 9x = — 20 

3. (a; _ 6) (x — 7) = x« — I3x + 42 = 
Or, x« — 13 X = — 42, Ans. 

4. (x + 1) (x + 2) = x« + 3x + 2 = 
Or, x» + 3x = — 2 
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PROBLEMS 

LEADING TO AFFECTED QUADRATIC EQUATIONa 

(Art. 2M» pp. 253-259.) 

2. Let X = the number. 

Then, x—{^=% 

Or, ««— 16x = — 48 

Completing square, x* — 16x4-64 = 16 
Evolving, X — 8 = ±4 

Whence, ar = 12, or 4 

= 3 



( 12 — 3« = 
^' 1 4 — P = 



VeBDICATION. , A 19 Q 

6. Let X = the cost. 

Then x = the gain per cent. , 

and lis ^ ^ = ioo ~ ^^® ^^°^® ^^^°' 

Therefore, a? + - — = 56 

Or, x« + 100 a: = 6600 

Completing square, a!*+100a: + 2500 = 8100 
Evolving. X + 50 = ± 90 

Whence, x = 40, or — 140 

6. Let x = the number of chickens. 

96 

Then — = cost of one chicken, 

z 

and — :r- = am't rec'd for the chickens 



Therefore, -l- — 96 = - 

Clearing of fractions, 27 a:* — 192 a: = 192 

Dividing by 27, a^ — .^^x = -^^ 

Completing square, a^ — V ^ "I" (V)* = ^1?^ 

Evolving, X — -^ = ± *^ 

Whence, a = 8, or — 

15* 
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f . Let X = the number of pages. 

Then x — 5 = estimated no. pag^s, 

— — = estimated cost per page, 

, 67.50 185 ,^ . - 

and = -5— = am t received per page. 

X £ X 

»pu r 80 135 , 

Therefore, r — - — = ^ 

X — 5 2x ^ 
Clearing of fractions, 160 x — 135 a? + 6'76 = ar* — bx 
Whence, x^— 30 a: = 675 

Completing square, ar* — 30 a: + 225 = 900 

Evolving, x — 15 = ± 30 

Whence, x = 45, or — 15 

If "5 pages more'' be changed to "5 pages Uss,^^ 
and " abatement " to " additional charge ^^^ then 15 will 
bfi the true number of pages. 



8. Let 


ar = 


: no. persons at first. 


and 


X 2 = 


= no. persons who paid. 


Then «•" 

X 


35 

Ax 


: am't each should have paid, 


, 8.75 

and — ^ 

X — 2 4 


35 _ 
X— 8"*" 


: am't each did pay. 


T h *» r<» fVii"*! 




35 35 


I. [IdCIV/I c, 


Ax 8 Ax * 


Clearing of fractions. 


140 a:- 


-140X + 280 — Sar^— 16a; 


Whence, 




8x2 I6x — 280 


Dividing by 8, 




x^ — 2x = 35 


Completing square. 




«« — 2x + l — 36 


Evolving, 




X— 1— ± 6 


Whence, 




X 7, or — 5 



The number 5 is the answer to a problem like the above, 
except that two additional persons came, and each of the 
company had therefore 50 cts. less to pay. 

9. Let X = original no. persons, 

and X + 2 = whole no. persons. 
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Then = sum each expected originally, 

, 1000 . ... , 

and — T-r = sum each will receive. 

Therefore. 1^-12^-25 

Clear, of fractions, 1000 x + 2000 — 1000 ar = 25 a:* -j- 60 a: 
Or, 25a:« + 50ar = 2000 

Dividing by 25, a:* + 2 a: = 80 

Completing square, a^-\-2x'{-l = Sl 

Evolving, a: -f- 1 = ± 

Whence, ar = 8, or — 10 

The number 10 is the answer to a problem similar to the 
one given, except that two claimants disappear, and each 
receives $ 25 more than he expected. 

10. Let ar = width of frame. 

Then 18 -[- 2 a: = outside length of frame, 

and 12 -(- 2 a: = outside width of frame. 

Also 18 X 12 = 216 = surface of glass, 
and (18 + 2a:) (12 -f 2a:) = whole surface. 

Therefore, (18 + 2 a:) (12 + 2 a:) = 2 X 216 

Expanding, 216 + 60 a: + 4 a:* = 432 

Or, 4 a:* + 60 a: = 216 

Dividing by 4, 3^ -{- I5x = 54: 

Completing square, a:* + 15 a: -f- ^f ^ = ^^^^ 
Evolving, a: + -^^ = ± ^i"- 

Whence, a: =3, or — 18 



Note. The eqaation 4a:' + 60x=2l6 may be obtained at once l)v 
estimating the sarface of the frame. 4 x' is the area of the four corners ; 
thera are two sides each 18 by r, and two ends each 12 byr; hence the 
whole sarface of the frame is 4 a:* + 60x, which, according to the condi 
tions of the problem, is equal to the surface of the glass. 

12. First Solution. 

Let X = one part, 

and y = the other part. 
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Then, a; + y = 40 (1) 

and a^ + y» = 818 (2) 

Squaring (1), a^ -{- 2 xt/-^ if = \600 (3) 

Subtracting (2) from (3), 2xy= 182 (4) 

Subtr. (4) from (2), ar» — 2 xy + y^ = 36 (5) 

Evolving, X — y = ± 6 (6) 

Equation (1), a: -j- y = 40 

Adding (6) and (1), 2x = 46, or 34 

Whence, x •= 23, or IT 

Subtracting (6) from (1), 2y = 34, or 46 

Whence, y= 17, or 23 

Note. Either letter maj also be eliminated bj sabstitntion, or onlj 
one nnknown quantity may be used, if pa-ferred. 

Second Solution. 

Let X — y = one part, 

and X -^f/ = the other part. 

Their sum, 2 x = 4 (1) 

The sum of their squares, 2 a:* + 2y* = 818 (2) 

From (1), ar = 20 (3) 

Squaring, a^ = 400 ' (4) 

From (2), a:» + y» = 409 (6) 

Subtracting (4) from (5), y" = 9 (6) 

Evolving, y= ± 3 (7) 

From (3) and (7), ar — y = 17, or 23 

Also, a: + y = 23, orl7 

13. Let X = one part, 

and y = the other part. 

Then, a:-fy=60 (1) 

and ary : ar" -f~ y* • • 2 : 5 (2) 

From (2), 2a^ + 2i/ = 5xif (3) 

Or, a:«_^a:y + y» = (4) 

Squaring (1), a^ -{• 2xy + f = B600 (6) 
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Subtracting (4) from (5), }a?y = 3600 (6) 

Whence, a:y = 800 (7) 

Or, 4xy = 3200 (8) 

Subtracting (8) from (6), «•— 2a:y + y" = 400 (9) 

Evolving. a: — y = ± 20 (10) 

Equation (1), a: + y = 60 



Adding (10) and (1), 2 x = 80, or 40 

Whence, x = 40, or 20 

Subtracting (10) from (1), 2y = 40, or 80 

Whence, y = 20, or 40 

Note. This problem may be solved by the yarioas methods itidimted 
in connection with the solations of the last example. If x — y and x + 5 
are ased, the equations become 2 x b 60 and x* — ^* : 2 x* + S^* : : 2 : 5, 
or X =s 30 and x* » Sy*, from whicli y =» ±10, and the nambera are 
20 and 40, as before. 

15. Let X = cost of 1st per yard, in doll., 

and y = cost of 2d per yard, in doll. 

Then lOOy =: gain per cent of first, 

and lOOy =: loss per cent of second. 

Also X X -jQ^ = ary = gain on a yard of first, 
and y X -j^ = y* = loss on a yard of second. 



Therefore, 80 a: + 80 y = 60 ( 1 ) 

Also, 80a:y — 80y*=6 (2) 

From (1), 4a: + 4y=3 (3) 

From (2), 16a:y — 16^* = 1 (4) 

Mult (3) by 4y, 16xy + 16y2 = 12y (5) 

Subt. (4) from (5), 32 ff = 12y — 1 (6) 

Whence, t/^ — ^y = —r}^ (7) 

Completing square, y^— f y + yf g = ^^^ (8) 

Evolving, y — T^ = ± T^ (9) 

Whence, y = ^, or J 
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From (3). x = '-Jy = i^ . or '-^ 

Reducing, x = ^, or | 

It is evident that $ j = 50 cts., $| = 62^ cts., $i = 
25 cts., and $ ^ = 12'^ cts. 

NoTK. If X and y represent the cost of each in oenU, then y will rep- 
resent the gain and loss per cent, and the equations will become 

soar + «0y» 6000. and .^ — — J =500, 

whence * + Jf =■ 75, and xy — y* = 625. 

These give 2/ — 75y >» — 625, y » 25, or 12^, and x = 50, or 62^. 

16. Let X = the greater, 

and y == the less. 

Then, a: (ar + y) = 144 (1) 

and y (a: — y) = 14 (2) 

Expanding ( 1 ), x» + a: y = 144 (3) 

Expanding (2), xy—y^= 14 (4) 

From (4), ^ = ^^4^ ^^^ 

Sub8t.in(3),^^^+^^-"t3^+14 4-y«=144 . (6) 

Cl.offract., 196+28y»-Hy*+14y''4-y* = 144 y^ (t) 

Whence, 2 y* — 1 02 y^ = — 1 96 (8) 

Multiplying by 2, 4 y* — 204 y^ = — 392 (9) 

Adding {^^^f, 4y* — 204y2 + 2601 = 2209 (10) 

Evolving, 2y» — 61 = ± 47 (11) 

Whence, 2y^ = 98, or4 

Dividing by 2, y* = ^9, or 2 

Evolving, y= ± 7, or ± s/2 

G u *•* *• • fK\ 14 + 49 14 + 2 

Substituting m (5), x= — +=— , or — -=- 

Reducing, x = ± 9, or ± 8 V'^ 

Note. As both the equations are homogeneous and of the second de- 
gree, they may be solved by assuming y ^ vx, aci^ording to the method 
of Art. 284. 
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17. Let 
Then 

and 



X = no. bushels. 

60 

— = price paid per bush., in dollars, 



54 



a:— 15 



= price rec'dperbush., in dollars. 



Therefore, 



54 60 1 

sT— 15 Ic 10 

Clearing effractions, 540 x — 600 a: + 9000 = a:* — 15 a: 

Whence, a^ + 4:5x = 9000 

Completing square, a:* + 45 a: -|- (*/^)* = aiJ^A 

Evolving, a: -f- ^ = ± J-f ^ 

Whence, ar = 75, or — 120 

If he had added 15 bushels, instead of reserving 15, 

and lost 10 cents a bushel by selling for $ 54, then 120 

bushels would be the true answer. 



18. Let 
and 

Then 

and 

Also 



X = first number of sheep, 
y = second number of sheep. 

— = price of first, per sheep, 



and 



180 

X 

SOx 

y 

180 y_ 

X 



-— = price of second, per sheep. 
= sum received for first, 
= sum received for second. 



Then, 
and 

Clearing (2) of fractions. 
Dividing by 20, 
Evolving, 

Dividing by 3, 
Substituting (6) in (1), 



a: + y= 100 
180 y 80 X 



180y2=80ar* 
9^^ = 4x2 

3y= ± 2a: 

, 2x 

a; ± -3- = 100 



(1) 
(2) 

(3) 
(4) 
(6) 

(6) 
(7) 
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Clearing 


of fractions, 


Zx 


±2x— 300 (8) 1 


Whence, 








X 3^ 60, or 300 


Subst. in 


(1). 


y — 


100- 


X— 100 60, or 100 300 


Uniting, 








y — 40, or — 200 


Then, 








80 80 2 
y 40 ^ 


Also, 








180 180 
X 60 



RATIO AND PROPORTION. 

(Art. 32f, pp. 268, 269.) 



3. Let 


X first term. 


Then, 


a: : 4 : : 6 : 8 


By Theo. XI., 


X : 4 : : 3 : 4 


By Theo. XII., 


X : 1 : : 3 : 1 


By Theo. I., 


X 3, Ans. 



Note. Wc may, of coarse, apply Theo. I. to the first proportion, tbu 
prodacing the eqaation 8 r » 24, which may be solved in the nsaal manner. 

4. Given 3 : x : : x : 1083 

By Theo. I., x^ = 3249 

Evolving, X = db 6t 

5. Given a -{- x : a — x : : 11 : 7 

By Theo. VIII., 2a:2x: : 18 :4 

Dividing by 2, (Theo. XI.). a : x : : 9:2 

6. Let A and B represent the altitude and base of 
one triangle, and a and h the altitude and base of the 
other. 
Then, 
and 

By Theo. XIII., 
Or, 
Div. by 3, (Theo. XL), BxAihXaii 119 : 138 





B:h: 


: 17 : 


18 






A : a : 


:21 : 


23 




BXA 


:6X« : 


: 17X21 : 


18X23 


BXA 


:bXa: 


:367 


:414 
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7. Let X = no. gallons of milk. 

5 X 
Then — = no. gallons of mixture at first, 

— 3 =: no. gallons mixture after selling, 

and -T-"*- 3 + 7 =* — -. — = no. gals. mixt. at last. 

4 4 4 

Therefore, — ; — : ^ — : : 7 : 6 

4 4 

Or (Theo. XT.), 6ar — 9 : 5x — 12 : : 7 :6 
By Theo. VII., 3 : 6x— 12 : : 1 :6 

By Theo. I., 5a:— 12 = 18 

Transposing and uniting, 5 x = 30 

Dividing by 6, x = 6 

8. Let or = A's stock, 
and y = B's stock. 



Then, a: + 100 :y — 50 : : 4 : 3 (1) 

and a: — 50 : y + 100 : : 5 : 9 (2) 

Prom (1) (Theo. I.), 3ar + 300 = 4y — 200 (3) 

From (2) (Theo. I.), 9 a: — 450 = 5y + 500 (4) 

Transp. and unit, in (3), 3a: — 4y = — 500 (5) 

Transp. and unit, in (4), 9 a: — 5y = 950 (6) 

Multiplying (5) by 3, 9a: — 12y = — 1500 (7) 

Subtracting (7) from (6), 7 y = 2450 (8) 

Dividing by 7, y = 350 (9) 

Substituting in (5), 3a: — 1400 = — 500 (10) 

Transp. and uniting, 3x = 900 (11) 

Dividing by 3, x= 300 (12) 

9. Let X and y represent the numbers. 

Then, a:y = 15 (1) 

and a:« + y*:x«— y«:: 17 : 8 (2) 

From (2), (Theo. VIII.), 2x':2f::25:9 (3) 

Dividing by 2, (Theo. XL), x':f::2b:9 (4) 

16 
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Evolving (Theo. XIV.) 


, x : y :: 5 : 8 


(5) 


Whence (Theo. I.), 


Sx — 6y 


(6) 


Dividing by 3, 


-v 


0) 


Substituting (7) in (1), 


't = •' 


(8) 


Whence, 


»■_« 


(9) 


Evolving, 


> ±« 


(10) 


Substituting in (7), 


.-*».x'-±6 


(11) 


10. Let 


X — A's money 
f/ B's money, 




and r ratio 


of the money staked to the 


whole 


amount of each. 


* 


Then 


rx money staked by A, 


and 


ry money staked by B. 


Therefore, 


x+ry — 2(y — ry) 


(1) 




if -{- rx 3 (x — rx) 


(2) 


and 


x + y— 168 


(3) 


From (1), 


x + Sry 2y 


(4) 


From (2), 


y + 4rx 3 a; 


(6) 


From (4), 


8y 


(6) 


From (5), 


Sx — y 


(7) 


Hence, 


tx — y 2y — z 
ix 3y 


(8) 


Clearing of fractions, 


9xy — Sy" — 8a;y — 4a? 


(9) 


Or, 


4a:» + ajy 3y» 


(10) 


Adding Sxy, 


4ai* + 4xy — 3a;y + 3y* 


(11) 


Dividing by x + y> 


4x 3y 


(12) 


Or. 


" 4 


(18) 


Substituting in (3), 


?+y-168 


(14) 


Clearing of fractions, 


3y + 4y_672 


(15) 
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Uniting terms, 7 y = 672 (16) 

Whence, y=96 (17) 

Substituting in (13), x = ?-^ = 72 (18) 

Substituting in (7), r = ?^^^ = A (1») 

Note. If x and y be eliminated from (3), (4), and (5), we obtain tlie 
equation 121^ — 17 r = — >, whose roots are 1, or ^. The former of 
these leads to impossible yalaes of x and y, as it corresponds with x + jf 
:= 0, the factor cast out from equation (11). The factor r — 1, or 1 — r, 
Is readily discovered in the equation, and removed from it, rendering it 
a simple equation. Thus, after eliminating y by means of (3), (4) gives 

jp __ — JZ_ T^ and (5) gives x *= r-^^- ', whence, 42 = 112 — 168 r, 

and r = ■^. 



SERIES. 

ARITHMETICAL PROGRESSION. 

(Art. 394, page 271.) 

1. l=a+ (» — l)rf=6 + 19 X 3 = 62 

2. /=ei + (n — l)rf = 4 + 29 X 5 == 149 

3. ? = a + (« — 1) rf = 10 + 4 X (— 2) = 10 — 8 = 2 

4. / = a+ (n — l)rf= — 6+14Xi = — 6 + 7 = 1 
6. l-zra + (n — l)rf=16+6X (—3)=15 — 15 = 

(Art. 835, page 272.) 

1. / = a + (» — 1) rf = 3 + 19 X 2 = 41 

S=in (a + /) = 10X (3 + 41) = 10X44 = 440 

2. / = a+(n — l)rf=7+5X(— 4) = 7— 20 = — 13 
>?=i«(a + 0=3X(7— 13) = 3X(— 6)=-18 

a. / = a+ (n— l)c;= J + 19X 1 = 19^ 

^= J »(a+0 = 10 X (i + 19i) = 10 X 20 = 20P 
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4. 5= J » (a + = 10 X (5 + 62) = 10 X 6t = 670 

6. /=a+(n — l)rf= — 3i + 20Xi = — 3i + 4 = 5 
5=in(a + 0=VX(-3i+J)=VX(-f)=-28 

(Art. 3My page 274.) 
1. a = /— (n — 1)^ = 62 — 19x3 = 62 — 6T = 5 

d — ^ — ^ 149 — 4 145 _ 

n — 1 30 — 1 29 ~ 

3. » = '-=^ + l = lz^^ + l = 14 + l = 15 

4. a = i^_/=2_4J!?^19 = 22-19 = 3 

n 9 

6. d = '-^^ = ^~^'* = ~- = — 2 

n — 1 5 — 1 4 

(Art. 837) page 275.) 
a + / 6 + 20_26_ 

1. — 2- — -2~^ — y — 13 

a + rf=6-t-3 = 8; 8 + 3=11. 



3. 



2 2 2 72 



, / — g 3 — 1 2 1 

n— 1 5 — 1 4 2 



a + rf=l+i = lj; li + i = 2; 2 + i = 2i 



6. rf = '-i::^ = V:i^ = | = l 

n — 1 4 — 1 S 2 



« + d=i + i = t;t + J = | = i 
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1. rf = 



I — a y — X y — x 



n— 1 4—1 8 

, , y— x_2x+y, 2x + y , y^x _x+2$ 

Note. It will be seen that the common difference is found by dividing 
the dififerenoe between the two given terms by the required number of 

means to be inserted, plus 1 ; that is, cf » "[7 ^ , in which m represents 
Che number of means. 

PROBLEMS. 
(Art. 338, page 276.) 

1. 5=in(a + = 6 X (1 + 12) = 6 X 13=78 

2. /=a + (n — l)rf = i + 14Xi = i + V=-'rf^ = 5 

3. /=a+(n— l)rf=15-f 19X(— 4) = 15— 76=— 61 
^ = in(a + /) = 10X (15 — 61) = 10X (—46)=— 460 

4. / = a + (n — l)cf==2+ 24 X3 = 2 + 72 = 74 
S= in (a + = ^2^ X (2 + 74) = ^^ X 76 = 95(^ 

n — 1 7 — 1 6 

a+d=i—i=% = i^ f— i=i; A— 4 = 0; o—i = —i: 
—i — i = — i = — h 

' 6. The values of n from the two fundamental formulas 

/ — a,- 25 , , P — a« 

are n = — j- -|- 1 = j-j—t whence a = 



d ' .~ l + a' ~ 2S — Z — a 

2500 — 1 2499 __ ^ 



408 — 60 — 1 857 

^ 2S 2 X 204 408 _ 

0^' " = r+i= 60+T — -51=^ 

/ — a 50 — 1 49 ^ 

..««.,, ox 2 iSr 2 X 26 60 

7. Art.336,(8), n = ^-^ = -^=- = 5 

16* 
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8. The common differeuce is the interest of $20 for 
one year, at 4 per cent, or 20 X ySff == i- 

/ = a + (« — 1) rf= 20 + 19 X t = 20 + ^ = 35i 
5= i » (a + /) = 10 X (20 + 35J) = 10 X 55^ = 552 

Note. The amoant of the last year's Bavings is simply $ 20 ; bat, as 
it is smaller than the amoant of the first year's savings, which has 19 years' 
interest added to it, we nse the smallest as a, or the first term, and the 
Urgesi as /, or the last term. 

9. Art. 336 (4), a= — — /=?^,— — T=35 — T=28 

Art. 336 (5), d = [:^^^ = \^ = ^^-S 

a + rf= 28 — 3 = 25 ; 25—3 = 22, etc. 

10. Let x = the number of seconds. 

Then 8 a: = distance run by the hare. 

l=a + {n — l)d=S + (x — l)Xi= ^^^ = distance 
run by the greyhound during the last second. 

5= f (« + /,= I (8 + ^-i^) = ^^ = whole di^ 

tance run by the greyhound. 

Prom the conditions, — ^ = 8 x + 60 

Clearing of fractions, ar" + 31 x = 32 x + 240 

Whence, x* — x = 240 

Completing square, x^ — x -|- ^ = 240^ = ^fJ- 

Evolving, X — ^ = ±-32^^ 

Whence, x = 16, or — 15 

The negative root of the equation, 16, is the answer to a 
problem whose conditions are the reverse of those given ; 
that is, both must run in an opposite direction, the hare 
must overtake the greyhound, and the distances run by the 
greyhound in successive seconds must be a continuation of 
the given series in the other direction, 7 J feet the first 
second, 7 feet the second, 6 J the third, etc. 
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GEOMETRICAL PROGRESSION. 

(Art. sis, p. 278.) 

1. / = ar»-» = 5 X 4^ = 5 X 16384 = 81920. 

2. l=ar^^ = 28672 X (i)* = W/i? = '^■ 

3. / = or— » = 5 X 4« = 5 X 65536 = 327680. 

4. /=ar"-i= 100 X(|)* = 100 Xs% = ¥^= 13 AV 

5. /=ar»-» = 3 X 2» = 3 X 256 = 768. 

(Art. S44, pp. 279, 280.) 

1. 5 ='±:i^ = 'A'?^i=i = 2048-1 = 2047. 

r — 1 2 — 1 

2. 5=2i;^ = '4;^ = ^^^=131070. 
d. ^ _ -^:3JY — — pn — _ J — ts*- 

*• '^ — r-l — 3-1 — S - 1 — ^^ 
= 265720. 

6. s='^-^;^^m^J't:^=^(^^-'^^ 



\ 



— 8 — jH — 8 — ^ — 8 — ^ — 8 — ^tVz' 



(Art. S45, pp. 280, 281.) 
2 5--?- L._!_» 

.« o__?___ift_ _'%_!? 

l-'-~l-T*ir~iWr~99' 
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1 <?— ** — _?_— ^ — ^^ — IX 

*• ^— i-r— 1-^ — ;S~'»'~ *• 

(Art. 346, page 282.) 

, / 405 405 _ 

S-—a 9555 —7168 2387 1 

^- ^ s — l ~9555^^7~ 9548 4 * 

4. a = r/— (r— 1)5=2 X 30T2 — (2 — I) X 6141 

= 6144 — 6141 = 3. 

5. Formula (4), by a simple transposition of terms 

and change of signs, becomes, after dividing by r, 

a4-(r — l)iS_ 2 + (3— 1) X 6560 2 + 13120 13122 

— r" 3 S 3 ■ 

= 4374. 

NoTB. Formula (4) is simply (2) cleared of fractions, etc.; hence the 
Kolntinn of this example is based entirely upon the second fundamental 
formula. 

(Art. $47, pp. 283, 284.) 

a r = 5 X 4 = 20 ; a r* = 20 X 4 = 80. 
3. \/30 X Ti ^ V226 = 15. 
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ar=6X3 = 18; ar»=18X 3=64 ; ar»=64X 3=162. 

PROBLEMS. 
(Art. 848, page 284.) 

1. a = i, ar=l ; r= -^ = j = 3; 
ar2=l X 3 = 3; ar« = 3X 3 = 9. 

2. ^ = r^ = ?;^ = 4 ; r = \/4 = 2 ; 300 X 2 = 600. 

3. / = ar"-i = 1 X 2» = 612. 

4. Formula (4), Art. 344, S = °^J'J7/^ > after clear- 
ing the equation of fractions and dividing by r" — 1, 

(r — 1) 5 (j_i) X 102.05 * X 102.95 

becomes a = -y,—^ = (^y_, = ^TZT 

= ^^ = -^25X 128 = 3.20. 

6. Formula (5), Art. 346, r = Q""* = (^^-^) 
= (2048)T^ = 2. 

6. Formula, Art. 346, 5 = — ^ = — ?^ = ~ = 400. 

1— r 1 — it 3lV 

7. By Art. 347, r = (-)""' = (if &)+ = (128)^^ = 2 ; 

a=l; ar=lX2=2;ar2 = 2x2 = 4; 
ar»=4 X 2=8 ; ar*= 8 X 2 = 16 ; ar'*=16 X 2 =32 ; 
a7^= 32 X 2 = 64 ; ar' = 64 X 2 = 128. 
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APPENDIX. 



LOGAEITHMS. 

(368.) 

2. Mantissa of 410 = .6128 D = 10 

Correction for .4=4 .4 



.6132 4.0 

Ans. 3.6132. 



3. Mantissa of 763 = .8826 D = 6 

Correction for .4=2 .4 



.8827 2.4 

Ans. 3.8827. 



4. Mantissa of 821 = .9143 D = 6 

Correction for .5=3 .5 



.9146 3.0 

Ans. 7.9146 — 10. 



6. Mantissa of 106 = .0253 D = 41 

Correction for .48 = 20 ^48 

.0273 3:28 

16.4 
"19.68 

Ans. 4.0273. 

8. Mantissa of 125 = .0969 D = 35 .607 

. Correction for .607 = 21 35 

.0990 3.035 

18.21 
21.245 

Ans. 0.0990. 
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9. Mantissa of 356 — .5514 
Correction for .7 8 

.5522 


D; 


• 

= 12 

.7 
8.4 








Ans. 8.6522- 


-10. 


10. Mantissa of 238 — .3766 
Correction for .08 — 1 

.3767 


D 


— 18 

.08 

1.44 








Ans. 8.3767 — 


-10. 


(3W.) 








6. 








Given logarithm 3.0394 

Next less logarithm 3.0374 ; whose 

Difference of logarithms 20 


number = 1090 

5 





Difference from column D . 40 1095, Ans. 

7. 

Given logarithm = 2.6132 

Next less logarithm = 2.6128 ; whose number = 410 
Difference of logarithms 4 = .4 

Difference from column D 10 410.4, Ans. 

8. 

Given logarithm = 7.9146 — 10 

Next less logarithm = 7.9143 — 10 ; whose number = .00821 
Difference of logarithms 3 = 5 

Difference from column D 6 Ans. .008215 

10. 

Given logarithm = 0.0990 

Next less logarithm = 0.0969; whose number = 1.25 
Difference of logarithms 21 = 6 

Difference from column D 35 1.256, Ans. 
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11. 

Given logarithm = 2.5522 

Kext less logarithm = 2.6514 ; whose number = .0356 
Difference of logarithms 8 = 7 

Difference from column D 12 Ans. .03567 



(370.) 
2. 



log of 234 = 2.3692 
log of 36 = 1.5563 



3.9255^ whose number is 8424^ Ans. 



3. 

log of 59.4 = 1.7738 

log of .000031 = 5.4914 — 10 



7.2652 — 10, whose number is .001842, Ans. 



4. 

log of .224 = 9.3502 — 10 
log of .18 =9.2553 — 10 



9.6056 — 10, whose number is .4033, Ans. 



5. 
log of 59.4 = 1.7738 
log of .00064 = 6.8062 — 10 



8.5800 — 10, whose number is .03802, Ans. 



6. 
log of 650 = 2.8129 
log of 47 = 1.6721 



4.4850, whose number is 30550, Ans. 
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(3710 

2. 

log of 828 = 2.9180 

log of 23 = 1.3617 

' 1.5563^ whose number is 36, Ans. 

3. 

log of 589 = 2.7701 

log of 31 = 1.4914 

1.2787, whose number is 18.996, Ans. 

4. 

log of .00072 = 6.8573 — 10 
log of .024 = 8.3802 — 10 

8.4771 — 10, whose number is .03, Ans. 

5. 
log of 30550 = 4.4850 

log of 47 = 1.6721 

2.8129, whose number is 650, Ans. 

7. 
log of 27 = 1.4314 

log of 5 = 0.6990 

0.7324, whose number is 5.4, Ans. 

♦ 
8. 
log of 201 = 2.3032 

log of 625 = 2.7959 



9.5073 — 10, whose number is .32157, Ans. 

9. 
log of 4 = 0.6021 

log of 99 = 1.9956 

8;6065 — 10, whose number is .04040-]-, Ans. 
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2. 
log of 36 = 1.5663 

2 

3.1126, whose number is 1296^ Ans. 

3. 
log of 1.01 ±= 0.0043 

3 

0.0129, whose number is 1.0302, Ans. 

4 
log of .087 = 8.9395 — 10 

4 

5.7580 — 10, whose number is .00005728, Ans. 

6. 
log of 3 = 0.4771 

6 

2.8626, whose number is 728.8, Ans. 

6. 
log of 1.05 = .0212 

20 

.4240, whose number is 2.655-{-, Ans. 



(373.) 



2. log of 10648 = 4.0273. 
3 ) 4.0273 



1.3424, whose number is 22, Ans. 



3. log of 40.96 = 1.6124 
2 ) 1.6124 



.8062, whose number is 6.4, Ans. 
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4. log of 26.2 = 1.4183. 

3 ) 1.4183 

.4728, whose namber is 2.97, Ans. 

6. log of .125 = 9.0969 — 10 = 29.0969 — 30. 

3 ) 29.0969 — 30 

9.6990 — 10, whose number is .5, Ans. 

7. log of .008649 = 7.9370 — 10 = 27.9370 — 30. 

3 ) 27.9370 — 30 

9.3123 — 10, whose number is .205*f-, Ans. 

8. log of .48 = 9.6812 — 10 = 29.6812 — 30. 

3 ) 29.6812 — 30 

9.8937 — 10, whose number is .783, Ans. 



Whence, 
Therefore, 



Whence, 



5* 
X log 5 



X 



(874.) 

2. 

= 100 
= log 100 

log 100 2 



log 2 
log .699 
logo; 



logs 


.6990 


^010 




9.8446 — 


10 



: .4565 
Number corresponding, x = 2.861, Ans. 



Whence, 
Therefore, 



2' 
X log 2 



3. 

1024 
log 1024 
ley 1024 
log 2 



3.0103 
.3010 



10, Ans. 
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4. 

3' = 20 
Whence, a; log 3 = log 20 

n«^ , log 20 1.3010 

Therefore, x = , ^ = ^,,. 

' log 3 .4771 

log 1.301= .1142 
log .4771 = 9.6786 — 10 
Whence, log x = .4356 

Kumber corresponding, x = 2.726, Ana. 

5. 

626* = 3126 
Whence, x log 625 = log 3125 

-^ . log 3126 3.4»48 

Therefore, x = " ^-, = 7r=:rr: 

' log 625 2.7d59 

log 3.4948 = .5434 

log 2.7959 = .4465 

Whence, log x = .0969 

Kumber corresponding, x = 1.25, Ans. 

MULTIPLICATION OF IMAGINARY QUANTITIES. 

1. 

VH^ X V^^= (3 V^^) (2 V^^) = 6 (\/^=^)» 

= 6(— 1) = — 6, Ans. 

2. 

2 \/:=:3 X 3 Vii:2 = (2 Vs V^=3) (3 V2 V^=^) 

= 6 Ve (A/=ri)«= 6 a/6 (— 1) 

= — 6V6, Ans. 

3. 

(1 + V^^IOL) (1 — VUl) = 1 — (\/^==l)^ (Art. 78) 

= 1 — ( — 1 ) = 1 + 1 = 2, Ans. 
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SUPPLEMENTARY EXERCISES. 



(»80.) 

1. 2. 

eae— d 2a + 35» — 6c 

4ac + 3d: g — 25' — 3 c 

bac — ld a+5^ — 2c 
i:ae'\-2d 
5ae + 4kd 



6ac + d 



3. 4. 

2ar' + 33r4- «• 2a; — 3y— 8* 

4a:' + 33r-f-2«' — 6ary 6g — 5y+ 2z 

Sa:* — 23^+ 2* — 2a?y _4x + 2y — 10« 



— 5ar'4-43r + 4«» — 7a?y 

5. 

— ^y' + ^y — <?a? + wy 



ax — dx — bt/^'{'dy^-\-by'\-my or 
(a — d) X — {b — d) y^ + (b + m)y 



6. 

3 m* »' — 5 a mn + 4 a* m' n* 

c'm* — 8cwn + 7m*n' 

(3»« — c*)m* + (8 c — 5a) m n + (4a«— 7)m«n« 
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7. 

«*+ (a — b)a^ -{- 5x 

— 2x^ — S{a — b)x^ — 2x + Uix* 

+ 7(a — 5)a:^— a;— 5a:* 

— x^ + 5{a — b)r' + 2x+ 9a:» 

8. 

3«* + 6a:« — 2a:* 
— 6a?* + 2a:« — 4a:* 

8a:* + 3a:»+2a:* 

9. 

3ax + Sbd — 2e^x -\'2edx — bcP 
3.4.5 + 5.8.2 — 2.9.6+2.3.2.5 — 8.8 
60 +80 —90 +60 —64 

200 — 154 = 46, Am 

10. 

4o* + 3&* . 3d«(2c* + 35« + 2a;) d»x 

4 . 16 + 3 . 64 . 3 . ^ (18 + 192 + 10) 8.5 

16 . 8 ^ ^ (64 — 9) 8 

16.16 



+'(f) 



5 



16.8 

2 +12 — 5 = 9,A2i8. 

(S810 

1. 2. 

5atf\/«* — y*+3*<?Va;* + y* 6a*y — 3a\/y+ 8 

3 g g Va;* — y* — 4^ c Vg*^+ y* a*y + 4aVy+ 3 

2acVa* — y* + 7JcVa^ + y* 3a*y + 9aVy+ 2 

9y \/a + 10a Vy + 13 
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8. 

Add Add 



(l)16a*+2b+ cz' + 2 (2) 10a» — 3a^ + 26 +4c««+3 
From (1) take (2) and we have 

6 a« + 3 a^ — 3 c 2» — 1, Ana. 

4. 

12 (ab + ed) — 22 (ae -{- bd) 
— 5{ab + ed) + 77 {ac + bd) 

19 (ac + bd) + 15 (ad + bd) 

7 (ab + ed) + 74:(ac + bd) + 15 (ad + bd) 

5. 

2a + 36 — 4c + (3a — 26 + 3c) — (2a + 35 — 3c) 
2a4-3ft — 4c+ Sa — 2b-\-Sc — 2a — 35 + 3c 

2a + 3b — Ae 

3a-'2b + Sc 

— 2a — Sb + 3c 

3a — 26 + 2 c, Ans. 

6. 
3a _ [2a — 2 {a — (a — 1)} + 2] 
= 3a— 2a + 2{a— a + 1}— 2 
= 3^— 2a + 2a — 2a + 2 —2 

== Oy Ans. 



7. 



x^ — 2x*— {6a;« + 4 — (2a» — 2a» — 4a; — 4)} 
a.4_2a.«_ 6a;« — 4+ 2a;» — 2a;« — 4a + 4 

= 05* — 8 85* — 4 35, Ans. 
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8. 

a — [66 — |a— (3 c — 35) + 2(j — (a — 46 — «)!] 
= a— 6b + \a — (3c — 3b) + 2c — {a'-'^b — c)\ 
= a— 66+ a— 3c + 36 +2o— a + ^b + e 

= a 4~ 2 6, Ans. 



9. 



2a — [56 + {3c — (a + [26 — 3a + 4c])}] 
2a— 56 — {3c — (a + [26 — 3a + 4c])} 
2a— 56— 3c + (a + [26 — 3a + 4c]) 
2a— 56— 3c+ a+ 26 — 3a — 4c 

= — 36 — 7 c, Ans. 



10. 

3a— 26 + 4c 

= 3 a — (2 6 — 4 c), Ana. 



(882.) 



1. 



5a6 + 4c 
— 3 ac 
— 15 a^bc — 12ac*, Ans. 



2. 

4 g^c^ ) 8 a^6^ — 20 aVm 

2 c — 5 am, Ans. 
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a 

Za^h^ — %abc -f3o* 

6ab — be 
IBaH^ — ma^bU + lbabi? 

— 15a^yc + 30g5c» — ISc" 
15 a»i» — 45 a«6^c 4- 45 a* c» — 15 c«, Ans. 



4. 



6a* + 6aJ — 


■ 66» 


6 a' + 9 a* 


— 4aJ — 

— iab — 


6 J* 
-6i« 


2y»-Zy + 
2y* + 3y- 


6. 
1 
1 



2a + 3i 



3 a — 2 b, Ans. 



4y4_6y« + 2y« 

+ 6y»— Oy' + Sy 



-2y« + 3y 



— 1 



4y« 



— 9y*4"8y — 1> An"- 



6. 



4y«_9y«4.6y— 1 
4y* + 6y« — 2y« 



22^ + 3^ — 1 



2y* — Sy + ljAns. 



6y»— "Ty*+6y 
6y» — 9y» + 3y 





2y» 
2y 


+ 3y- 

+ 3y- 


-1 
-1 

7. 










3o»J + 
— 2aJ + 


8aJ» • 
b* 


- J» 




2a6« 
3aJ* — 




a* 


— 3o*J-i- 

— 2a*b-\- 


Za*b* 
a'b*- 


— a' 

— 6, 

— 3, 


6» 


-*• 


0* 


— 6a*6 + 


10o»*»- 


-10< 


»«i* + 


6o6«- 


■ft*, 



— 6*, Ans. 
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3. 

— 6ay^* )12aPy — 30tt^«y +108g*&* 

— 2ft«— + 6a"-'y— — 18ai-', AnB. 



9- 

3 «"•"■*"*■ + a~*"5" 

12 a»"— » 6^ +4 a^*-*- i«« 

— 6 a"— •■6-^" — 2 a** 



» A— «• 



12a'"'-» +4a*"'-*"**" — Ga"*-*"*-'* — 2 a**-** 



10. 

2 (6a; — 3y) — i (4a; — 4y) + (2a: 
12a; — 6y _2a; + 2y -f^a;- 
12aj — 8y = 4(3aj — 2y), Ans. 



-4y) 

4y 



(38S.) 



1. 

The negative exponent indicates 
that a division has J;aken place in 
which the exponent of the divisor was 
greater than that of the dividend. 



2.-.y = y 



2. 



a* + 4a;* 

a* — 2a»aj +2a^a^ 



a^ — 2ax + 2a^ 



a* -f" 2 a a; + 2 a;*, Ans. 



2a*aj — 2a«a^ + 4a;* 
2 a* as — 4 a' a;* + 4 a a;* 

2a«a;* — 4aa;» + 4a;* 
2a«aj« — 4aa;» + 4aj* 
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a 









4jp2m+iya_i2aj'"2/*+* 



— 4a;"'+V^^ + 12a^y« 



M — 1 



4 jp2m+i y8 _ 12 a:« y»+i — 4 a;"'^^ y"+^ + 12 y^—^ Ana. 



4. 



a«*_3a"*c" + 2o*» 


a"* — c* 


a*"* — a* c* 


a" — 2c» 


— 2a"'c" + 2c^» 

— 2a"*c*-f 2c^" 





6. 



aj'+' + x'y + xjr + y-"' 



af+» + 



sey 



*" + jr 



a; -f- y, Ans. 



a;"y 
a5*y 






6. 

(3 — 2/*)« = 9 — Cy* + y*", Ans. 
(5a; — 2y) (5a; + 2y) = 26ic« — 4y«, Ans. 



7. 

[6 + (a + 6)] [5 — (a + ft)] = 25 — (a + ft)^ Ans. 

(3 a"* + 2 a* ft-») (3 a- + 2 a-ft-^) = 

9 a«- + 12 a-'+^ft-a + 4 a«*ft-*, Ans. 



204 KEY TO BLEMEKTABT ALGEBBA. 

8. 

(2x'{-b) (2x — b) (4a;« — ^«) = ? 

(2 oj + 5) (2x —b) = 4 «* — 5« by Theorem III. ; then 
(4aj« _ js) (4a.a _ b^) — 16a;* — 8a«ft« + b\ Ana. 

« 

9. 
9 a-** + 12 «-"• W + 4 5, Ans. 

10. 

(a 4- 6) (6 + c) — (c + d) (d'\-a) — (a-\-c)(b — d) 
= (a5 + ac + 6* + 5c) — ((j<Z + ca + cP-|-c^a) 

— (ab — ad '\- be — cd) 

Free from parenthesis and collect terms ; 

ab — ac-^- b^ -^ be — cd — ea — d^ — da — ab -{^ ad 

— ic + ed 
= b^ — 2ea — cP, Ans. 

11. 
x(x + l) (x + 2)(x + S) + l = ? 

« (ic -}~ 1) = 05* -|- a; 
(aj + 2) (a; + 3) = aj« + 5a + 6 
(a;« + a) (a;« + 6a; + 6) + 1 = a:* + 5aj» + 6a;« + a« 

+ 5a;« + 6a; + l 
= a;* + Sx* + lla;« + 6a; -f 1, Ans. 

12. 
Bemoving the { } changes the last ( ) to — . 

(a -\- b + cy= a^ + b"" -{- c" + 2 ab + 2 ac -\- 2 b c 

— a(b -\- e — a)=a* — ab — ac 

— b (a -\- c — 5)= +6^ — ab — be 

— c (a -{- b — c) = +c^ — ac — be 
Adding, we have 2 a^ + 2 5* -)" ^ ^^ -^^ 
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13. 

ah -\- be -{- ca 

■ ■ ■ ^ 

CL^ b -^ a b c -^ a^ c -\~ ab^ -^ b^ c -\- b c a '\- ab c '\' b c* '\- (^ a 

— abc 



€L^b + a^c -{- ab^ '{'2abc + bc^ + c^a -\- b^c \ a -\- b 
cL^b -\-ab^ 






-|- 2abc 
+ dbc 



ab -\~ ao 
+ bc 

+ ^ 



abc -\- b'^c 
a 5 c + b'^e 



c^a-^ c^b 
c»a-\-d^b 



14. 



(ax-\-byy 
(ay — bxy 



a^y^ — 2abxy-\-b^x^ 



{(a» + b^ + c^) x' + (a« + 5« + c«) y^ 
= a« + ^2 + cS Ans. 



(^' + y') 



16. 

[(jc» — 12a, + 16) (a* — 12a5 — 16)] ^ (a5« — 16) = ? 

«« — 12a; +16 
-12x —16 






-12aj*+16aj» 
— 12aj* + 144a;'»— 192 a; 
— 16a;» + 192a; — 256 



05' 



24 a* + 144 ar* 
16 «* 



256 I aj^ — 16 



a;* — 8 a;« + 16, Ans. 



8a;* + 144a;« 

8g* + 128a;^ 

16a^ 

16 «« 



266 
266 
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(884.) 

1. 



2. 

13a«y _39a«a; = 13a .a 
Take oat 13 a'; the other factor = 



{y — ^ax) 

: {y — Sasc), Ans. 



3. 

4a«aj« + 6a»aj* — 2aajy 
=z2ax{2ax^Sa^a^ — y), Ans. 

4. 

36 a«- ^ «! — 42 «»"• ft« »* 4- 48 a«- ft«aj 
= 6a«*6«ic*(6fl5i — 7a*5 + 8ic*), Ans. 

6. 

60a«xly"-«'" = ? 

60 =6.2.2.3 
a' ^ a . a . a 

5 



Ans. 



x^ = V ^ • a? . 05 
5.8.2.3.ci.a.ci.xl.xi.xl 



6. 



(18 aV) (i^' 4- 7 arf + 9(j^, Ans. 



7. 



42a5a»"' + 56a55-»a;*- 



7a^b-^x 



— a/wSm 



6ai^«'» + 8ali-ia5*% Ans. 
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8. 

16y = 4yi . 4yi, Ans. 
It also = 2yJ . 2y* . 2y* . 2yi, Ans. 

9. 

z=z7?{a — b '•\' ex)j Amu 

10. 
5a««» + 10a*a;* + 5a»aj» 

= 5 . a' a? . (a -^ a?) (a + aj), Ans. 

(S85.) 

1. 
4aj* — 4a;y + y* = (2a? — y)(2a5 — y), Ans. 

2. 

1 — a* = (1 + a«) (1 + a) (1 — a), Ans. 

l-y- = (l + y)(l-y + y»-y» + y*-y»),Ans. 

3. 
16aj* — 40a;y + 26 y* = (4a? — 5y) (4a; — 6y), Ans. 

4. 

7a*5»a;* ^ 14a«5»a:» + 7a«^>«a* = 
7a*5«ar* (a^ — 2aaj + aj«) = 

(7 a^b*7^) {a — x) (a — x), Ans. 

6. 

«*/ + 32 a; y + 266 = (a; y + 16)*, Ans. 
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6. 

4a^ — 60mna^ + 225m>n^ = 
(2x* — 15i«n) {2a^ — 15mn), Ans. 

7. 

«•— y*= (aj— y) («* + a^y + ^y* + «y* + y*)> ^^^s. 

8. 

gg~»« _ (x* + z*) (x« + g«) (a« — g«) 
X* — «* x« — a* 

= (aj* + 2J*)(aj« + 2«), Ans. 

4a? — 226/ =(2 a? +15y*) (2a; — 16y«), Ana. 
l—196x*t/^=(l + Uxy^ (l — Uxy"), Ana. 

10. 
m* — (« — yy =[m + (a; — y)] [m — (a — y)] 

= (w + « — y) (''^ — * + y)> -^8. 
«i — yi = (xi 4- y*) (^* — yO> ^^s- 

(S86.) 

1. 

be + bd + ox + dx = b(o + d)'{-x{e + d) 

=z (b-^-x) (c + rf), Ans. 

2. 

«" + «»y + a;y« + y» = x«(a; + y)+yM« + y) 

= (a:^ + y') (« + y);Ans. 

3. 

«* + 2a; — »y — 2y = x (a; + 2) — y (a; + 2) 

= (« — y) (a; rf 2), Ans. 
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4. 

a* — aH + ab' •^b* = a^ (a — b) +b^(a — b) 

= (a^ + ^2) (a _ b)y Ana. 

6. 

6n — 21m*n — 8 w + 28 w» = 
3^ (2 _ 7w*) — 4m (2 — 7m^) = 
(3w — 4m) (2 — 7m*), Ans. 

6. 

a:« + 2a;y + y« — 4=(x-^y)« — 4 

= (a5 + y + 2) (aJ + y — 2), Ana. 

7. 

«a _ 2a6 + 6* — 25 = (a — 5)* — 25 

:= (a — b -\-6) (a — b — 5), Ans. 

8. 

= (3c + d + 1) (3c + d — 1), Ans, 

9. 
X — 2»iy* + y* = (xi — y^ (xi — y'), Ans. 

10. 
25 x» + 70xy« + 49 y*^' = 

(5x4-7y«) (5x + 7y2), Ans. 

(S87.) 

1. ar» + 6x + 6 = (x + 2) (x + 3), Ans. 

2. X* + 23x + 102 = (x + 6) (x + 17) Ans. 

3. X* + 13x + 36 = (x + 9) (x + 4), Ans. 

4. c* — 18c4-32=(c — 16) (c — 2), Ans. 
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6. «« + a? — 42 = (aj + 7) (aj — 6), Ans- 

6. y* — 9y — 90 = (y — 16) (y + 6), Ana. 

7. aj»y« + 2x^ — 120 = (ajy» + 12) (ajy* — 10), Ans. 

8. «« — 29a + 120 = (a; — 24) (a? — 6), Ans. 

9. aj» + 25na5 + lOOn* = (a; + 20«) (x + 5n), Ans. 

10. a«6* — 7a6» — 144 = (ai* — 16) (a6»+9), Ans. 

11. x^j^ + 12ajy + 27 = («y + 9) (xy + 3), Ans. 

12. a^ — 2xy^z — 4Sj/^z^=(x — Si/^z)(x-\'ey*z), Ans. 

13. y« — y — 210=(y— 46) (y + 14), Ans. 

14. a;*y« — 24ajy2 + 1432*= (xy — 132) (a;y — 11»), Ans. 
16. a* + 13a — 48 = (a + 16) (a — 3), Ans. 

(388.) 

1. 

42a5*c» = 7 .3 .2a.b*.(^ 
Uab^ — 2\V<? = Ih^ (2a — Sbe^ 

lb\ Ans. 
2. 

3. 

3a^y _ 6a;y' = 3a;y (x* — 2y*) 
Zxy — 9x^y^==z3xy(). — 3xy) 

G. C. D. = 3 aj y, Ans. 

4. 

xy^ + xyc z=xy{y + c) 

ajyS — xyc =xy (y — c) ^L. C. M. =ajy(y* — c^, Ans. 

a.y» — xyc^ = xy (t^ — c*) 
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5. 

12a^bca? =2 .2.3. a*.b ,e .se^ 

20b^i^x^ =2.2.5. b^i^.a^ 

32aUVa? = 2.2.2.2.2.o».5'.c*.a? 
G. C. D. = 2 . 2 . 6 . c . a; = 4 6 c a;, Ana. 

6. 

a? + 5x+ A=(x + A) (x + 1) 
a5» + 2aj— 8= (aj + 4) (a — 2) 

a>« -f 7a; + 12 = (g + ^) (^ + 3) 
L. C. M. = (a? + l) (« — 2) (« + 3) (a; + 4), Ans. 

7. 

a^aj* + 6a«a; — 24a« = a« («» + 5« — 24) 

= a« (aj + 8) (aj — 3) 
o^^aj* + 23a6^a5 + 120ab^ =ab^(x' + 23a5 + 120) 

= ab*(x + lS) (x + 8) 

G. C. D. = a (« + 8), Ans. 

8. 

3 (a + 5)« = 3 . . (a + 5) (a + ft) 

6(a«_ft«)=3.2. (a + b) (a — b) 

12 (a — ft)" =2. 2, 3 (g — ft) (g — ft) 

L. C. M. = 2 . 2 . 3 . (a + ft)Ma — *)' = 
12 (a* _ ft«) (a« — ft") = 12 (a» — ft")", Ans. 

9. 

ax '^bX'{-ay'{-bj/ = x(a-\-b) + y (a -{- b) 
ae'-^be'\-ad-\~bd= c {a -\~ b) •\' d (a-j-ft) 

G. C. D. = a -f- ft, Ans. 
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10. 

X +1 = 05 + 1 

358 — 1= (a; + l) (a5 — 1) 

a5» — 1 = (35 — 1) (a^ + 05 + 1) 

L.C.M. = (a5» + a5 + l) (« — 1) (x+l) = 

(a5» — 1) (x + 1), Ans. 

(389.) 

1. 

aj«_aj« + 2a5* + a5 + 3)ar* — 2aj«— a — 2 ( 1 

g*— a;» + 2a58+ 35 + 3 
. — a:» — 2a^ — 2x — 6 

flc» + 2a;« + 2a5 + 5)a;*— a5» + 2a;«+ a;+3(a5 

a** + 2a;» + 2a;^ + 5a; 

— 3aj» — 4a;+ 3( — 3 

— Sx* — Qa^ — ex — 15 

6ar»+2a; + 18=v 

2 (3a* + 35 + 9) 

flc» + 2aj« + 2a5+ 6 

3 



Sa.« + aj + 9 ) 33;» + 6a;« + 635 + 16 ( aj + 5 

33^+ >a?8 + 9g 

5a;2 — 335+16 

3 



16aj^--9a; + 46 

16a:2 + 6aj + 46 



— 14a; 
The polynomials are prime to each other. 

G. C. D. = 1, Ans. 
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2. 

a;« + 3aj» + 4a5 + 12)aj«+4a;« + 4a;+ 3(1 

x^ — 9 

«> — 9)«« + 3«« + 4» + 12(aj + 3 



«• 



— 9a; 



3aj« + 13a; + 12 

3^* —27 

13X + 39 

a. + 3)a;^_9 (« — 3 

g^ + 3a; 

— 3a; — 9 

— 3a; — 9 
G. C. D. = a; + 3, Ana. 

3. 
Take 2ax^ out of first. 
^^ ax " second. 
Then find G. C. D. of a;» + 7a; + 12 and a?* — 2a; — 16, 
-which is a; -f- 3. 

As a X is common, restore it, and 

• G. C. D. :=zax{x'\' 3), Ans. 



4. 



Take out y\ 

aC'\'ad-\-bC'\-hd 
Pactoring, 
a (c + <^) 4- 6 (c + rf) = 
(a -j- 5) (c + rf) 

G. C. D. = a + by Ans. 



a ma; — ana;-f-5ma; — bnx 
Take out a;. 

am — an-\'bm — bn 
Factoring, 
a{m — n) -{-b (m — w) = 

(a 4-^) (^ — ^) 
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6. 

aJ* — «• — 6a;« + 2a + 6)a^ + ««— «« — 2a? — 2(1 

a?* — g» — 5a;^ + 2a; + 6 
2a;» + 4a;» — 4aj — 8 

ar» + 2a;» — 2aj — 4)aj*— x* — 5a^ + 2x + e (x — 3 

x* + 2x* — 2x*'^4:x 
^3x* — 3a^ + ex+ 6 
— 3a;» — 6ar' + 6a; + 12 
3x^ — 6 

aj«_2)a?« + 2a;« — 2a; — 4(aj + 2 

^ —2a; 

2a;« —4 

2x' —4 

G. C. D. = a;* — 2, Ana. 

6. 

KoTB. — If factors cannot bo readily fonnd by inspectioD, find the 
G. C. D. and fhen use it 

Factoring, 

6fl.» — a;_l =(3a; + l) (2a; — 1) 
2a;« + 3a; — 2 = (a; + 2) (2x — 1) 

L. C. M. = (3a; + 1) (2a; — 1) (a; + 2), Ans. 

7. 

Factorings 

4:X^ — Ax + l = (2x — iy 

4a;« — 1 = (2a; — 1) (2a; + 1) 

4a;« + 4x4-1 = (2a; + 1)^ 

L. C. M. = (2x — 1) (2a; — 1) (2a; + 1) (2a; + 1) 
= (4a;«— l)(4a;« — 1) 
= 16a;* — 8x^ + 1, Ans. 



SUPFLEMENTABT EXERCISEa 215 

8. 

ax'^ay — bx-^bi/r^a^x — y) — b (x — y) 
x^ — 2xy -}- y« = (a; — y) (aj — y) 

L. C. M. = (a — b) (x — y)*, Ans. 

9. 

ex* + 13a; — 28 = (3a; — 4) (2» + 7) 
12a;* — 31 a; + 20 = (3a; — 4) (4a; — S) 

L. C. M. = (3a; — 4) (2a; + 7) (4» — 5), Ana. 

10. 

8«« + 30a; 4- 7 = (2« + 7) (4a; + 1). 
12a;* — 29a; — 8 = (3« — 8) (4a; + 1). 

L. C. M. = (2« + 7) (4a; + 1) (3a; — 8), Ans. 

(SM.) 
1. 

36ma5*y* * a 

106m«a;y* ~ 3wy«' ** 

2. 



— Z = ar — zr-y Ans. 



3. 

ax»m-am ^ am(x>--l) ^ ^^(^^^^i) Ans. 

X 1 X — 1 ^' I/' 
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4. 

3x» 



2a — a:)6a'a: — 5aa:* + 4a*(3aa: — ar* + 



2a — X 
6 a^ X — 3 a a:* 

— 2ax* + 4a:» 

— 2aar^+ 3^ 

3a* 



5. 



ag-t-6 a h ax-^h a(c-\- d) b(c — d) . 



6. 



m'— 10m -f- 16 (m — 2) (m — 8) m — 2 . 

m« + m — 72 ~ (m + 9) (m — 8) ~ m + 9' 



7. 

ae — 6c — ad-^hd c (a — 6) — d (a — 6) e — d . 

ae-J-A^^ — ^c — ^<^ "~ c(* — 6)4-rf(<» — 6) c-^d' 



8. 



4c«— 20C + 25 _ (2c — 5) (2c — 5) 
26 — 4ca "" (5 — 2c) (5 + 2c) 

_ (5 — 2c) (5 — 2c) 
"" (5 — 2c) (6 + 2c) 

5 — 2c . 
= — : . Ans. 

6 + 2c' 
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9. 

aj«_4a;« + 2aj + 3)a^4- aj« — 3« — 2(1 

a;» — 4a;« + 2g + 3 
5x* — ox — 6 



-1)»« — 4a;» + 2aj + 3(« 

_3a;« + 3a; + 3 
— 3a;^+3a; + 3 

.-. G. C. D. = «« — a; — 1 



— 3 



0^ ..— a; -^ 



l)a^ + a;2 — 3a; — 2(aj + 2 



2x^ 
2x« 



3a; 

a; 
"2^ 
2a; 



2 
2 



.*. The fraction = ' .^ , Ans. 



10. 



3a: — 2 — 5-^ = 

2x — 1 

6x» — 4a; — 3z+2— 3 

2x— 1 

6a;« — 7a;— 1 



2x— 1 



, Ans. 



(a — 6) (a + 5) = a» — 6« 



11. 



a; + 3 



a; 4- 1 _ 



x" 



3«+2' «« — 5x + 6 



x + 3 



a; 4- 1 _ 



(x — 2) (a; — 1) ' (x — 3) (a: — 2) 

(g + 3)(^-3) (x4-l)(a;-l) 

(x — 1) (x — 2) (« — 3) ' (x — 1) (z — 2) (x — 3) ' 
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12. 

2a 4e 2a 4c 



a«-|-a — 6' o2 — 4""(a + 3)(a — 2)' (a — 2) (a -(- 2> 
2a (a + 2) 4c (a + 3) 



(a + 3) (a — 2) (a + 2) ' (a + 3) (a — 2) (a + 2) 



; Ans. 



(391.) 
1. 



2a , 3ar , 3^* + ^*' 



2a(a — x) + 3j(a + ar) -f-33^ + «* 



a3 — x« 



2a^ — 2az + 3ag+3a:^ + 3j* + a» 



a« — x« 



3a2 + aa:+6x« . 



2. 

7 7 (5a — 46) — 7(5a4-46) 



6a + 46 5a — 46 25a«— 166* 

— 566 



26 tt^-- 16 6« 



, Ans. 



3. 

a^+2ax + z' a« — 2ax + x» 

a — X a -j- X 

_ (g + x)« (g -I- X) — (g — x)« (g — x) 

a^ — x2 

_ (a8 + 3g2x + 3gxg4-x«) — (gg -^ 3ggx + 3gx»— a:«) 

a» — x2 



6a2x + 2x» . 
= ^g ^ 2 — > Ans. 



ga — x2 
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4. 



X — 7 X — 3 



12 



36o — 3ar+21— g + a 36a — 4g + 24 . 

— 12 "■ 12 ' ' 



5. 

3 + 2y . 16y — y« 2 — 3y 
2_y "T y2_4 24-y 

_ (3 + 2y)(-^y-2) + (16y-^y«)-.(2-3y)(y-2) 
— y2 — 4 

_ — 3y--6 — 2yg — 4y+16y — y^ — 2y + 4 + 3ya--6y 

y* — 4 

y^ — 4 y + 2' 



6. 

X X j^ a?* x{\ — x) — * (1 4" ^) — ** 

r+ar 1 — X ' x2— 1 1 — x3 

a? — x^ — g -- gg — g« — 3a:2 

— n=ri2 — Y^r;^' ^^^• 



7. 
2x — 6 a: + 2 a: + 1 



x2-|-3x-|-2 x2_2a;__3 a;2__a;_(5 

2z — 6 ar+2 x -^ I 



— (x + 2)(a:+l) (x-3)(x+l) (x - 3) (x + 2) 

_ 2 (a: — ^Y — (a: -f 2) (ar + 2) — (g + 1)« 

— (X + 1) (X + 2) (a: - 3) 

_ 2xg~ 12a;+ IS — ar^ — 4x — 4 — x«-~2x— 1 

(X + 1) (x + 2j (X — 3) 

— 18X+13 . 

— ' ^r-, Ans. 



(x+l)(x + 2)(x-3) 
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8. 

5a4-l . 3a— 1 6a + l 3fl — 1 

3a + 3 *"2 — 2a~3(a-f 1) 2(a — 1) 

_ 2(5a + 1) (g — 1) — 3 (g 4- 1) (3a — 1) 
— 6(a«-.l) 

10a» — 8a — 2 — 9a^ — 6a + 3 gg — 14 a + 1 

"" 6(aa— 1) — 6(a«— 1) ' ^^^- 

9. 

3a + l 26— 1 . 4c — 1 6rf+l 

12a 86 "^ 16c 24d 

_ 46cd(3a+l)— 6acrf(2 6— l) + 3o6d(4c — 1) — 2a6c(6d + l) 

48a6c(i 



iaiabed'^Abed — 'l2abed-\-^aed + 12abed — Zahd^12abcd — 2ab 



e 



^abed 



46crf-|-6acrf — 3a6(2-r— 2a6c . 

48a6c(2 ' ^®- 



+ 



10. 
1 



(a — 6)(6 — c) » (6 — fl)(a — c) (c — a)(c — 6) 

g — c-\- c — 6 — a-j-6 ^ . 

— (a — 6) (a - c) (6 — c) " "' ^'^®- 



(S»2.) 

\ a ) Tx ^ - y^ ' ^^®- 

2. 

4_x ^ 4^ 6^ 2x ^ 2 ai* z» . 

T "^ 46" ~ i ' 217* "^ S^ ~ 210* "" 21^' ^' 
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3. 

3a:* q + g Zx ^ a-^x c^^ d^ c — d 

ci« + x» ^ X ~a* — ax + x^'^ c + d^ (a+xf~ a+x' 

4. 

(»• + !?)('- ^ = »''- III. ^- 



6. 



* n n n*-f 1 . 

a . 1 ~ q + 1 "" a + 1 ' ' 



z + i 



n ' n n 



6. 



7. 

Cg — 2) (x — 1) (x ^ 4) (x — 3) g« (g — 5) _ x« . 
(x — 6) (x — 3) (g — 4) (g — 1) (g + 2) (g — 2) ~ i+2' ®' 



8. 

4g x2 — 3g-f- 2 



jBa — 5x4-6 * x2+2x — 3 

g»— •4g (g — 2) (g — 1) g>-~4z . 

(x — 3)(x— 2) • (x + 3) (g — 1) ~ ga — 9 ' ^^®' 
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9. 

"^ X _ ga — 7g4.12 _ (x — 3)(g — 4) _x — 4 

,Q 18~ xa + 3«— 18""(x + 6)(x — 3) x + fS 
X + 3-- 

10. 

1 1 l+x— l+x 



1— X l + x 1— g' _2x . 

1 . 1 — l+g+l-x — T — ^' ^*' 
1 — x"^l + x 1— x* 



(393.) 
1. 

13 a: — 20 = 5x + 44 
8 a: = 64 ; a: = 8, Ans. 

2. 

18a: + 15 = 24a: — 15 









3. 


— — ^1 ****w- 








3x 

4 


~ 2 


2 4x 


40 
8 


6 




6x 


' + 


4a: — 

3x 

b 

Sxe- 
(3c — 


8 4a: 

-2a:~ 

X = 

4. 

X 

c 
-fta:r- 

6)a:^ 
.If — 


+ 40 — 8a: 
: — 80 
: 40, Ans. 

m — c 

mbc — b<^ 
be {m — c) 

bc(m — c) . 


nn. 


48 



3c — 6 
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5. 

ax — • VI X = n — b 

n — b . 

X = , Ans. 

a — m' 

6. 

J3x — .02 — .003x = .7 — .06 a: — .006 
300a: _ 20 — 3x = 700 — 60x — 6 
357 x — 714 
X = 2, Ans. 

7. 

3g + g g ?=zzO 

3a + a: — 6a: — 6 = 

— 4a: = 6 — 3a 
3a — 6 



f Ans. 



8. 



-f 



a (6 — x) ' 6 (c — x) fl (c — x) 
5c — bx -{- ab — ax=.b^ — bx 

— ax=zb^ — ab — be 



a64-6c — 6^ . 
X = ■ , Ans. 



9. 
-f- de = ox 



6 — c ' e 



"" — eia^—ib + Sc)' ^^ 
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KET TO EUOIESTAST AICEBKA. 









10. 




K 


X- 


-1 


X — 2 X — 5 


X 6 






X- 


-2 


X — 3 X — 6 


X — 7 








x»- 


-4x + 3 — x*+4x- 
(x-2)(x-3) 


-4 X*- 


-12x+ 


35— i*+12r— 36 
-6)(x-7) 






— 1 




— 1 





(X — 2) (X — 3> (X — 6) (x — 7) 

a* — 13x + 42 = x* — 6x + 6 

36 = 8x 

- = a? = 4t, Aim. 



Fen^Sea^um. 






-1* 
-4 


7 6 13 
5 3~3 6 




21—25 6 — » 





15 



15 



4 4 •. 

-15 = -15^^^ 



(394.) 
1. 



(a) ^-y = l 

a — 22/ = 2 
xz=2 + 2y 
Substitute in (b), 

a: = 2 + 8 
ar=10 



(b) x-| = 8 

2a: 

4 + 4y 



— y 

— y 



16 
16 
12 
4 
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2. 

?4-? = 6 2a; 4-^ = 17 

5x + Sy = 75 6a: + y = 61 

75 — 3y 

X ^ 

5 

Substituting in 2d equation, we have 

450 — 18y + 5y = 255 

13y = 195 



x = e i 



3. 

(1) 0? + y + « = 12 From (1) take (2), 2y = 6 

(2) x — y + z = 6 y = 3 

(3) x — y — z= — 2 Sul). in (2) and (3) 

x + « = 9 
X — « = 1 
Adding, 2 a: = 10 ; x=z5 
Subtracting, 2 25 = 8 

« = 4 
x= 5, y = 3, « = 4, Ans. 

4. 
(1)1^^=7 

(2) ^^^ = 5 

Clearing of fractions, 

(1) 7a:— 9y = 21 

(2) x^ y=19 
7a:— 9y = 21 
7a: + 7y = 133 



— 16y = — 112 

y = 7 

x = 12, from (2) 
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5. 

Clear of fractions, 

(1) 3a: + y— « = 76 

(2) a: + y + 6« = 63 

(3) — 6a? + y = — 133 

(1) — (3) gives 9x— « = 209 

(2) — (3) gives 7 a: + 6« = 196 



54 a:— 62 = 1254 

7a: +62= 196 

61 X = 1450 

1450 
X = 



61 . 
From (3), -?^ + y = -lS3 

— 8700 + 61 y = — 8113 
61 y = 587 

_ 687 

rrom(l), 15^ + f-.= 76 

301 

a; = 23H, y = 9tf , z = — 4SJ, Ans. 

6. 

a , 6 ca . cb 

— — = m .*. = C711 

X ^ y X ' y 

c 1 c2 ca . da 

-H — =n .*. = ?ia 

X * y X ^ y 

cb — da cb» — da 

= cm — na y = 

y ^ cm — na 

Again, 



^ + ^ = rf^) 
X ^ y { da be 



=z dm — bn 

X X 



be , bd jr ( 

X ^ y ) 

da — hc=.x {dm — bn) 

da — be 

dm — bu 
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Proo/. 

-J i: — h tt: — t:: should = m 

da — be ' CO — da 
dm — bn cm — na 

a dm — abn ^^ bcm — biia 
da — 6c ' cb — da 

adm — abn — bcm -]- bna 

"^ da — be "" 



m. 



7. 





S — -?^_ — 20 

7 10 




l + ay-iu 


(1) 


lOa;— 7y = — 1400 


(2) 


a; + 12y — 636 


(1) 


a; — _140 + .7y 


(2) 


X — 636 — 12y 



(2) _ (1) gives = 676 — 12.7 y 

_6760 
y— 127 

(2) X = 636 - 12 (^) 

68072 81120 _ 13048 
■ 127 127 ~ 127 



X 
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8. 

X — ay ^ a*z=za* (1) 

x — by + Vz = ^ (2) 

X — gy 4* ^^ = «* (3) ] 

(1) _ (2) gives (^a)y + (a» — *«) « = a« — ft* (A) 

(2) — (3) gives (c — 6) y + (6' — c*) « = 6» — c» (B) 

(A) gives y — (a + ^) * = — «* — * ^ — ^* 

(B) gives y — (c-\'b) z = — b^ — be — c* 

(A) — (B) gives (c — a) « = c* + ftc — a* — ab 

= (c» _ a«) + ft (c — a) 

« = c -f- <^ 4~ ^ 

(A) y=(a-f.ft)« — a* — aft — ft« 

y = c (a + ft) + (a + ft)» — a« — aft — ft» 

= ca-f-^<?-f-**4"^*^4"^ — ** — *^ — ^' 
= c a -f- ^ <? 4" ^ ^ 

(1) gives X =^ ay '^ a* z -{- a* 

x^= a^e'\~ abe-\- a^b — a*c — a* — a*ft + ^' 
X = afte I 

y=zea-\'bC'\'ab > Ans. 

Substitute in (3) and prove. 



9. 

(1) Sx — Ay+ z = U 

(2) 6a;+ y— « = 84 

(3) g — 3y — 4g = — 80 

(1) + (2) gives 14 a — 3 y = 108 (A) 

(2) X 4 gives 24a; + 4 y — 4« = 336 
(3) gives g — 3y — 4g==— 80 
Subtracting, 23aj + 7y =416 (B) 
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Combine (A) and (B) 

98a; — 21y= 756 
69 a; + 21y = 1248 
167 a; =2004 

a; =12 

(A) gives 168 — 3 y = 108 

y=±=20 

(1) gives 96 — 80 + « = 24 

z = S 

a; = 12, y = 20, « = 8, Ans. 

10. 
a = y + « (1) 

b =zx-^z (2) 

o=^ + y (3) 

a — b=:y — x (A) Add (A) and (3) for y. 

c = y-\'Z (3) Subtract (3) from (A) gives 
a — 6 + c c — a + b 

— 2 — =y *= — 2^ 

Add (1) and (2) and we bave 

a-(-5 = a;4-y + 2«; but a; -j- y ;= o 

therefore, Jby substitution, ;» = "^ , Ans. 

(395.) 

1. 

a; = her age. 

ixaieTnent. 



X If x\ 



19 



^ = 19 

4 



X = 76, Ans. 
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2. 

X = niunber of apple-trees. 
3« = " " pear-trees. 
4(« — 4) = 3« — 4 
4aj — 16 = 3x — 4 

. X = 12 apple-trees, 1 . 
3a; = 36 pear-trees, j 



3. 

W 1 + 1 + 1 = ^2 

f2) ? 4- ? 4- i = 47 ( ^'^^^P^J^ ^^^ equation bj 
3 4 5 ( the denominator of x. 



(3) Z + | + s = 38 



6 ■ 6 

(1) « + |!+| =124 

(2) « + |y + |« = 141 

(3) « + ^y + |« = 152 

(2) - (1) gives y+^z = Vl (A) . 
(3)-(2) gives ly+l* = 11 (B) 
12 X (A)give8y+ 5« = 204 

a 

20 X (B) gives y + ?^« = 220 
Subtracting, 

— j8 =: 16 
15 



By substitution, J y = 60 > Ans. 



z = 120 ) 
60 [ 
24 ) 
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4. 

X = sum' left to each. 
By conditions, 

4 a; = what eldest had after seven years. 
« — 1000= " youngest " " 

4a5 = 5aj — 5000 
a; = $5000, Ans. 

5. 

X = number of men, y = number of widows. 

(1) 3x-\- 3y=lll 

(2) 2i « + 3 J y = $ 110 — .50 = 109.5 

(2) gives 13 a 4- 21 y = 657 

7 . (1) gives 21a; + 21y = 777 

Sx = 120 

ic = 15 men, ) . 

V Ans. 
y = 22 women, j 

6. 

X = number of cubic inches of copper. 
y= ." " " " tin. 
By conditions we have, 

(1) x+ y = 100 

(2) 5ia + 4j2/ = 505 

21aj + 18y = 2020 

18 a; + 18y = 1800 
3a; = 220 

x = 73 J 

y = 26| 
^ X 73 J = 385, copper. 
4i X 26§ = 120, tin. 

505, prool 
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7. 

(1) a; + 220= y+ « 

(2) y4-220 = 2aj + 2« 

(3) »-f 220 = 3a;-f 3y 

X— y— z = — 220 (1) 

— 2x+ y — 2z = — 220 (2) 

— 3g — 3y+ g = — 220 (3) 
Multiply (1) by 2, 2x — 2y — 2z = — UO (4) 
Add (1) and (3), _ 2a; — 4 y = — 440 (5) 
Subtract (2) from (4), 4 a — 3 y = — 220 (6) 
Multiply (5) by 2, _ 4a: — 8 y = — 880 (7) 
Add (6) and (7), — 11 y = — 1100 
Whence, y = 100 ) 
Substitute in (6)f x = 20 > Ans. 
Substitute in (1), « = 140 ) 

8. 

For every day idle he loses not only the wage of that day 
but also the forfeit. 

Let X = number of days idle. 

1.75 X = amount lost. 
36 — aj := number of days he worked. 
36 X 1*25 = sum he should receive. 
Or, $46 — 1.75 a; = 17 

— 7a; = — 28 

aj = 16 days idle, V^^^ 
36 — a; = 20 days of work, J 

9. 

X = number of days in which A can do the work* 
y u u « « 3 « « « 

- = part A does in one day. 
L ^ <* B '' '* " 

y 
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In 4 days they do r^ of it = -. 



10 



4 , 4 _2 

z ' y 6 

B does the rest, — = r 

' y 5 



4 

y 



20 



4 

X 



2 
5 



3^ 

20 



1 

4 



= 16, A's time, \ 
= 26§, B's time, J 



Ans. 



10. 



d = 



y 

d+y 

2d + y 

3(i + 3yor3((i + y) 

±00 {2d + y) + 10 {d + y)+y 

200 d + lOOy+lOd + lOy + y 



common difference, 
units figure, 
tens figure, 
hundreds figure, 
sum of digits, 
number. 



a 



it 



210d + llly = 
±QOy + Vdd + 10y + 2d + y= " reversed. 

llly + 12dz=i " « 



(1) 



StdteTfient, 

210<£ + llly 
3d + 3y 



= 41 



(2) 396 + 210^4- Illy 

(1) simplified gives 140 d -{-lAy 

(2) « gives —19Sd 

(2) gives d 
(1) gives — 280 + 7iy 

SSy 

y 
d + y 

2d + y 
Number 



llly + 12d 
Al{d + y) 



= 396 



__82 + 41y 

198 
6 
4 
2 

246, Ans. 
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11. 

na=^ distance travell^ by 1st before 2d starts. 

X = number of days 2d goes before overtaking 1st. 
a X = distance 1st travels in x days. 
na -\~ axz=z distance to be travelled by 2d, 

na -4- ax 

na -}- ax = bx 

na = {b — a) X 

na . 
X = ■: , Ans. 

— tt 

12. 
X = length, y = width, xy r=i area. 

(1) (^ + 5)(y + 4)=xy + 240 
^y + 5y + 4x + 20 = a:y + 240 

6y + 4a5 = 220 

(2) (ar — 4) (y — 6) = ar y — 210 
a: y _ 4 y — 5 ar + 20 = X y — 210 

4y + 5x = 230 
20y + 16x= 880 
20y + 25 a: = 1150 
9ar= 270 

X = 30 Length = 30 rods, 

y = 20 Width =20 « 5- Ans, 

X y = 600 Area = 600 sq. rods, 



(396.) 
1. 

V 37; — 27^^ Ans. (^j^j = ^j^5-^, Ans. 
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2. 



(ax + bf = a}^ + 2 aftaj + i»«) 



Ans. 



3. 



fl^a _[- 4 aa; -[- 4a;^ | a 4" ^ ^ > -^s. 



a^ 



2a + 2aj 4afl5 + 4a;' 
4 a a; -f- 4 «* 

a2«3 + 2 a ^o; + ft" |ag + ft , Ans. 



2aa5 + ft 2 abx -^ b^ 
2abx-\-b^ 



4. 



^_64aV = — 4aV,An8. v^i26"^8ftV = 5a ft V> Ans. 



5. 

(a + cc)* = a* + 4a«a + Ca^x'* -j. 4aa^ + a* 
(2a; + 3s^)» = 8a:» + 36aj«y + 54a;y3 + 27y» 
(a;2 _ 2»)6 = ajio _ 53.828 ^ lOx'g^ — 10a*«» + Sx^z"- 

/ y y* _i 3.v« 3.5.y* . 

(a + y)i = a;i(^l + 2j — 274^+2. 4'.6x8'"2. 4.6. 8a;*"*" 

(a + ft)n = a- + na-^ft+^^^^«-=ft' 

n(n— l)(ri-2) ._3 



»15 



...) 



+ 



2.3 



6»4-. .. 



(a_c)-«=i(i— :f 

1 /. 2e . 36" 4c« , 5c* , N 



224 KEY TO ELEMENTABT ALGEBBA. 

10. 

X — 1 X — 2 X — 6 X — 6 

X — 2 X — 3 X — 6 X — 7 

a;f^4g!4.3^a;« + 4a; — 4 _ xg— 12ar4-35 — ag«-|-12x— 36 
(x — 2) (« — 3) ~ (x — 6) (x — 7) 

— 1 —1 



(x_2)(x-3) (x-6)(x-7) 
a^a -. 13ar 4- 42 = a:» — 5a; + 6 

36 = 8ar 

- = a; = 4i, Ana. 



Verifteatum, 




?k 2i_-i 


-H 


^ li -li 


-24 


7 6 13 
5 3 3 5 




21—25 5 — 9 





15 15 

±— 4 A 
~15~~15' ^^^ 



(394.) 

1. 

(a) |-y = l (1)) «-| = 8 

a — 22/ = 2 2x — 2/ = 16 

x = 2 + 22^ 4 + 4y — y = 16 

Substitute in (b), 3 y = 12 

a; = 2 -j- 8 y ^=z 4 
ar = 10 
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2. 

--4-? = 5 2x4-?? = 17 

6ar + 3y=:75 6a: + y = 61 

75~3y 

aj ^s 

5 

Substituting in 2d equation, we have 

450 — 18y + 5y = 255 

13y = 195 



x = 6 ) 



3. 

(1) X + y + « = 12 From (1) take (2), 2y = 6 

(2)x — y + « = 6 y = 3 

(3) X — y — «= — 2 Sub. in (2) and (3) 

x + « = 9 
X — « = 1 
Adding, 2 x = 10 ; x = 6 
Subtracting, 22 = 8 

« = 4 
X = 5, y = 3, « = 4, Ana. 

4. 

(l)l^y=7 

(2) ^-^^ = 6 

Clearing of fractions, 

(1) 7x— 9y = 21 

(2) x+ y = 19 



7x— 9y = 21 
7x+ 7y = 133 



— 16y = — 112 

X = 12, from (2) 



226 KEY TO ELEMENTARY ALGEBRA. 

5. 



Clear of fractions, 








(1) 


3x-\-y— z 


— 76 




(2) 


* + y + 62 


— 63 




(3) 


-6« + y 


— — 


133 



(1) — (3) gives 9 a: — « = 209 

(2) _ (3) gives 7a: + 62 = 196 



64 a:— 62 = 1264 

7g + 6g= 196 

61 X = 1460 

1450 
X = 



61 

From (3), -^ + y = -133 

— 8700 + 61y = — 8113 

61 y = 687 

_ 587 

^ 61 

_. ,^. 4360 , 587 ^^ 

From(l), — + — -^ = 76 

_ 301 
*~ 61 
a; = 23H, y = m, « = — 4J}, Ans. 

6. 

a . b ca . cb 

— + - = m .'. — -t- — = cm 
X * y X * y 

c I d ca . da 

-H — = n .*. = 71 a 

X ' y a: ' y 

c6 — da cb* — da 

= cm — na y = 

y ^ cm — na 

Again, 

da . 6^ 



= dm I 

* y ' ^* ^^ — ^^ /i« 
. .1 /• :=ziam, — on 

^ + ^ = 6n ( ^ ^ 

da — bc=zx (dm — bn) 

da — be 



X 



dm — bn 



SUPPLEHEKTA.RT EXERCISES. 227 



Froof. 

-J j: h Th TT should = m 

da — be ' CO — da 

dm — bn cm — na 

a dm — abn ^^ bcm — 6 yt a 
da — be * cb — da 

adm — abn — bcm -^-bna 

"~ da — be 



fiu 



7. 





5_ii_ — 20 

7 10 




| + 3y_134 


(1) 


lOx 7y— — 1400 


(2) 


a; + 12y— 536 


(1) 


X— 140 + .7y 


(2) 


a; — 536 — 12y 



(2) — (1) gives = 676 — 12.7 y 

6760 



y = 



127 



(2) x = 536-12(^) 



_ 68072 81120 _ 13048 

^ 127 127 ~ 127 

, = ^ = 63* 
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12. 

2a 4c 2a 4c 



aa + a — 6' a« — 4 ~ (a + 3) (a — 2) ' (a — 2) (a + 2) 

2a(a + 2) 4c (a + 3) ^^ 

(a + 3)(a — 2)(a + 2)' (a + 3) (a - 2) (a + 2)' 



(391.) 

1. 



+ r^,+ 



+ * a — X ' a* — 



« — x^ 



_ 2a (g — g) + 3x (g 4- z) + 3ar« + a« 

o2 — x^ 

2a« — 2gx + 3gx + 3x« + 3x« + a» 
~ o« — x« 

3g* + ax + 6x2 

= -^ — -? , Ana. 

a* — x» 



2. 

7 _ 7 (5a — 46) —7 (5a + 46) 



6a + 46 5a 46 25a2 1663 




— 566 ^ 
25a2-1662' ^^^ 




3. 




a* + 2ax + x* a* — 2ax + x* 




a — X a + X 




(a + x)« (g + x) (a x)* (a — x) 




a-^ x2 


(a« + 3g2a: + Sax* + x^) — (a* — 3a«x + 3ax« — 


^) 


gs x2 




6a«x + 2x« . 
- a« x2 ^^^^• 
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4. 



X — 7 X — 3 



36a — 3x + 21~x+ 3 36a — 4a; + 24 . 

— T2 — 12 ' ^^' 

5. 

3 +2y . 16y — y« 2 — 3y 
2— y"t"2^2_4 2 + y 

_ (3 + 2y)(-^y~2)+(16y-y«)-(2-3y)(y-2) 

ya — 4 

_ — 3y-- 6--2y^ — 4y+16y — y« — 2y + 4 + 3y« — 6y 

ya — 4 

y--2 1 . 

= ~ = — ; — , Ans. 

y^ — 4 y + 2' 



6. 

X X j^ x^ x(l — x) — x(l -{- x) — X* 

l+X 1— X ' x^— 1 1 — x^ 

X — x^ — X — x^ — x^ — 3x2 



7. 
2x — 6 x-4- 2 x + 1 



x2+3x + 2 x2— 2x — 3 x2 — X— 6 

2x — 6 x + 2 x + 1 



(X + 2) (X + 1) (X - 3) (X + 1 ) (X - 3) (X + 2) 

_ 2 (x — 3)g ^ (g -I- 2) (x + 2) — (x + ly 

— (X + 1) (X + 2) (X ~ 3) 

2x2— 12x4- 18 — x^ — 4x— 4 — x« — 2x— 1 

~ (x+ 1) (x + 2; (X — 3) 

- -18X+13 
-(x+l)(x + 2)(x-3) ' ^''^' 
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8. 

5a + l ■ 3a— 1 _ 5a + l 3a — 1 

3a4-3"'"2 — 2a~3(a-|-l) 2(a— 1) 

_ 2 (5a + 1) (g ~ 1) ~ 3(fl + 1) (3a ->- 1) 
— 6(aa-l) 

10a« — 8a — 2~9a^ — 6a + 3 _ a^— 14a + 1 . 

~ 6(a«— 1) ~ 6(a2— 1) ^ '^^' 



9. 

3a + l 26 — 1 , 4c— 1 6d + l 

12a 86 "• 16c 24d 

_ 46cd(3a+l) — 6acrf (2 6 — 1) + 3a6(f (4c — l) — 2a6c(6d + l) 

48a6cd 

12otcrf + 4ftcrf — 12 aftcrf + 6 acd 4- 12 atcrf — 8a>rf-—12a6cd-—2aftc 

4Sabed 



4hcd '^- 6acd — 3abd ^- 2ahc . 

4Sabcd ' ^^' 



10. 

1 , 1 1 

(a — 6) (6 — c) "•" (6 — a) (a — c) (c — a) (c — 6) 

a — c -\- c — 6 — a + 6 ^ . 

— (a — 6) (a - c) (6 - c) "" "' ^^®- 



(3920 

/ a« — g« \ («g + gg) a«z« _ X (q* — X*) . 
\ a ) ax 2/2 3/2 ' ^ * 

2. 

4a:^4«2 6^ 2x ^ 2 ax* x» . 

T'^46"~«' 21^8 "^ ^a ^ 2102 "" STa' • 
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3. 

3a:* a + x 3a? ^ a-{-x c* -- d^ c — J 

4. 
(3. + i^(3.-^ = ..._--J^ 



5. 



» -| ' 



n n n*-f 1 . 

1 — a + l — T+T' ^*- 



n * n n 



6. 

7. 

/ x« — 3x + 2 \ (gg — 7x+ 12) / 3*-^bx^ _ 
yx^ — Sx + lb) (x« — 5x + 4) Vx« — 4/~" 

(x — 2) (x — 1) (x ~ 4) (x — 3) x^ (x — 5) x» . 

(x — 5) (x — 3) (x — 4) (x — 1) (x -f. 2) (x — 2) ~ J+2' 



8. 

x« — 42 x^ — 3x4-2 

aBa_5a._|_6 • a2 + 2x — 3~ 

x« — 4z (x ~ 2) (x — 1) x» — 4g . 

(x — 3)(x— 2) • (a; + 3)(x-.l)— x« — 9 ' ^^®' 
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10. 

X — 1 X — 2 X — 5 X — 6 

X — 2 X — 3 X — 6 X — 7 

g« — 4a;-},3 — g«4-4x — 4 __ j8~i2x + 35— -x' + lgx — 36 
(x — 2) (x — 3) ~' (x — 6) (x — 7) 

— 1 —1 



(X — 2) (x — 3; (X — 6) (x — 7) 
x' — 13x-\-42 = x' — &x + e 

36 = 8ar 

- = X = 4i, Ans. 



Fer(^!<»i<M>n. 




H H -i 


-li 


2i li--li 


-^ 


7 6 13 
5 3 3 6 




21—25 6 — ft 





15 15 

~15~~16* -^®- 



(8940 

1. 

(a) |-y = l (b) x-l = S 

a — 2y = 2 2x — y=z=16 

a: = 2 + 2y 4 + 4y — y=16 

Substitute in (b), 3y = 12 

x=2+8 y=4 
a: = 10 
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3 ' 5 ^* ' 3 



6ar + 3^ = 75 6a: + y = 61 



75-3y 
5 



Substituting in 2d equation, we have 

460 — 18y4-5y = 265 

13 y = 195 



x = 6 ) 



3. 

(1) X + y + « = 12 From (1) take (2), 2y = 6 

(2)a: — y + « = 6 y = 3 

(3) x — y — z=z — 2 Sub. in (2) and (3) 

x + « = 9 
x — « = 1 
Adding, 2 x = 10 ; x = 5 
Subtracting, 2z = S 

« = 4 
x = 5, y = 3, ;s = 4, Ans. 

4. 

(1) I?^^ = 7 

(2)^-^ = 5 

Clearing of fractions, 

(1) 7x— 9y = 21 

(2) a:+ y = 19 



7x— 9y = 21 
7ar+ 7y = 133 



— 16y = — 112 

X = 12, from (2) 



i 
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5. 

Clear of fractions, 

(1) Sx + y— « = 76 

(2) a: + y + 62 = 63 

(3) — 6a? + y = — 133 

(1) _ (3) gives 9 ar — « = 209 

(2) — (3) gives 7 a: + 6z = 196 



64 a:— 6z = 1264 

7g + 62= 196 

61 a: = 1460 

1450 

^ = -6r. 

From (3), _?^ + y = _133 

— 8700 + 61 y = — 8113 

61 y = 687 

_ 587 

^ 61 

_- ,^v 4360 , 587 ^^ 

From (1) , -gp + — - « = 76 

301 

a; = 23|1, y = 9Jf , « = — m, Ans. 

6. 

a , 6 ca , c6 

— + - = m .*. — H = cvi 

X * y X * y 

c . d ca . da 

-H — = n .'. z=z7ia 

X ' y a: ' y 

ch — da cb» — da 

= cm — na y = 

y ^ cm — na 

Again, 

da , bd 



?^ + ^ = e«m), , 

be , ba r_ I X X 

X ' y / 

c^a — 6c = a: (c?m — ftn) 

da — he 

dm, — bn 
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Froof. 

da — he ' CO — da 
dm — bn cm — na 

a dm — ahn ^^bcm — 6?ta 
da — be * cb — da 

a dm — abn — bcm 4- hna 

= J T = »t- 

da — be 



7. 





5_ii= — 20 

7 10 




2 + 3y_134 


(1) 


lOx 7y— 1400 


(2) 


a; + 12y — 536 


(1) 


X — — 140 + .7y 


(2) 


a; — 536 — 12y 



(2) — (1) gives = 676 — 12.7 y 

6760 



y = 



127 



(2) x = 636-12(^) 



_ 68072 _ 81120 __ 13048 
^~ 127 127 ~ 127 

, = ^=53* 
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8. 

X — ay '\- a*z^=: a* (1) 

x — by + b^»=:b^ (2) 

X — cy -\- c^z = c* (3) 

(1) — (2) gives (b — a)y+ (a' — b^)z = a* — h^ (A) 

(2) — (3) gives {c — b)y+ (b^ — e^) z=b^ — <^ (B) 

(A) gives y — (a -|- 6) « = — a* — ab — b^ 

(B) gives y—(c-\-b)zz=z—b''—bc—(^ 

(A) — (B) gives (c — a) z = c^ -\- be — a* — ab 

= (c' — a^)+b(c — a) 
z := c '\- a -{- b 

(A) y=(a + b)z — a* — ab — l^ 

y=zc(a-^b)'\-(a-\-by — a* — ab — 6^ 
= ca + bc + a^ + 2ab-{'b^ — a^ — ab — b^ 
= ca -j- ftc + a6 

(1) gives x=z ay — a^z-]- a* 

X = a^ c -\- ab e -{• a^ b — a'c — a* — a*6-|-a* 
X = abc I 

yz=ica-\-bC'}'ab > Ans. 

Substitute in (3) and prove. 



9. 

(1) 8a; — 4y+ « = 24 

(2) Qx+ y— z = M 

(3) g — 3y — 4g = — 80 

(1) + (2) gives 14 a; — 3 y == 108 (A) 

(2) X 4 gives 24aj + 4y — 4» = 336 
(3) gives a;_3y — 4g = — 80 
Subtracting, 23x + 7y =416 (B) 
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CJombine (A) and (B) 

98x — 21y= 756 
69aj + 21y = 1248 



167a! 


= 2004 


X 


= 12 


(A) gives 168 — 


3y = 108 
y — 20 


(1) gives 96 — 80 + « — 24 

« = 8 


as — 12, y — 20, 


j8 = 8, Adb. 


10. 

a = y + « (1) 

* x + z (2) 

e—x-\-y (3) 

a — b =1/ — X (A) 

c — y + x (3) 


Add (A) and (3) for y. 
Subtract (3) from (A) gives 


a — 6 + c 

2 y 


c — a + 6 
X — — 

2 



Add (1) and (2) and we have 

a-\'b = x~\-y~\-2z'j but a; + y ;= c 

therefore, Jby substitution, z = ' , Ans. 



(S950 

1. 

X = her age. 



X If x\ 

*-2-2(*-2J = 



19 



7 = 19 

4 



X = 76, Ans. 
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6. 

(1) 23^ + xy — 5y' = 20 

(2) 2g — 3y = 1 

From (2), ^ = — g — 

14.6y + 9y* + y + 3y»-10y* = 40 

2y* + 7y = 39 

. . 7 39 

Gompleting the square, 

. . 7 . ^^39 49 

tr-r ^y-r iQ— 2 ^i6 

312 + 49 ^361 

" 16 





16 


Extracting root. 


,7 .19 

y + 4-± 4 


V 


19 7 - 

y-4 4-3 


or 


19 7 26 
— 4 4 4 




13 \ 




X = 6, or ^ j 



13 



7. 

(1) x^ — xy = 54: 

(2) xy — y^ = 18, or (x — y)y = 18 
(1) — (2) gives aj« — 2xy + j^ = 36 

Extracting root, x — y = ± 6 

Substitute in (2) factored gives 

± 6y = 18 

y=±3 JAns, 

«== ± 6 ± 3= ± 9) 
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8. 

a? — 9y* = 63 

2 ^ 

aj = — 4y 

16y» — 9y» = 63 
7y*=:63 
3^ = 9 

y= ±3 



= ±3 } 



Ans. 



9. 

3a5* + 4y« =76 
lla;^ + 3y' =4 
9«»-f 12y2 = 228 

53x' = 212 
aj« = 4 



«= ± 2) 
y=±4j 



Aba. 



10. 

3y» — a;» = 39 (1) 

a;» + 4gy + 4y« = 256 (2) 

From (2), x + 2 y = ± 16 (3) 

First, a; = 16 — 2y (4) 

Substituting in (1), we have 

3y" — 266 + 64y — 4y* = 39 



That is, 




y» 64y— 296 


Or, 


y* 


— 64 y + 1024 = 729 


Whence, 




y — 32 = ± 27 
y — 32 ± 27 
= 69, or 6 
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Whence by (4), x = — 102, or 6 

Again, by (3), a; = — 16 — 2 y (6) 

Substituting in (1), 

33^ — 256 — 64y — 4y«-= 39 

That is, 3^-l-64y = — 295 

Or, y» + 64y + 1024 = 729 

Whence, y + 32 = ± 27 

y = — 32 ± 27 

= — 5, or — 69 

Whence by (6), x = — 6, or 102 

Hence, * ~ _i. k' ^' ^ kq 1 ^^' 

y = ± 5, or qp 59 3 

11. 

(1) aj» — y» = 19 

(2) iB«y — ay» = 6 
Multiply (2) by — 3 and add to (1), 

aj» — 3aj»y + 3ajy« — y» = l 

(a: — y)» = l 

X — y = 1 

From (2), xy {x — y) = ^ 

/. a;y = 6 

By comparison, a; = 1 + y 

_6 

~ y 

1 4- y = -, or y« + y = 6 

Completing square and extracting root, 

y = 2, or — 8 



= 2, or — 8 1 
= 3, or — 2 ) 



Ana. 
as " 
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12. 

(1) x^ + f = 25 

(2) xy = 12 

Multiply (2) by 2, add to (1), a;« + 2xy + y» = 49 
Subtract 2xy from (1), x^ — 2xy -\- y^=l 
Extract square root in each case, x -\- y = ± 7 

X — y = ± 1 
Adding, 2aj=±7±l=±8, or±6 

Whence, a? := ± 4, or ± 3 1 ^i 

Then by (2), y=±3, or±4j 



(403.) 

1. 

By the conditions, as* — y* = 117 (1) 

x = 2iy 

Whence, from (1) we have 126 y* — 8 y* = 936 

117 1^ = 936 

aj = 2iy = 5l^'''- 

2. 

Let a; = one, y = the other. 

ay = 750 

y — 2 

7 
ajy = |y« = 750 

a_ 1500 
^ ~ 7 






254 KEY TO ELSMBNTABT ALGEBRA. 

3. 

aj» — y« = 25600 
as : y = 5 : 3 
6y = 3aE 
3 

^ 25 

«s_±aj« = 25600 
l|x» = 26600 

la! = 160 
o 

4aj = 800 



a; = 200) . 



4. 
X = thickness. 
6 06 = height. 
40 a; = length. 
200 X* = 5400| cubical contents. 
^• = 27 

a; = 3, thickness, 
6 05 = 15, height, Y Ans. 
40 a; 



= ^1 

= 3, thickness,^ 
= 15, height, r 
= 120, length, ) 



6. 

X = speed of coach. 
6 = distance. 
X — 5 = student's rate. 

- := time of coach. 

X 

- + — r = time of student. 

X ' 60 

^ « u 

* — 6 ~ 
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« + ?= « 

>m 1^ ft 



X 



a: ' 6 X — 6 
aj« — 6aj = 36 

. ^ , 25 144 , 25 

5 _ 13 

*~2 — =*= T 

OS = 9 miles per hour, Ans. 

6. 

X = cost. 
GoBt -|- gain = selling price. 

= rate per cent. 



100 
100 



= gain. 



05 4--^ = 839 
•^100 ^ 

x^ + 100 aj = 3900 

iB« + 100 a; + 2500 = 6400 

a 4- 50 = 80 

X = 30, Ans. 

7. 

Let X =±: number bought. 

X — 2 = " received. 

12 cents = sum expended. 

12 

— = market rate per peach. 

= rate paid. 



x — 2 

Also, -+i= " " 

' « ' 15 

12 _12 , J_ 



a: — 2 a: ' 15 
180 a: = 180 a: — 360 + a:* — 2a: 
a:« — 2 a: = 360 
««_2a:+ 1 = 361 
a: — 1 = ± 19 

X = 20, number bought, ") 4^ 
X — 2 = 18, " received, j 



256 
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9 
5 



2 ^ {L25) — 6 X (. 75) = ♦ 22 

44 

' 5 

961 
" 100 



x«-?x 
5 



81 
100 



«»— -x + -^ = ^ + 

"* It I l<lf% li I 



44 
5" 



81 



100 



_ A 
* 10 



10 



a; = 4ft. 



32 aqnaie feet in minor. 
$40, cost of mirror. 

$40 — $22 = $ 18, cost of frame. 



9. 

X = immber of yds. bought. 
$1.12 = price paid. 
112 



100 z 


CUBlr per J 


"ani lu uou 


lani 


112 








100 
x+1 


— supposed 


cost. 




112 


112 


2 

100 




lOOx 


100 (x + 1) 




112 aj + 


112 112 a! 


= 2aja + 


2x 




«» + « 


— 56 






«« + a: + l 


225 

4 






X 


2 


15 
2 



= 7 



Ans. 7 yds. at 16 cents per yd. 



SUPPLEMENTABY EXEBCISES. 257 

11 

X = side of larger field, 
y = " smaller " 

(1) 4aj + 4y = 200 

(2) x^ + y^ = 1300 
(1) x-\'y=z50 

Squaring (1), x^ + 2ajy + y«= 2500 

Subtracting (2), 2xy = 1200 (3) 
Subtracting (2) from (3), x^ — 2 aj y + y* = 100 

Whence, aj — y = 10 (4) 

Adding (1) and (4), 2 aj = 50 + 10 = 60 

Whence, a; = 30 

Then by (1), y = 20 

Therefore, cost of larger field = 900 X 2 J = 8 2025, 
And cost of smaller = 400 X 2 J = $ 900, Ans. 

12. 

X 80 X 

M 1 1 ■ N 



2 « -f" 30 = whole distance. 



X 



Since A travels B's distance, x, in 4 days, his rate is -, and 

for like reason B's rate = —^ — • 

Since t}ie law of locomotion is 

Distance = Time X Rate, 
and they travel the same time before meeting, 

A's time = B's time. 

Hence, tS^+m = ^^ 

' X a?+30 

4(aj + 30)2 = 9a;» 
Extracting root, 2 aj + 60 = 3 a: 

60 = a; 
2 » + 30 = 150 miles. 

-J- = 15 miles, A's rate. 
— ^ — = 10 miles, B's rate. 
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(104.) 
1. 



(1) 


l = a + {n — l)d 




(2) 


8=}(a-\.l) 




Given 

By (1), 


n = 7, a 5, d 3, to find I, 
i— 6 + 18 — 23, Ana, 




2. 




Given 


o = j, d= j^, 8= — 


3 
2' 


to find number of terms. 


(3) 


By (2), 


-I = i(3- + ') 


(4) 


Substituting from (3) in (4), we have 

^-""U 12 J- 4 "12 

Then, n« — 9 w = 36 

n«-9n + ^ = 36 + ^ = 


225 




9 . 15 
"" 2-±2 

9 ^ 15 
'^ 2^ 2 - 


L2, Ans. 




3. 




Given 

(1) 

(2) 


a = 3, » — 20, iS=440 
l = 3 + 19d 
440 = 60 + 190^ 
d — 2, Ans. 


• 



4. 



(1) Z = 1 + (15 — 1) 5 = 71, last term, 
1£ 
2 



5 = ^ (1 4- 71) = 640, sum 



ast term,^ 

[ Ans. 
of series, V 
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5. 
Given rf=6, » = 6, 5=321, 

to £nd first and last term. 

Xjet X = 1st term, y = last term. 

"We then have from the formulas, 

y = a + 26 
321 = 3(x + y) 

Solution, 

321 = 3a: + 3a5 + 76 

246 = 6aj 
41 = a 
y = 41 4- 26 



= 66}^^- 



6. 

Given a = 3, ^ = 42f, d = 2 J, 

to find S and n. 

(1) 42§ = 3 + |n-I 

n = 18, number of terms. 

(2) 5=^(3 + 42S) 

= 9 X ^§ = 4H> sum of the terms, Ans. 

7. 
In the following examples use 

(1) Z=ar»-* 

(2) ^=<^) 
(1) 128 = a 2«-^ 

Hence, 32 a = 128 

a = 4, Ans. 



260 K£Y TO ELEMBNTABT ALGEBRA. 

8. 

To find r when a=z2, 1 = 4374, n = 8. 

4374 = 2 7*-^ 
r^ = 2187 
r = 3, Ans. 

9. 
Oiyen a = i, lz=z 128. n=z5. 





a =: 


1 

'2' 


► 


128 
.^ 

r. 


— 


128, 

256 
16 

±4 


or, 






2, 

2, 




8, 
8, 


32, 
-32, 



}Ans. 



10. 

Find the value of .1212 to infinity. 

This is a circulating decimal, and may be expressed 

12 12 . . „ .. 

loo ' 10000 ^ '""^'^y- 

22^ _ J_ 

^ 100' ^ KK) 

S=^^ (Art. 345) 



o_i2 _^ (. l\ 

'^"loo • \ i<x)y 

12 ^^ 100 12 4 . 

— y — = — = — , Ans. 
100 "^ 99 99 33' 
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MISCELLANEOUS EXERCISES. 



(405.) 

1. 

See page 24. 



2. 

a + b a — b a (a + 6) — 6 (a — 6) ga + 6« 

6* ab ~ ah^ ~ a6« 

a«+y 1 _ oa + 6a 

gg^^a a— & _ a^ + fc' ab _ a« + 6« . 

a«6« • ab ~ a^d* '^ a — 6 "" aft^ (a — 6)' ^^' 

3. 

jB«_12a;4.36)fl:»— 2«*— 19aj + 20 (a; + 10 

a;» — 12a;'+ 35a; 

lOaj^— 54a; + 20 

10a;a_ 120 a; + 350 

66 a; — 330 

a._5)aja — 12a; + 35(a; — 7 



x^ — 5 a; 





_ 


7a; 
7a; 


+ 35 
+ 35 


X 


2x^ 

— 7 


• 19a; + 20 



G. C. D. = a; — 5, Ans. 



a.*_2a;» — 19x2+ 20a; 

— 7a;« + 14a;' + 133a; — 140 
a.4 _ 9a;» — Bx" + 163a; — 140 = L. C. M., Ans. 
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3a — 30 3a» — 9a + 9a— 27 — 3fl + 30 

a-|-3 a-f- 3 
3a« — 3a + 3 . 

— — ST3 ' 



5. 
See page 103. 

6. 

Clearing of fractions, 3aj — 9 + 2a; = 120 — 3aj — 57 
Transposing and uniting terms, 8 a; = 72 
Whence, » = 9, Ans. 

7. 
Let X = their income. 

Then — = the deht which A contracts in two years, 

7 

and — = the amount which B saves in two years. 

5 



By the conditions, 


2x 2x 32 

5 7 




Dividing hy 2, 


»-?-'« 




Clearing of fractions, 


7a;— 5a; — 560 


\ 


That is. 


2a; — 560 




Whence, 


X — 280, 

8. 
See page 132. 


Ans. 
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9. 

Let X =^ the number of days he was idle. 

Then a — x = the number of days he worked. 
By the conditions, b (a — x) — cx = d 



That is, 




ah — hx — cx^=d 


Transposing, 




ab — d — bx -\- ex 


That is, 




X (b -]- c) ab — d 


Whence, 




ab d , 
-\- c 

10. 


Let 


X 


— the number of persons. 


and 


y 


— the sum of money divided. 



h 


y y ^ 

a; + 3 X 




y y . 1 

X 2 a: ' 



Then - = what each received. 

X 

By the conditions, ^ J^ ^ = | — 1 (1) 

(2) 
Adding (1) and (2). -^ + -A_ = |( (3) 

1 12 

Dividing (3) by y, ^^J^ + J—^ = ^ 

Clearing of fractions, 

aj^ — 2aj + «« + 3aj = 2a;* + 2aj — 12 

Transposing and uniting, — x = — 12 



Whence, 


aj — 12 


Substituting in (1), 


y y I 

15 12 


That is. 


^ - 1 

60 


Whence, 


y 60 



* r Number of persons = 12. 
I Each received $ 5. 
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(4M.) 
1. 

(a — a) (x + a) («« + a«) = (x^ — a") (x^ + a«) 

z=zx* — a*, Ans. 

2. 

aj — 3)aj^— 7aj + 12(aj — 4, Ans. 
ar' — 3a; 

— 4a: + 12 

— 4a; 4- 12 

3. 

a.«-(-4aj4-8)a;*4-64(a;« — 4x + 8, Ans. 

a;*4-4a;»+ 8a;^ 
— 4a;»— 8a;2 + 64 
• _4a;« — 16a;^ — 32a; 



8a;« + 32 a; + 64 
8a;« + 32a; + 64 



4. 



4(a+6)« _ 4(a + 6)(a + 6) _ 4(a + ft) 

6 (aa — 6*) ~ 5 (a + 6) (a — 6) ~ 5 (a — 6)' ^"®' 

5. 

, 3a , 2ax g (o + a;) + 3 a (g — g) + 2 a a? 



a — a: ' o + a: ' a*— a:* o* — a:* 

a» + gx + 3a' — 3aa; + 2ax 

"" a^ — x^ 

, Ans. 



a^ — x2 



Given 



6. 

X — 5 a: + 5 



7 9 

Clearing of fractions, 9a; — 45=7a; + 36 
That is, 2 a; = 80 

Whence, x = 40, Ans. 
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7. 

Let ^ X = number of lbs. of the latter sort. • 

Then 50 -f- 2; = " " in the mixture. 

By the conditions, 50 X 60 + 25 a; = 50 (50 + aj) 

That is, 3000 '^25x=: 2500 + 60 a? 

Transposing and uniting, 500 = 25 a; 

Whence, x = 20, Ans. 



8. 



Given 


4-' + «^' = 9 


(1) 




1+4-'-" ■ 


(2) 


From (1), 


2x + 2y + Sy 3a; = 54 




That is, 


6 y — X 54 


.(3) 


From (2), 


9aj + 2a; + 2y — 90 




That is, 


11a; + 2 y — 90 


(4) 


Multiplying 


(3) by 11, bBy 11a; — 594 


(5) 


Adding (4) ; 


and (5), 67 y — 684 




Whence, 


y — 12 




Substituting 


in (3), 60 — a; — 54 




Whence, 


a; = 6 





(a: = 6. 

■ (v = 12. 



Ans 

'y 



9. 

Let X = the length of the floor, 

and y = its breadth. 

By the conditions, (a; + 3) (y + 2) = a; y + 64 (1) 

(x + 2)(tf^3)=xy-{^6S (2) 
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From (1), «y4-2jp + 3y + 6 = a?y + 64 

Thatis, 2x4-3y = 58 (3) 

From (2), a?y + 3x+ 2y + 6 = ary + 68 

That is, 3x + 2y = 62 (4) 

Multiplying (3) by 2, 4aj + 6y = 116 (5) 

Multiplying (4) by 3, 9« + 6y = 186 (6) 

Subtracting (6) from (6), 5 a; = 70 

Whence, a? = 14 

Substituting in (4), 42 -f 2 y = 62 

That is, 2f/ = 20 

Whence, y = 10 

j^ ( Length = 14 ft. 
* I Breadth = 10 ft. 



Given 



10. 
2g+ 11 c g — 5 



3 

Clearing of fractions, 6ar-|-33 = 16a; — «*-|-5ar 

Transposing and uniting, x^ — 14 a? = — 33 
Completing the square, a?^ — 14 ar -f- 49 = 49 — 33 = 16 
Extracting the square root, x — 7 = ± 4 
That is, a: = 7 ± 4 

Whence, x = 11, or 3, Ans. 

(407.) 

1. 
x + y X — y _ (x + yy — (x — yy 

x — y ar + y ar« — y^* 

_ g«-f2ary + y« — g« + 2a:y — yg 

a;« — y« 

4a;y . 

= —1, — ^» Ans. 
a:* — y2' 
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2. 

a + 6 a — h 

2 ""3~"_ 3(a+6) 2(a — 5) 
a — h a + h ~ 2 (a — 6) 3 (a + 6) 

3 2 

_ 9 (g + 6)« — 4 (g — 5)« 
~ 6 (g« — 62) 

_ 9g«+18g6 + 9y» — 4g« + 8g6 — 46« 

— 6(g2 — 62) 

_ 5g« + 26g5 + 562 

— 6(g*-62) ' ^®' 



& 

X X 2x 2a:* 

51 _y _ 16 _ 80 
X X 3x 16a? 



Given 

6a:+18 ,^ 11— 3x ^ -o 13 — x 21— 2x 

! 4a z=z ox — 48 — 

13 ** 36 12 18 

Clearing of fractions, 
216 a; + 648 — 2262 — 143 + 39 a; 

= 2340 a; — 22464 — 607 + 39 a; — 546 + 52a; 

Transposing, 
216 a; + 39 a; — 2340 a; — 39 a; — 52 a; 

= _ 648 + 2262 + 143 — 22464 — 507 — 546 

Uniting terms, — 2176 x = — 21760 
Whence, x = 10, Ans. 
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6. 

^, ^ Ax — a , 2x + 2a , 2x+2a 
Given o* r = m + n 

Clearing of fractions, 20 hex — 16 ex -\~ A ac'{- 2 hex '\- 2 ahc 

^^Amhc-^Anhe — %hx — %ah 

Transposing and uniting, 22hcx — \6cx -^-^hx 

= 45cm + 4ic» — %ah — 4ac — 2abe 

Dividing by 2, (11 ft (? — 8c + 45)a; 

:=.2hcm-\-2hen — Aah — 2ac — abc 

•-y, ^hcmA-^hcn — 4a6 — 2ac — abc . 

Wnence, x ^ — rrrr — j—j-r , Ans. 

' 1166 — 86 4- 46 



6. 



Let X = amount given to a man, 

and y = " " " woman. 

By the conditions, 5 a: + 7 y = 46 (1) 

x+ y=8 (2) 

Multiplying (2) by 5, 6 « + 6 y = 40 (3) 

Subtracting (3) from (1), 2 y = 6 

Whence, y = 3 

Substituting in (2), dp -j- 3 = 8 

Whence, a? =: 5 

(To the men, % 25. 
Ans. < 

( " women, $21. 

7. 

Let AT = tne number. 

By the conditions, 3^4- 12 — 54 = 144 — 3ar 
Transposing and uniting, 6x=z 186 

Whence, x = 31, Ans. 
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8. 



Let 


X = amount of his money. 


Then, 


--- is lent at 5 per cent, 




and 


—- at 6 per cent 



By the conditions, ^ X ^^ + g X 100 = ^^ 


Seducing, 


3x 3x _ 
160 ~ 80 


Clearing of fractions, 3 a: + 6 a: — 23040 
That is, 9x = 23040 


Whence, 


ar — 2660 


Then, 


^' = 960 




and 


^^ — 1600 






A f 1 960, at 5 per cent. 

Ans. ■< ^ ' * 

( $ 1600, at 6 per cent 




9. 




See page 132. 




10. 


Given 

• 


4a? + y = 34 
4 y + 0? — 16 



(1) 

(2) 



1st By Substitution. 

From (1), y = 34 — 4« 
Substituting in (2), 136 — 16 a? + a: = 16 

Whence, — 16 a: = — 120 

Or, . « = 8 

Substituting in (1), 32 + y = 34 

Whence, y = 2 
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2d. By Comparison. 

Fioro(l), y = 34 — 4x (3) 

From (2), 4y = 16 — « 

16 — X ... 

Or, y = — ^- W 

16 — X 
Equating (3) and (4), 34 — 4a; = —j— 

Clearing of fractions, 136 — 16 « = 16 — a: 
Transposing and uniting, — 16 jr = — 120 
Whence, ar = 8 

Substituting in (3), y = 34 — 32 = 2 



r x = 8. 
lv = 2. 



Ans 



(«8.) 



1. 



?. • ^ _ * y 1 — i^ Ana 



As to the reason, see Art. 140. 



2. 



To reduce a fraction to its simplest form. — If the numera- 
tor and denominator be divided by their greatest common 
diyisor, the fraction will be reduced to its simplest form. 



3. 

In the addition of fractions. — If the least common multiple 
of the denominators be found, it will be the least common 
denominator of the fractions. 
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4. 

-\'2be + 2bd-^2cd, Ana. 



6. 

X -^Za ^^x — 2a 4ab 

26 — a;"'26 + a;~462 — x« 

(g + gg) (26 + ag) + (g — 2a) (26 — a;) — 4a6 

26a; + g^ + 4a64-2aa;4- 26g — g^—- 4a6 + ^^^ "" ^^^ 

4ax--{- 4hx — 4ab 4'x(a-^h) — 4 ah 

— 462 — ga — 462 — ga 

Putting in this, a; = , , , we have, 

4a6 — 4a6 ^ . 

= 0, Ans. 



46»- »**' 



Given 



Transposing, 



(a + 6)2 

6. 

6g + 7 2g — 2 2g + 1 

15 7 a; — 6"" 5 

6g + 7 2^4- 1 2g — 2 

15. 5 "~"7« — 6 

Adding the fractions in the first member, 

6x+ 7 — 6a;— 3 2g — 2 

16 ~7a; — 6 - 

T» , . 4 2a; — 2 

Reducing, - = ^-— ^ 

Clearing of fractions, 28 x — 24 = 30 a: — 30 
Transposing and uniting, — 2 a: = — 6 
Whence, a; = 3, Ans. 
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7. 

Let X ^ number he buys. 

2x 
Then, -r- = amount he pays for them. 



By the conditions, -X 2 + 2 '^3~"6""'"'^ 

jg /g 2 X 
Reducing, 4 + 6 ~ T + "^ 

Clearing of fractions, 15 x + ^^ * = ^^ * "t" ^^ 
Transposing and uniting, x = 60, Ans. 



8. 

Given a:» + y» = 91 (1) 

X +y =7 (2) 

Dividing (1) by (2), x» — ary + y» = 13 (3) 

Squaring (2), x» + 2 a: y + y« = 49 (4) 
Subtracting (3) from (4), 3a:y = 36 

Whence, ary = 12 (6) 

Subtracting (5) from (3), 

05* — 2xy-\'i^=^l 

Extracting the square root, x — y = ± 1 (6) 

Adding (2) and (6), 2a:=7±l = 8, or6 

Whence, a: := 4, or 3 

Subtracting (6) from (2), 2y = 7 q: 1 = 6, or 8 

Whence, y = 3, or 4 

I x = 4, or 3. 

I y = 3, or 4. 
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9. 



4>^ 
2v'2 



21 v2 
6v^2 



V^i28 = '^64X 2 = \^ X V^ : 

V^686= ^^343 X 2 = v^43 X ^ = 

^ = >^8X^ = ^ X ^ : 

7 ^^ = 7 ^^27 X 2 = 7 v^ X '^?^ = 

3 ^ = 3 i?^83r2 = 3 ^ X V^ : 

^^m = v^2i6 X 2 = v'Siex '^ = 

Adding, we hare, 

(4 + 7 + 2 + 21 + 6 + 6) V2 = 46 V2, Ans. 

10, 

V6 — V2 ~ (V6 — V2) (V^+ a/2) ~ ^ "~ ^ 

\/^+ V2 



• • • 



5.000000 I 2.236+ 
4 



2.000000 1 1.414+ 
1. 



42 : 


100 
84 


443 


1600 
1329 


4466 


i 27100 
26796 



24 


100 
96 


281 


400 
281 


2824 


11900 
11296 



»« ,. 2.236+1.414 3.6^0 ^ oit i a 
Then, oup result = ^ = ~"5~" = 1.217+, Ans. 



(409.) 

1. 

4 a* a? — 2ft*y+ a^y* 

3a'x — 4:b^y + ga'y^ — 3 (g _ y) 

7a«a: + 26V — 4aV + 3 (« — y), Ans. 
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2. 

a^ — X = X (x* — 1) = X (x + 1) (a? — 1), Ans. 

3. 

x» — 1 = (x — 1) (x* + X 4- 1) 
aaj* — ax=z'ax (x* — 1) =ax{x — 1) (x^ -f" * + 1) 

X + 1 = x + 1 
/. L. C. M. = ax (x + 1) (X — 1) (x« + X + 1) 
= (ax* + ax) (x* -1^- 1) 
= ax*-(-ax* — ax* — ax, Ans, 

4. 

9(a*~6*)(^-«x>*y _ ,.-^ , 

5. 

Given ax — x^2 -{- c 

Factoring, x (a — 1) = 2 + c 

Whence, x = , , Ans. 

a — 1' 

Verification. 
a — 1 a — 1 ^ ^ a — 1 ' 

Given x + y -|~ * = ^^ 

x-y= 4 (1) 

X — g= 6 (2) 

Adding the three equations/ 3 x = 36 
Whence, x = 12 ' (3) 

Substituting from (3) in (1), 12 — y = 4 
Whence, y = 8 

Substituting from (3) in (2), 12 — « = 6 
Whence, « = 6 

^a: = 12. 
Ans. 



J. j y = 8. 
(2 = 6. 
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7. 



^ + 



2a — 26 ' 2b — 2a 2a— -26 2a— 26 

a —6 1 . . 

= o I Ans. 



2 (a ^6) 2 



8. 

Let X = number of hours A requires, 

and y= « " B « 

By the conditions, ar = y — 9 (1) 

1+1=1 (2) 

From (2), 20 (x + y) = ary (3) 

Substituting from (1) in (3), 

20(y + y-9)=y(y-9) 

Reducing, y* — 49 y = — 180 

Completing the square, 

, .^ , 2401 -Q^ , 2401 1681 

y«— 49y + -j- = — 180 + -^ = ^- 

Extracting the square root, 

49 . 41 

That is, ff = — ±Y = ^9<>^^ 

Substituting in (1), x = 45 — 9, or 4 — 9 

That is, x = 36, or — 6 

. ( A takes 36 hours. 
Ans. < ^ 

IB « 46 « 



9. 
See pp. 12 and 104. 
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10. 
Let X = rate at which the river flows. 

Then, 12 -f- ^f = " of the crew down stream, 
and 12 — a: = " ** " up stream. 

Bj the conditions, 7 (12 — a:) = 5 (12 + x) 
Reducing, 84 — 7x = 60 + 5a: 

Transp. and uniting, — 12 x = — 24 
Whence, ac = 2, Ans. 

(410.) 

1. 

<^ — 1 = (a — 1) (a* + a + 1) 
a* — 1 =(« + !) (a — 1) 
a + 1 =z a-\-l 



L. C. M. = (a + 1) (a — 1) («» 4- a + 1) 
= (a + l) (a»-l) 

=i a* + ®* — ^ — 1» -Aj^' 

2. 

L±^_^ = L±^ + 1. difference = ^^il 



— a a 1 + * 1+* 

Quotient ^ — ;— ; — , Ans. 

\ -\- a 

3. 

+ 5 ac + 6 
— ! — 

= =^ ! — X = ' • Ans. 

m n« — m (• r^as — m cnx — cm 

05 — — 

n n 

4. 
See Art. 71. 



5. 
See Art. 71. 
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6. 

Let X the greater number. 




and y — the less. 




By the conditions^ x — y 2 


(1) 


' x^ + y^—164: 


(2) 


Squaring (1), x^ — 2xy -{- y^ — 4 


(3) 


Subtracting (3) from (2), 2xy — 160 


(4) 


Adding (2) and (4), »« + 2ajy + 3^ — 324 


(6) 


Extracting the square root, « + y — ± 18 


(6) 



Adding (1) and (6), 2x = 2 ±1S = 20, or — 16 

Whence, « = 10, or — 8 

Subtracting (1) from (6), 2 y = — 2 ± 18 = 16, or — 20 
Whence, y = 8, or — 10 

* ( The greater number = 10. 
1 The less number = 8. 

7. 

Given a* + y^ = 41 (1) 

a;y = 20 (2) 

Multiplying (2) by 2, 2xy = 40 (3) 

Adding (1) and (3), 

a5« + 2a;y4-2^ = 81 
Extracting the square root, 

x + y=±9 (4) 

Subtracting (3) from (1), 

x^ — 2xy -{- y^ =1 
Extracting the square root, 

x — y=±l (5) 

Adding (4) and (6), 2 a? = ± 9 ± 1 = 10, 8, — 8, or — 10 
Whence, x = 6, 4, — 4, or — 5 

Subtracting (5) from (4), 

2y= ±9 :f 1 =8,10, — 10, or — 8 
Whence, y = 4, 5, — 5, or — 4 



Ans. 1^ = 5,4, -4, or-5. 
( y = 4, 5, — 5, or — 4. 
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6. 

^. ^ 4x — a , 2x+2a . 2x4-2a 
Given ox r *- = m + n ' 

Clearing of fractions, 20 b ex — 16 co; -[- 4 ac -(- 2 ft ca? + 2 aftc 

= 4mftc-)-4nftc — 86a; — 8aft 

Transposing and uniting, 22b ex — 16ex -]- Sbx 

z=z4bcm '{' 4bcn — Sab — 4ac — 2abc 

Dividing by 2, {llbe — Se + 4b)x 

=.2bcm-\-2bcn — 4tab — 2ac — abe 

•-y, 2bem-i-2hcn — 4ah — 2ac — abe . 
Whence, 05 = ' ,, . 5 — ttt > -^*- 

6. 

Let X = amount given to a man, 

and v = " " " woman. 



By the conditions, 5 a: -f- 7 y = 46 (1) 

x+ y=8 (2) 

Multiplying (2) by 5, 6 « + 5 y = 40 (3) 

Subtracting (3) from (1), 2 y = 6 

Whence, y = 3 

Substituting in (2), a? + 3 = 8 

Whence, x = 5 

. f To the men, $ 25. 
Ans. < 

( " women, 1 21. 

7. 

Let AT = tne number. 

By the conditions, 3 x + 12 — 54 = 144 — 3 a? 
Transposing and tmiting, 6x =z 186 

Whence, a? = 31, Ans. 



MISCELLANEOUS EXEBCISEa 



269 



8. 



Let 


X — amount of his money. 


Then, 


-3- is lent at 5 per cent, 




and 


--- at 6 per cent. 



By the conditions, ^ X ^^ + g X ^^^ = 144 


Seducing, 


3x 3* _ 
160 T^ 80 ** 


Clearing of fractions, 3 a: + 6 a: — 23040 
That is, 9 a; — 23040 
Whence, x = 2560 


Then, 


¥ = 960 


and 


^/ — 1600 






A ( • 960, at 5 per cent. 
( % 1600, at 6 per cent. 




9. 




See page 132. 




10. 


Given 

• 


4a? + y — 34 
4 y + a? 16 



(1) 

(2) 



1st. By Substitution. 

From (1), y==34 — 4a? 
Substituting in (2), 136 — 16x -{- x=:16 

Whence, — 15 a: = — 120 

Or, . a: = 8 

Substituting in (1), 32 + y = 34 

Whence, y = 2 
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6. 

\3x* — ^xf — 2y^, Adb. 

9ar« 



6a;* — 4a; y^ 
— 4a;y^ 



— 24a;V 

— 24a;V + 16a;V 



6a;« — 8a;y« — 2y» 
_2y« 



— 12a;V + 16a;y* + 4/ 

— 12xV + 16a;y* + ^y* 



Given 



6. 

y — a=i2 (x — b) 
y — h = 2 (a; — a) 



(1) 

(2) 



Subtracting (2) from (1), we get h — a = 2 (a — 5), 
which is impossible. Therefore the given equations are im- 
possible. 

7. 

V^X V65= v%^X V''216^ 

= V^3456a«a;« 



6 



= ^64 X 64a^a:« 
= 2 v'64a«a;», Ans. 

8. 

Let a; = number of quarts of the first qualityi 

and 100 — x " " " " second. 



By the conditions, 90 a; + 36 (100 — x) = 5000 
Reducing, 54 a; = 1400 

1400 _ 700 
64 ~ 27 
Therefore, 100 — a; = 74^ 



i«w /uu ^f. 



f^^^ f 25j^ quarts of the first quality, 
* \ 743/V " " second. 
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9. 

ajJ — 2 ) ajl + xJ — 6 ( icl + 3, Ans. 
x§ — 2a^ 

Sxh — 6 
3a;§ — 6 

10. 



(412.) 
1. 

. ___» g' o« — x» — g (g + x) — g^ 

a — X a^ _ a:^ — . a^ — x^ 

aa — . x^ — a^ — ox — x« 



a^ — X* 



2x3 + ax 
a* — X* 



2. 

a;e _ 64a« = («» + 8a«) («• — 8a«) 

= {x + 2a) (x^ — 2ax-\-^a^) (a — 2a) 
(x« + 2aa5 + 4a»), Ans. 

3. 

XX g 

Given - + r = 



a "^ 6 — g g + 6 
Clearing of fractions, 

X {V — a^) -\' xa(a + h) =a^ {h — a) 

Factoring, as (5^ — a^ + a^ + a ft) = a» {h — a) 
Whence, a = ^ni^b ' ®* 
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Given 



4. 

T {x + y) +3{x — y) = S0 
7(x + y)—S{x — y)=S2 



From (1), 
From (2), 

Multiplying (3) by f , 
Subtracting (4) from (5), 
Whence, 

Substituting in (3), 
Whence, 

Ans 



10a5 + 4y=80 
4a; + 10y = 32 
25a;-fl^y = 200 
21 a; = 168 
a; = 8 
80-f 4y = 80 

y = o 

Sx = S. 
5. 



(1) 
(2) 
(3) 
(4) 
(5) 



a.8^3aja^4aj + 12)a;» + 4a;^ + 4a;+ 3(1 

a;8_(_3a;a-f 4a; + 12 



x' 



— 9 



a-a _ 9 ) a;» + 3ar» 4- 4a; + 12 ( a; + 3 



OS" 



— r9a; 



3a;» + 13a;+ 12 

Sx^ , —27 

13a; + 39 

a.4-3)a;« — 9(a; — 3 
a;^ + 3a; 

— 3a; — 9 

— 3a? — 9 

G. C. D. = a; 4- 3, Ans. 



6. 



4 a;* 
ix* 


— 12a;» 


-l-5a;« + 6a!-t-l 2x« — 
+ 9a;» 


.3a;- 


-1, Ans. 


4ar' 3a; 
3a; 


12 a;* 
12a;» 




ia^ 6x 


— 1 

— 1 


— 4a;« + 6a; + l 

— 4a;* + 6a; + l 
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7. 

Let X = the greater number, 

and y = the less. 

By the conditions, x '\- yz=za (1) 

x — y = h' (2) 

Adding (1) and (2), 2x = a + h 

Whence, x = ^^ 

Subtracting (2) from (1), 2 y = a — h 

Whence, y = ~ 



r The greater is 



is 



(The less* "* ^ 



8. 

= 3 a V^ — tt V^ 
= 2 a '^j Ans. 



9. 
Given 2a; = 4+- 

Dividing by 2 and clearing of fractions, 

aj* = 2a; + 3 
That is, aj^ — 2a; = 3 

Completing the square, x^ — 2a: + l = 4 
Extracting the square root, x — 1 = ± 2 
That is, a? = 1 ± 2 

Whence, a? = 3, or — 1, Ans. 
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10. 
Here, a = 24, 1 = 192, and m = 2 

Hence (Art. 347), r = Q^ = (^)^ = (8)1 = 2 

Then the means are, 

24 X 2 and 24 X 2*; that is, 48 and 96, Ans. 

(IIS.) 

1. 
(4a-6«a.-r* = 4-a"ft-a:" = ^=|^, Ans. 

2. 

ac* — 2g — 15 (a; — 5) (a; -f- 3) x — 6 . 

4» + lOx + 21 ■" (x + 7) (x + 3) ~ jqp?' ^^^' 

3. 

w' — 2»' + » = »(n' — 2w-|-l) = w(» — 1) (n — 1), Ans. 

x« — l=(aj* + l) (aj* — l) = (aj* + l) (x» + 1) (x« — 1) 
= (aj* +1) (x* + 1) (aj + 1) (x — 1), Ans. 

aj* — n*y* = {x — ny) (x^ + nxy -\' n*y*), Ans. 

aj« + y«=(a:« + 3^) (aj* — a^V + y*). Ans. 

4. 

2 _ '2(>v/5 + V2) _ 2(\/5+V2) 

V6 — V2 "" (V5 — V2) ( V^ + V2) ~ 6 — 2 

= I ( V5 + a/2), Ans. 

5. 

{V^_2+ VITs} {v^4.2— a/^=^} 

= {VS + (2 — V=^)} {V» — (2 — V=^)} 
= a; — (2 — V^Ts)* 

= a; _ (4 — 4 V=r3 — 3) 

= 05 — 1 -f- 4 V — 3, Ans. 
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6. 

Given 5 — = 7 

X x^ . 4 

Clearing of fractions, 

20x — 4c(3x + iy = si^ 

Reducing, x^ — 8 a; = — 4 

Completing the square, x' — 8 a? -|- 16 = 12 

Extracting the square root, x — 4 = ± \/i2 = ± 2 V3 

Whence, x = 4 ± 2 V3> Ans. 

7. 

Given x^ — a y = 163 (1) 

x + y = l (2) 

From (2), y = l — x (3) 

Substituting in (1), x^ — x (1 — x) = 153 

Reducing, 2x^ — x = 153 

Multiplying by 4 X 2, and adding 1' to both members, 

16a;» — 8aj + 1 = 1225 

Extracting the square root, Ax — 1 = ± 35 

Transposing, 4a; = 1 ± 35 = 36, or — 34 

Whence, a; =: 9, or — y- 

Substituting in (3), y = l — 9, orl-fjyt 

That is, y = — 8, or J# 

( a; =: 9, or — ^. 
Ans. -i 

( y = — 8, or J^. 

8. 

iy/n — x^ 

= n-* _ J n-l (_ a.3) -I- 1 n-« (— a;«)» — T^ n-J (— x«)» + . . . 

. , n-^ 3^ . 3n-la:* bn-ix^ . . 

= '»-* + -2-+— 8 16~ + ---' ■*-'"\ 
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9. 



This is an infinite geometrical progression, in which a = 1, 
and r = |. Then, by Aft. 345, 

a 1_ 1 

1~1 



^ = r^r = r^rT = r = 2, Ans. 



10. 

Let X = number B took. 

Then, 90 — x= " A « 

Let y = sum received by each. 

y 
Then, - = price per egg received by B, 



X 



and 



y .— « It u 

90 — X 



By the conditions, (90 — a;) ^ = 60 (1) 

90^, = 32 (2) 

Dividing (1) by (2), ^ X ^' = % 
Extracting the square root, "^'=±1 

Taking the upper sign, = - 

Clearing of fractions, 360 — 4 a? = 5 a; 

That is, 9 a; = 360 

Whence, aj = 40 

Then, 90 — a? = 60 

j A took 50 eggs. 
(B " 40 « 
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(414.) 
1- 

(3a? — 2yy = (Sx^y — 5 {3a?y (2y) + 10 (Sx^ (2y)« 

— 10(3aj«)» (2y)» + 5(3a^) (2yy — {2yf 

= 243ai° — 5 . 81aj« . 2y + 10 . 27a?« . 42/» 

— 10 . 9aj* . 8y» + 5 . 3aj^ 16y* — 32y« 

= 243a^<> — 810aj«y + 1080 ajV — 720aj*y« 
+ 240x^2/* — 32 y*, Ans. 

2. 

Given ^_^3(a?* + H)=?- 



Transp. and uniting, — y 3 (it?* -f- \\) = — 1 

Changing signs, V^^7«*-FH) = ^ 

Cubing, 3 (aj* + il) = 1 

Clearing of fractions, 243 «* + 33 = 81 

T> J • 4 48 16 

Reducing, «*=-— = -- 



243 81 

2 
3 



2 
£Ixtracting the fourth root, a; = ± - , Ans. 

3. 

See Art. 269. 

4. 

Clearing of fractions, 

3a^ + 42 aj + 147 = 3x^ — 42 a? + 147 + 8a;« — 392 

Reducing, 8 »* — 84 aj = 392 
Multiplying by 2, 

16aj«— 168 a; = 784 



Given 
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• 




8. 




Let X 


— 


number of rods 


in the length. 


Then, \' 


= 


(( u 


" breadth. 


By the conditions. 




\--640 


• 


Reducing, 
Whence, 




x« = 1024 
a — 32 


• 


And 




T = ^ 





Ana j length, 32 rods. 
' ( Breadth, 20 rods. 

9. 

Let X = the greater number, 

and y = the less. 



By the conditions, aj-(-y = a;y = x' — y^ 

From the first and third, x -]- y = x^ — y^ 

Dividing bya?-j-y, 1 = 05 — y 

Whence, y=zx — 1 (1) 

Substituting in the equation, a; -f- y = a? y 

we obtain, x -^ x — l=a5(a; — 1) 

Reducing, x^ — 3 a? = — 1 

9 5 
Completing the square, x^ — 3a; + j = j 

Extracting the square root, x — - = ± -^ 

Whence, x = - — ^^ 

Substituting in (1), y = — -^ 1 

__ 1 ± \/5 



:2 



Ans. -< 



The greater is 'J^ 

The less is ? + ^ . 

2 
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10. 



Let 
and 


X first figure, 
y — second " 




By the conditions, 
From (1), 


a; + y — 12 
ajy + 16 — lOy -\-x 
y — 12 — x 


(1) 
(2) 
(3) 



Substituting in (2), 12 » — a^ + 16 = 120 — 10 a? + a 
Reducing, 7? — 21 a = — 104 

Completing the square, 

2 ^^ , 441 441 ^^. 25 

x^ — 21a5H — --=z=— 104 = — 

'44 4 

21 5 

!Eztracting the square root, x — = ± - 

rpi . . • 21 .5 

Xhat IS, xz=z— ±- 

Whence, x = 13, or 8 

Substituting in (3), y = 12 — 13, or 12 — 8 

Whence, y = — 1, or 4 

Ans. The number is 84. 



(415.) 

1. 

Given x -{^ a : Qa -^2 : : - : - 

By the theory of proportion, -5--fr-^ = 9a-f"3 

Clearing of fractions, aa; + a^ = 27a + ^ 

Transposing, ax:=z — a^ + 27 a + 9 

Whence, x = -«' + 27a + 9 ^^ 

a 

2. 

Given — a; = ^ 

n 9 

Eeducing, . =f X J= f^, Ans. 
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3. 

V m -f- 2 V^ n -|- 71 = V^ + V»> Ans, 

4. 

When a = 3 and 6 = 5, 

( Va + 6 + Va — ^) (V« + 6 — Vo"^^) 

= a + 5 — (a — 5) = 26 = 10, Ans; 

!-^, = ^7^ + 2V^ 

Beducing, ^/x — Va = ^^^ — ^ + 2 y^ 

Clearing of fractions, 

3 VaJ — 3 ^/a = \x — \/a + 6 A/a, Ans. 

6. 

Let « = number of days required by B. 

2 
Since A does - of the work in 4 days, he would do the 

7 . I 

whole in t of 4 days, or in 14 days. In one day, A performs — 

1 5 

and B performs -, and the two together do - of the work in 

5 ^ 
6 days, or — in one day. Then by the conditions, 

Jl , 1 __5_ 

14 •" as 42 

12 1 

Transposing and uniting, - = — = — 

Whence, a; = 21, Ans. 



-v/8-«6«»aj^ = 8'»6««* = ^, Ans. 
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8. 

See page 195. 

9. 

For the definition, see page 208. An imaginary answer 
denotes that the problem is arithmeticallj impossible. (See 
Art. 209.) 

10. 
Let X = number of days. 

The distance travelled by A is the sum of the terms of an 
arithmetical progression, whose first term is 3, and whose 
common difference is 2 ; hence, as the number of terms is x, 
by Art. 335, 

Distance travelled by A = | {3 + (3 + 2 [aj — 1])} 

= |{4 + 2a:} 
= a; (2 + x). 

Similarly, the distance travelled by B is the sum of the 
terms of an arithmetical progression, whose first term is 4, 
and common difference 2. Then, 

Distance travelled by B = ^ {4 + (4 + 2 [aj — 1])} 

= |{6 + 24 

= aj (3 + a;) 
By the conditions, 

a; (2 + a;) 4- aj (3 -f a;) = 102 

Reducing, 2 x^ -f 5 a; = 102 

Multiplying by 8, and adding 25, 

16x» + 40 a: + 25 = 816 + 25 = 841 

Extracting the square root, 4 a; -|- 5 = ± 29 

That is, 4aj = — 5 + 29 = 24 

Whence, a; = 6, Ans. 
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(416.) 

1. 

Given 



2x — tt + y-}"^ 


(1) 


8y ==« + a5-j- « 


(2) 


4« = tt + a;-|r y 


(3) 


u X — 14 


(4) 



Subtracting (3) from (2), 

3y — 42 = « — y 
Transposing and uniting, 4 y = 5 2; 
:_ 5a 



Whence, y = — 


W 


Substituting in (2), — — 1* + « + « 




Transposing and uniting, — — « -[" * 




4 
Whence, « = — (tt + «) 


(6) 


Therefore, from (5), y = — (tt -}- «) 

AX 


(7) 


Substituting from (6) and (7) in (1), 





2x = u + ^{u + x) (8) 

Substituting from (4) in (8), 2 a; = a; — 14 -f ^ (2 a; — 14) 

Clearing of fractions, 11 a; = — 164 + 18 a; — 126 

Transposing and uniting, — 7 a; = — 280 
Whence, a? = 40 

Substituting in (4), tt = 40 — 14 = 26 

Substituting in (6) and (7), « = ^ (40 -f 26) z= 24 

y = ^(40 + 26)=80 



Ans. 
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2. 

Given x + ^Ja + x* = "^ 

Clearing of fractions, 

2a;Va + a5' + 2 (a + a^) _ ^2 _^ ^ 

Transposing and uniting, 2 a? Va^P^ = a^ — a — 2 aj* 

Squaring, 

4a;2(a + a;«) = a* + a« + 4a;* — 2a»— .4a«a;2_^4ax^ 

Transp. and uniting, 4 a'aj^ = A* — 2 a' + a* 

ICeducing, a^ = — ■ — 

Whence, a; = ± — - — , Ans. 

3. 

V5— V^^ (V5 — \/^^) (V^— V^^) 

V^ + V— 3 "" ( V6 + V--^) ( V^ — V— 3) 

_ 5 — 2 V5 V— '3 + (— 3) 

— 6 -- (- 3) 

2 — 2 V=n5 _ 1 — V— 15 A " 

— g J , Ans. 

4. 
Given a.« = 10 _ ^ (1) 



y _ 



a; 



?:, = 15-y« (2) 



From (1), «* + aj y = 10 (3) 

From (2), a; y + y^ = 15 (4) 
Adding (3) and (4), aj« + 2 a; y -}- 2^^ = 25 

Extracting the square root, a: + y = ± 5 (5) 

Taking the value, aj -|- y = 5 (6) 

Substituting in (3), 5 a; = 10 

Whence, a; = 2 
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Substituting in (6), 2 + y = 5 

Whence, y = 3 

Taking the value from (5), a? -j- y = — 5 (7) 

Substituting in (3), — 5 a; = 10 

Whence, a = — 2 

Substituting in (7), — 2 + y = — 5 

W^hence, y = — 3 

r aj = 2, or — 2. 
^•iy = 3,or-3. 



5. 

Let X = width of the engraving. 

Then, 2 a; = its length. 

Therefore, ' a; -|- 6 = width of the Bristol boards 

and 2 a? + 6 = its length. 

Hence, 2 x* = area of the engraving, 

and (ar + 6) (2 a? + 6) = " « Bristol board. 
By the conditions, 

(X + 6) (2x + 6) -- 2aj« = 2aj« — 36 
Reducing, 2a:2 + 18x -f 36 — 2a;^ = 2a?» — 36 
Therefore, 2 «« — 18 a; = 72 

Multiplying by 2, 4 a;* — 36 a: = 144 

Adding 81, 4 a:' — 36 a; + 81 = 225 

Extracting the square root, 2± — 9 := ± 16 
That is, 2a = 9 + 15 = 24 

Whence, x = 12, Ans. 



6. 

V97 + 56 V3 — V97 — 56 V3 

= V97 + 2 V2352 — V97 — 2 V^^ 

= V49 + 2 V2352 + 48 — V49 — 2 V2352 + 48 
= V49 + Vi8 — (\/49 — V48) = 2 V48 = 8 V3, Ans. 
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7. 



Let X — number said at 3 for 8 cents, 




and y— " " 6 " 12 " 




1.T 28 7 . ., 

Now, ~ — 3 — P"^® P^^^ P®' **8S- 




Hence, by the conditions, -5- + -y- — 624 


(1) 


1 (a: + y) 660 


(2) 


Reducing (1), 10 x + 9 y — 2340 


(3) 


Reducing (2), « + y — 240 


(4) 


Multiplying (4) by 9, 9 a; + 9 y — 2160 


(5) 


Subtracting (6) from (3), as — 180 




Substituting in (4), 180 + y — 240 




Whence, y — 60 





. ( 180 were sold at 3 for 8 cents. 
Ans. < 

I 60 " " 5 " 12 " 



8. 



Let 


X — length in rods, 




and 


y — breadth " 




By the conditions, 


ajy — 675 


(1) 




x + y — 2(x — 9/) 


(2) 


From (2), 


3y = x 


(3) 


Substituting in (1), 


32/^—675 




That 18, 


f — 225 




Whence, 


y = 15 




Substituting in (3), 


X 45 




j Length, 45 rods. 
t Breadth, 15 rods. 
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9. 

Let z = number of miles traveled by A, 
and y= " " " " B. 

By tbe conditions, aj = y -|- 18 (1) 

1 V 

Now A does ~ of B's distance, or ~ miles, in a day ; and B 

1 « X 

does — of A's distance, or -r^ miles, in a day. As, then, A does 

— ; — of the whole distance in the same number of days that 

x + y 

B does — x~ ^^ ^*» ^® have the equation, 

X y 



g + y _ x + y ^2) 

y x_ 

9 16 

Eedacing (2), 7 = ^ 

Clearing of fractions, 9 x^ = 16 ^ 

Extracting the square root, 3x = 4y 

Substituting from (1), 3y -f- 64 = 4y 
Whence, y = 64 

Substituting in (1), xr=z72 

A (A travels 72 miles. 
Ans. < 

IB " 64 « 

10. 
See Art. 322. 



(417.) 
1. 



= ^^^64x2+ v^343^— ^^81^2+ 7 v^ 
= 4v^+ 7'V^2 — 2v^+ 36 V 2 — 9^ 

= 36 v2, Ans. 
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2. 



(Ve + \^) ( Ve 


— >^)-(V^6 + 2)(v^6- 


-.2) 


= ^/sx 


V^— V^— 2, Ans. 




Let 


3. 

X first digit, 
y second " 




and 


z — third " 




By the conditions, 


a; -j- y + « 16 


(1) 


« 


a; + «_y — 1 


(2) 




Ax — z y 


(3) 


Adding (1) and (3), 


5aj — 15 




Whence, 


x — 3 


(4) 


Adding (2) and (3), 


bx — 2y — l 




Substituting from (4), 


15 — 2y 1 




That is, 


2y— 16 




Whence, 


y — 8 




Substituting in (1), 


3 + 34.^ — 16 




Whence, 


z — A 





Ana. The number is 384. 

4. 

Given 3a;« + 15x— 2 Vaj' + 5a + 1 = 2 

Adding 3 to both members, 

3aj« + 15a; + 3 — 2 V«' + 5aj + 1 = 5 

Factoring, 3 («« + 5a; + 1) — 2 V«' + 5a; + l = 5 

Multiplying by 3, 

9 («2 + 5a; + 1) — 6 V^' + ^^ + l = 1^ 

Completing the square, 

9 (a;» + 5 a; + 1) — 6 Va;' + 5a; + l + 1 = 16 

Extracting the square root, 3 y/a? -j- 5 a; + 1 — 1 = ± 4 
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Thatis, 3V«*+5aj + l = l ±4 = 5,or — 3 (1) 

Squaring, from the first value in (1), vre get, 

9(«*+5x + l) = 25 
Reducing, 9 x* + 45 a; = 16 

Multiplying by 4, 36 «^ + 180 « = 64 
Completing the square, 

36a;* + 180 a? + 225 = 289 
Extracting the square root, 

6x + 16=±17 
That is, 6 a; = — 15 ± 17=2, or —32 

16 



Whence, 




From the second value of (1), we have. 




Var* + 5a! + l = — 1 


Squaring, 


x« + 6a! + l — 1 


Reducing, 


a!«+6a! = 


Factoring, 


x(x-\-5) = 


Whence, 


x — 


And 


a! + 5 = 


Therefore, 


X — 5, or 



Ans. a; = 0, — ^f^y^^ — Y 



5. 

V^+ Vl2+ V27 _ 2 >s/5 4-2>v/3-f 3 yS 
_ (2 ^/5 + 6 V3) (a/5 + V3) 

_ 10 + 5 VI5 + 2 Vl5-f- 15 
~ 5 — 3 



25 + 7 \/l5 . 
= -^ ■ , Ans. 
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6. 



V a* b^ ^a'' h^ — (a* h^ ai h)\ 

= (a^V')^ = an, Ans. 

7.. 

Given x^-\'Xy=zhx-\-^i (1) 

3:y4-y^=5y + 2 (2) 

Adding (1) and (2), (x ^ yf = h{xJ^ y) -^^ 

Transposing, (a? + y)^ — ^(^ "l~ y) = ^ 
Multiplying by 4, 

4(^ + y)' — 20(ar+y) = 24 
Completing the square, 

4 (x -f y)« — 20 (x + y) + 26 = 49 
Extracting the square root, 

2(« + y)-5=±7 

That is, 2 (a; + y) = o ± 7 = 12, or — 2 

Whence, aj + y = 6, or — 1 (3) 

Taking the first value in (3), a; = 6 — y (4) 

Substituting in (2), 6y— y^4-y* = 5y + 2 
Whence, y= 2 

Substituting in (4), x=:-^ — 2 = 4 

Taking the second value in (3), a; = — y — 1 (6) 
Substituting in (2), — y* — y + y^ = 5y + 2 
That is, — 6y = 2 

Whence, y = — ^ 



3 
3 ■"*"" 3 



1 2 

Substituting in (5), ^^^a — ^^^ — a* 

a; = 4, or — - . 
Ans. -l 

y = 2, or — - . 
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8. 



Let « = 


A's miles per day, 




and X — 2 = 


B's " « 




Then, | = 


number of days they 


trareL 


Bj the conditions, 


^ + i(x-2)^ 


132 


Reducing, 


JE* X 


:132 


Multiplying by 4, 


4*» — 4x = 


:528 


Completing the square, 


4x»— 4x + l = 


:629 


Extracting the square root, 2x — 1 = 


:23 


That is, 


2x = 


:24 


Whence, 


X — 


:12 


Then, 


X — 2 = 


:10 



I A travels 12 miles a day. 
^^^* I B " 10 « « 



9. 

Let a; = number he bought. 

75 75 

By the conditions, — = ^l ^ + 10 

Dividing by 5, — = jqjg + 2 

Clearing of fractions, 16« + 30 = 15a; + 2aj* + 4a; 

Reducing, 2x« + 4a; = 30 

Dividing by 2, x^ + 2 x = 15 

Completing the square, x^ + ^ ^ H" ^ = ^^ 
Extracting the square root, x + 1 = ± ^ 

That is, X = — 1 ± 4 

Whence, x = 3, Ans. 
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10. 

The first $25 would be at interest 24 years; the next, 23 
years ; and so on. Therefore the number of times that 5 per 
cent interest would be taken on a sum of $25, would be the 
sum of the terms of the arithmetical progression, 

24 + 23 + 22 + . . . + 1. 

94 

This sum, by Art. 335, is ~ (24 + 1) = 300. 

That is, the total interest is 300 times 5 per cent = 1500 
per cent. And 1500 per cent of $ 25 is $ 375. 

Also, $25 per year, saved for 25 years, amounts to $625. 

Hence, the total amount is $625 -f* $375, which is 
$ 1000, Ans. 
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Abt. 418. 

_2x 
~ 2 
=x, Ana. 

2. *x« — 8(mn)*+l 
**x+(mn)*-l 

*x«-ft»a:-4(mn)*4-2, Ana- 

3. 25"* X 25* = — = 1, Ans. 

26* 

4. a«-|-^ | qi-«-«-{,rf>^-|,q»>,|,y-*-« [g^-ft, Ans. 

6, 86 <?• d»- 1 6 !»• = 4 (9 c* flP-4 !«•) 

= 4(3c*rf— 2m*) (8c«rf+2m«), 

Ans. 

= (a:- y) (ar + y) (x« + y«) (x* + y*), Ans. 

7. m*—m^= ffi* (m*— 1) 

= m»(iii*-l) (m«+l) 

= m» (m-l) (m + 1) (m« -f- 1), Ana. 

a a»-6«=(a-A) (a + 6) 

a«— 2a6 + ft» = (a~&) (a-6 ) 

G. C. D. =a»— 6, Ans. 
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9. «*- x^ = (a'\'X) (a— x) 
4 (a—x) = 4 (a— a:) 
n -\- X ^=z (a -\- x) 

L. C. M. = 4 {a-'X) (a + a:) = 4 (a*^x% Ana. 

10. Redaoe the numerator thus : — 

m^ - TO* — m^-\-n^ w* 

TO^^^^a"" nfi — n^ —,m^-^n^ 

m 

The deuominator 

n* I n* 4- >»' — ^' m* 

to2 — n* ' TO« — n^ in* — n« 

Then the fraction becomes 



jn* — n* n* _ to* — n* n* 



"^^3 ^a_^aX ^a — ^a, Ana. 



TO*"* f»* 



11. Given — ^ \-2z=zx — 

L. C. D. = 12. 

Clearing of fractions, 

4x + 8-3x + 9 + 24=12a?-6a:4-6 
Transposing and uniting, — 5 x = — 35 
Then, a:= 7, Ans. 

12. Let a; = smaller part, 
Then, 150— a: = larger part. 
From the conditions of the problem 

a?:l50 — a:=7:8 
Then, 8 a: =1050— 7 a: 

Transposing and uniting, 15 a: = 1050. 
Whence x=TO| ^^^ ( Larger part, 80. 

And 1 50— a: = 80 ) °®' ( Smaller part, 70. 

13. Let X = number. 

Then 21 = — 

n 

whence x = — , Ans. 

TO 

20 
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14. GiTcn 2y + 5a: = 29 (1) 

2y — g: = — 1 (2) 

Subtracting (2) from (1 ) 6 ar = 30 

x=i5 



Substituting value of a: in (2) 2 y —5 =— 1 
Transposing and uniting, 2^ = 4 

Whence, y = 2 






Ans. -J * 2 



15. Given 8ar + 5y + « = 26 (1) 

6ar-f 3y4-2« = 3l (2) 

yx4-4y-|-4z = 50 (3) 

Multiply (1) by 2 Car+lO y + 2 2 = 52 

And subtracting (2) fix-f- 3y+2a?=31 

We have, 7 y = 21 

Therefore, y = 3 

Multiply (1 ) by 3, 9ar+15y+"32 = 78 

And subtracting (3), 9 a: + 4 y + 4 « = 50 



We have, lly — z = 28 
Substituting value of y, 33— « = 28 

Transposing and uniting, — z=— -5 

Therefore, «=5 

Substituting values of y and z in (1) 

3ar-|_15 + 5 = 26 
Transposing and uniting, 3 a: =6 

Therefore, x = 2 

^ a:=2 
Ans. 



(x=2 

3.-]y = 3 
(z = 5 



419. 

1. a-[2ft-(3c + 2i-a)] = a-[2i-3c-25 + a] 

=:„_2 6 + 3c + 2i— a 
= 3 c, Ans. 
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Ans. 



3. a* &'*^ -5- a»""* rf~^ = ''''**"* 






= a"* A'*"" flf, Ans. 

4. 4a:«-9y»=(2x-3y)(2ar + 3y), Ans. 

5. c c—c-f-l 1 



c-l 



-1 



= ^-^ =^_Z:1 =^^±i, Ans. 






6. Given a:+2y = 7 (1) 

2a:-f3;y=12 (2) 

Multiply ( 1 ) by 2, 2x + 4f/=U 
Subtract (2), 2ar-f-'^y=12 

And y = 2 



Substitate y in (1), x + 4 = 7 
Whence, a: =3 






Ans. -I"^— 2 



7. aV48a*rf=aVl6a»x3arf 

= 4a«V3^,- Ans. 
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9. Given £zJ_|_?=i2_£=JL0 

3 ' 2 3 

Clearing of fractions, 2a:— 10 + 3a: = 72— 2a: + 20 
Transposing and uniting, 7x=l02 

Whence, a; = 1 4|, Ang. 



0. 


Let 


a: = 


= one numl)er 




Then, 

Adding (1) and (2), 
Whence, 

• 


y — other number 




x—y—d (2) 




ix = $-\-d 

«4-rf 

2 




Subtracting (2) from (1), 


2y « — rf 




Whence, 


« — d 

y- -r 




Ans. -{ 


One number = - 

• 








Other number = "7 

* 




(430.) 


1. 


See pp. 65, 71, and 186. 




2. 














aU^+lfc'^+1 







_1 1 i 
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3. T^ —y^ \ t^ + x^ y — xy^ —y^ \x-\-y, Ans. 

i * 

x^y—y^ 

4. Given (1) 6a?*-fx» — ar 

(2) 4a:«— 6ar' — 4a: + 3 

(3) 2aJ» + ar* + x— 1 

Suppress a: in (1), multiply (2) by 3 and then divide 
egs-fx^— 1 I 12a:»— 18a:*— 12a?+9 |_2^ 

12a:«+2a;« —2 

-20a:«— 12a:+ll 
20 a?*-f 12x^111 60aJ»-f 10a:*— 10 |3a: + 13 

60a:« + 36ar' — 33 a ; 

— 26a:* + 33x-10 
260 a:*— 330 x-{- 100 
260x*4-156a;— 143 

— 486X+243 
2ar— 1 
2 a; — 1 1 20 a:*+12a:- 1 1 l lOx+ll 
20 a:*— lOa; 

22 a:— 11 
22x— 11 



(2 a: — 1) = G. C. D. of (1) and (2). 

2a: — 1 I 2a;» + a;* + a:— 1 | ar' + a: -fl 
2a:« — ar» 

' 2ar* + a: — 1 
2ar*— a: 



2a;— 1 

2a;— 1 G. C. D. = 2a; — 1, Ans. 



5. The numbers being all prime, 

L.G.M.= (a:4-2a)*(x— 2a)*(a:*+4a'^) 

^(ar' — 4ay(a;*-|-4a*), . Ans. 
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« ^. lSa--29ft 75 — 21a , »6— Ua 

«• Given ^-^_^^^——^^ + ^^—^^ 

Reducing to common denominator, 
(g — b) (18 g — 29 6) (7b-^21a)(a^b) 9 6 — 11 g 
6 (a — by 6(a-.fe)« +6(g — 6)« 

Multipljiiig out and uniting, 



6 (a — 6)8 


— .^1 


7. 6ivenl + - — a (1) 




i + .- = * (2) 


^ 


.J + h" W 




Subtracting (2) from (1), 


1 1 1 




X^^ 2 




— a^b 

y f^ 



(4) 



Adding (3), 1 + 1= 



- = a — 6 + c 

y ^ 



Whence, y = 



g — 6 + ^ 



2 

Subtracting (4) from (3), - = c — a + i 

Whence, « ; 



c — g -|- J 

Substituting value of y in ( 1 ), 

1 , ' 1 
x+— 2 = « 



c/— 6 + 



c 



Reducing. i + ? — ^Jl^ = 
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Clearing of fractions, 2-j-aa: — ia:-|-ca: = 2aa: 
Uniting, — ax — 6x-f-<?^ = —2 

Factoring, x (a -|- 6 — c) = 2 

Whence, x = — ;— r 

' a + 6 — c 

2 



Ans. 



a + 6 — c 
2 

^ a— A + c 
2 

6-|- c — a 



8. Given, Vx + a = Vo^^" ^ 

Squaring, a: + a=a:+2a Vie -}- rf 

Trausp., uniting, and changing signs, 

2aV^=a — a' 
Dividing by a, 2 V^= 1 — a 

Squaring, 4 a;= 1 — 2 a -|- a* 

Whence, x= ' 

4 



4 



9. 6a«62V7=5a«52\/7 

4 a* ft* Vc^ , Ans. 
10. Let X = money A had at first, 

y = money B had at first. 



Then a:— 10= 2 (y + 10) — 35 (1) 

Reducing, ar — 2 y = — 5 (3) 

1 9.y — 7a; = 260 (4) 

Multiplying (3) by 7, — 14iy + 7:r = — 35 
And adding to (4), 19y — 7a: = 2 6Q 

We have, 5 y = 225 
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Whence, .V=45 



Substitating y in (3) x — 90 = — 5 

We have a: = 85 

A had 85 s. 
B had 45 s. 



Ans., •< 



11. Given, - — i-+2aj=12 

Clearing of fractions, x — l + 2a5* — 8aj=:12 x — 48 
Transp. and uniting, 2a^ — 19 x = — 47 
Multiplying by 2, 4 a:* — 38 «= — 94 

Completing the square, 4x* — 38 a -j- '-— = — 94 -| 

— 15 



Extracting square root, 2x — v = ' — » 

Transposug, 2 a? = J 

Whence, x = \ '-, Ans. 

4 



12. Given, «*" — aaf^^zh 

Completing the square, 05** — ftQif*'\---z=z--'\'h 

a^ + 4 6 
4 

Extracting square root, as" — o ^^ ^ — 2 

Transposing, af = ^ o — 



Whence, x= ( " ^ >^f + ^y , Ans. 



_/«tfcV^Q^ + 4fc\L 



(431.) 

1. See pp. 12, 9, 10, 11, 13, 103. 

2. a*; a»; (a* + fi»— 2a6)> or d — &. 
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4. (a— 5V^:=i) (a+5V=l)=a«— J^(V^=ri)* 

= a«_^(_l) 

a — iVHl 
a + cVtZi 



+ agV^^T— &g(— 1) 
tt^ — {ah — ac)^/ — 1 -|- i c, Ads. 

5. (a — ^V'=I)«=:a« — 3a26V^=^4.3a(6V^=ri)« 
=:a« — 3aHV=l_3a^+^y_ 1, Ans. 

= a*(a — ^), Alls. 

o. Ibt. Given, — i = h 

Reducing to lowest terms, a — x — (a-|-a5) = i 
Removing paren. and uniting, — 2 aj = ^ 

Whence, x = — -. 



2d. Given, ^ + 6aj°-|-c = 
'Since — ^^j- = a; ; and aJ° = 1 

X 

We have, aaj4"^ + c = 
Transposing, a jc = — & — c 

Whence, x = — *-+^, Ans. 

a 

3d. Given, ?^ll _ ^ZI.2 = ?±L 

2 8.6 

Clearing of fractions, Zx — 3 — 2a:4-4 = a;-|-l 
Transp. and uniting, = 

An Identical Equation, see p. 104. 

4th. Given, - -r-) ^ = - 
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Clearing of fractions, a? — a {a — xy:=.cf -|-(a — a?)* 
Transp. and changing signs, a (a — x\^ + (<» — ^)* 



a^ — a^ 



Factoring, (a 

Squaring, (a 



1) (a — a:)*=a*(a— 1) 
ly {a — x) = a{a — iy 
Multiplying out, a* + 2 a^ -|- a — a: (a' -|- 2 a -|- 1) 

= a»— 2a2 + a 
Uniting and transp., — a? (a^ -j- 2 a -j- 1) = — 4 a* 
Or, a:(a + l)«=4a« 

Whence, a:= 7 — t-^noj Ans. 

(a + 1)2' 

(4SS.) 

1. See pp. 53, 54. 

(3a + 26)«=9a«+12a6+4*«,An8. 

2. See p. 55. 

(a + 2 6) (a — 2 i) = a«— 4^, Ans. 

3. 
ah^ac-hc] a^y^ — a^c^-\- 2 ahc^ — l^c^ \ah—ac'\-hc 

c^lf^-\-a^hc — aV^c Ans. 

— aHc+a^c — a«c» + 2a5c* — ft*c« 

a^c + aic« — ^c« 

4 8a:«— 13a^4-23a:-r21| 6a:« + a:2— 44a: + 21|2 

6a:«— 26a?2 4-4Gg — 42 

27 ar» — 90 a; + 63 
Or, 3 ar»— 10 a:+ 7 

8a:^— 10a;+7 I 3a:« — 13a:» + 23 a: — 21 |a; — 1 

8a:»— 10a:^ + 7a; 

— 3a:2+16a: — 21 

— Sar'+^Qa^ — 7 

6a:— 14 
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Or, 8a; — 7 1 8a;^— 10 x-f 7 I ar—1 

3 3c^ — 7x 

— 3a: + 7 
Ans. = 3 a: — 7. — 3x4-7 

^. 8 + 2x 2 — 3x , IBx — x« 

5. Given, -— ' ^r—. z — — 

' 2 — X 2 + z ' X* — 4 

r^. . ,, 8 4-2X 2— 3a: IBx^afl 

This 18 the same as, -^ — -; ; =- 

2 — .X 2 + a: 4 — x^ 

(See § 121) 
Then, L. C. D. = 4 — x* 

Reducing to L. G. D. and writing as a single fraction, 

we have, 
(8 + 2a;) (24-x) -~(2— 8 x) (2-~x) — (16g — x*) 
' 4 — x* 

Multiplying out, 

6 4-7x+2x^— 4 + 8x— 8x«— »16x + x« 

4— x« 



Uniting, 



2 — X 



Reducing, ^ 1 ' = -^^s* 



4 — x« 
1 

24- a? 



6. Given '^^li' 4. 3 = ^-^J' (1) 

8-^ = 1 + 1 (2) 

Reducing (1), 15x — 25y + 30 = 4x+2y 

llx — 27y = — 30 (S) 

Reducing (2), 96 — 3x + 6y=6x + 4y 

9x — 2y=96 (4) 

^ /«v 27y — 80 

From (3), x = —^ 

^ /. 2w4-96 

From (4), x = -^^ 



Then 



27y— 30 2y4-96 

11 ~ 9 
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Clearing of fractions, 243 y — 270 = 22 y + 1056 
Transp. and unitiDg, 221 y =: 1326 

Whence, y = 6 



Substituting y in (4), 9 a; — 12 = 96 
Transp. and uniting, 9 x = 108 

Whence, x=12 



= 12 
6 



Ans., {J_ 

7. V300=V^3X 100 = 10^3" 

y 75 = V 3X25 = 5^/3 " 

15 V^ 3, Ads. 

Q n- g I 21 _28 

8. Given, -^—^ = ^ 

Clearing of fractions, a* -j- 5 x + 1 47 = 23 a? -|- 1 15 
Transp. and uniting,' 05* — 1 8 a: = — 32 
Completing the square, a* — 18x-|-81 = 49 
Extracting square root, x — 9=^7 

Transposing, aj= 9 -t 7 

Whence, a= 16 or 2, Ans. 

(423.) 

1. 6a — [4i— {4/1 -(6a — 45)}] 

= 6a— [46— {4o— 6a-f 4i}] 
= 6a — [46 — 4a4-6a — 46] 
= 6a — 4 6-|-4a — 6a+46 
= 4 a, Ans. 



2. Q-^— 6^1 o-** — 6^« I q-8* 4- g-^ y» -^ 6^ Ans. 

g-^ — a-^6^ 

g-2» 62» — g-- 6** 



o-"6*« — 
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a* 
8. Ist. -ii = « 

If m = n we Lave 



a* 



a 
= a 



a« 



Also, 

Therefore, 

2d. 
If 



a* a* 




a"* a" 




— 1 




a« — 1 


See Ax. 7. 


a* 




n — 




a* 




gO-m 




Q-W 




a* a* 


_ 1 

a"* 



Also, 

Therefore a"^ = — . See Ax. 7. 

4. fl*« — i<« = (a2« — 5^) (c^J^l^) 

= (a« _ ^) (a*« + ^) (a*^ + W^\ Ans. 

6. a»+a«6 — o^— 6«=a«(a + 6) — 5«(a + ft) 

= (a-f-i) {a^ — ¥) 
= {a + h){a + h){a-h) 
q* — y = (g + ^) (q— 5) (^' + ^^) 

G. C. D. =(« + &) (a — 5) 
= a* — i^ Ans. 

6. The numerator taken by itself reduces as follows : — 

a—- I 'A = ! ! — 

a — 6 . 



818 
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The deuominator reduces thus 

o I * o«^2q — 6a +12 + 8 

~a — 6 a — 6 

q«.~8o+15 

~ a — 6 
Then pladng numerator over deuommator and reducing, 

o — 6 _ a«-~7a+12 

a»~-8q+15 a« — 8a+16 ^^ 

a— 6 

_(a-4Ha---8) 
— (a-6)(a-S) 

= — , Ana. 

a — 6 

Or the 6. C. D. of numerator and denominator in 

(A) may bo found instead of factoring. 

7. Given, 

3ax — 2b X — g 4"^^T ' "~4 — bx-\-lax 

Clearing of fractions, transp., and uniting, 

ax — hx — mx = c — n 
Factoring, a5(a — 6 — «i) = c — n 



Whence, 



X 



n 



^^F^ 



m 



-, Ans. 



8. Let . X = one part 
a — a: = other part. 
The question is ambiguous, and we may therefore have 
either of the following solutions : — 



a — a; = ma;-|-n 
x-\'mx-=n — n 
x{l-\-m)=za — n 



n 



x=. 



1 + m 



one part 



a — x^=-a — 



a — n 
1 +m 



a — x=m(a: + n) 

a — a: = mx-|-m» 

x-\-mx=.a — mn 

a:(l-|-fw) = «-^wn 

a,^^—^^ one part 



a — x = a — 



1 + m 
a — m n 
1+m 
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9. 



a-|-am — a-|-n 
— — r — other part 



a-^-am — a-\-mn 



^4c»V2^= 



1 -[-w* 

m (a + n) ^, . 

= , , ' — ^ other part 

1-J- TO '^ 

= ((32 c«)^)^ 
= (32^*)i^ 

= (2V)" 

= 2>c» = -v/2^, Ane. 



10. 



1. 



2. 



y o-|-c=(a-f"^)* 

(a 4- c)^ (a 4- c)» = (a + c)« 

= V ( a -f- c)*, Ans. 

x^—u' \x^+x^f/ — xy^^fr'\x+p, Ana. 



x2 _ 



a:y^ 



1 3 



3, ar» — 



7£+10_|4a:» 



25 a;2+ 20 a? + 25 |4a?+3 

28ar2+40ar 



3x2 — 20x4-25 
3x^—21x4-30 
X — 5 
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— 2x+lO 

— 2y4-^Q 
G. C. D, = a? — 5, Alls. 

A n- 2 + x 1— X 9 

4. Given, J^-Y+7=B 

Clearing of fractions, lO+Sar+lOx-f 5ar*— 10 + 

10a: + 5a? — 5ar*=18 — 9x-fl8a: — 9ar* 
Transp. and uniting, 9a!r^-l-21a;=18 

Completing the square, 9a!r*4"2la:-|-— = — 

7 11 

Extracting the square root, 3 x+ - = ^ -— 

7 n 

Transposing, 3x= — « ^ "o" 

Whence, 3 x= 2 or — 9 

Dividing by 3, x= ;- or — 3, Ans. 

5. Let, x=:time for A to do the work alone. 

y = time for B to do the work alone. 
2 = time for C to do the work alone. 

1 + 1 = 1 
Simplifying, - -f 1 = ^ (1) 

1+1 = 1 (3) 



Subtracting (2) f rom (1 ), i — ] = ^ (-*) 

Then (3), 1+^ = 1 
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Adding, 


2 1 
X 6 


Whence, 


a:=10 


Subtracting, 


2 2 
2 15 


Wlience, 


7. — \h 


Substituting x in (1), 


l + i=± 
10 'y 15 


Transp. and uniting, 


1_1 


Whence, 


.V-6 




i Take A 10 days. 

Ans.-<TakeB 6 days. 

( Take C 15 days. 


Tt-' ,0+i+»= 


= amount all would do in one day. 

1 


"■"3 
Take 3 days for them to do the whole working to- 
gether. Ans. 3 days. 


Given, 


i+H ' ^'> 




i + ^-12. (2) 




1 + 1 10 (3) 


From (1) and (2), 


1+1 6 

X ' y 




1 + 1 12 

X * z 


. 


1 1- 6 

2 y 


From (3), 


1 + 1-10 


Adding, 


? 16 


Whence, 


*-\ 
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Subtracting, y^^^ 

Whence, y=i 

Substituting y in (1), J; + 2 = 6 



X 



i = 4 

X 

Alls 



(x=i 



7^ Le* X = one number. 

y = other number . 

Then, ^ = 30 (1) 

And, ^^ = 2^ (2) 

Clearing of fractions, a: -f- y = 90 (3) 

a? — y=120 (4) 

Adding, 2ar = 210 

Whence, a; =105 

Subtracting (4) from (3), 2y = — 30 
Whence, y = — 15 

. ( One number = 1 05. 
^^' t Other number = — 15. 

8. aJ_6a:»+llg» — 6ar^ + ar^ |a:^ — 3a: + a;-^ Ans. 

a:» 



2a?* — 3a; j — 6x* + llx« — 6a:-* H-a?" 
— 6a:*4- 9a:« 



2x* — 6arH-g-^ 2a;« — Gx"* + a:"* 

2a;^ — 6a;-* + ^"^ 

9. See pp. 186, 208. 

10. Given, Vi + 7 = Vll9 + a; 
Squaring, x + 14Vi + 49 = 119 + a: 
Transp. and uniting, 14Va: = 70 
Whence, Vx = 5 
Squaring, x = 25, Ans. 
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1. Let, X = number of days A worked. 

Then, x — 3 = number of ^ays B worked. 

Therefore, — = A's pay per day. 

And, ^=B'Bpayperday. 

18f 27 (a:— 3) 

^ — ' ■ — 

X — 3 X 

75 X 27 (x — 8) 

4(x — 3) X 

Clearing of fractions, 75 a:^ = 108 a?» — 648 x + 972 

Transp. and uniting, — 33 a?' -f 648 x = 972 

Dividing by — 3, 11 «« — 216 a: = — 324 

Completing the square, 121a;* — 2376 a: + 11664=8100 

Taking square root, 11 a: — 108 = it 90 

Transposing, 1 1 a? = 108 zt 90 

Or, 11 a:= 198 or 18 

Whence, g = 18 or l^\ 

The second value is not admissible unless the problem 
be differently worded. 

Then, 



Then, 
Simplifying, 



For A's wages per day, 



For B*s wages per day, 



X — 3 


= 18 — 3 




— 15 


27 

X 


27 
18 




= $1.50 


18.75 
X— 8 


18.75 
~ 15 




— S1.25 



j^ ( A worked 18 d., at $1.50 per day. 
" ( B worked 15 d., at $1.25 per day. 

2. Given, fiipV: ,= \^J^^ . 'J^ 
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The 6rst term reduces as follows : 

/l0f^y_/l0aK' 

100 a* 

9 6* 
The third term becomes, 






The fourth term, 

9b-* _ 9 

Then restating the proportion^ 

100 a* ^Tc^ 9 

Which becomes, 

V^^gy^r 900 a» 

26* 9\r56^ 

Or, 

yTEgHay 100 g^ 

2 6* V^ "56T- 

Clearing of fractions, 5 a** b^x = 200 a* i^ 

Whence, ^ — 200 a* 6* 



Reducing, 



3. Given, 







JL 


6 a^^ h^^ 






X'. 


40 gTi'^ 
~~ b 


1 exponents 


» 


X 


= — J- > A^^s- 


x^ + //« 


a;2 y« 
x« + y« 








x+y 
x—y 
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The numerator reduces thus, 

x< + 2a;«.vg -j-y4^ x* + 2a;* y«—y* 

a:* — y* 

Ax^y^ 

X* — y* 
The denominator reduces thus, 
x — y ^ x-^y _ (a:— y)'+(g + y)' 
x + y ' X — y x«-— y2 

_ x«— 2xy+y« + x»4-2xy + y« 

— 2>— yi 

__ 2(x* + y«) 

— x«— y» 

Replace numerator over denominator and reduce thus, 
4x«y« 
__x*-V__ 4x«ya(x^ — y^ 
2jxa+Y)— 2(x« + y0 (a:*-y*) 
«* — y* 

2 X^yS 

_ 2x'v' 

4. Given to write out the first 'five and last five terms of 

{x - y)". 

By the Binomial Theorem, 

(a:— y)"=x" — 13a:i«y + 78a:"y«— 286a:iV+715 

3^^ — 715ar*y»4- 286 a:»yio — 78x^5^" + 13 a:yi* — 

y, Ans. 

NoTK. — The coefficients of the last Jive are same fu those of the Jirtt taken in 
reverse order ^ so that all calculation ceases toith thejinding of the fifth term. 



5. Given, 


ax-\-hy I 


(1) 




cy-{-dz m 


(2) 




ex-\-fz n 


(3) 


Required x. 






From (I), 


I — ax 

y- -b 


(4) 


From (2), 


m — dz 

y— . 


(5) 



326 KEY TO ELEMENTABT ALGEBRA. 



n — e X 



From (3), zz='^=^ (6) 



dn — d ex 
Substituting (6) in (5), _*" J 



(7) 



C 

fm — dn-\-dex 

~ cf 

Putting (4) = (7), l—ax_/m-^dn + dex 

h cf 

Clearing of fractions, cfl — a cfx = hfm — hdn-^-hdex 
Transp., changing signs, and factoring, 

x{acf'\-bde) = cfl-\-hdn — hfm 
Whence, ^^ c//+ft^n-^5/m 

a cf-\- ode 

6. 2a:«— a:»+8a: — 4 = ar2(2a: — l) + 4(2a: — 1) 

= (a?"+4) (2ar— 1) 
6a:«+7a: — 5 = 6ar« — 3a:+10a:— 5 

= 3ar(2a: — l) + 5(2a:— 1) 
= (3a; + 5)(2a; — 1) 

Hence G. C. D. = 2 a? — 1 \ 

AndL. C. M. =(a:»+4) (2a:— 1) (3a:+5)) 
Or the G. C. D. may be found by the method of division 
and then the L. G. M. by § 104. 

7. Given, £+i8a + 35 _ a-26 _ 

ba — 86 — X x-|-26 
Qearing of fractions, (a:4-13a+36) (a:-f- 25) — (5a— 3i 

— x) {a — 2h) = {ba — Zh — x) (a?+26) 
Multiplying out, a:*+13aar + 55a;4-26a&+65« — 5 f/^ 

+ l^ah-\-ax—^h^ — 2hx=bax — bhx+l0ah — x' 

— 66« 

Transp. and uniting, 2a;»-|-9aa;-|-85a: = 5a*— 29a& — 65^ 
Or, 2a;2-f(9« + 8*)a;=5a«— 29a6— 6ft» 

Multiply by 2, ^x'^^ (9 a -f 8 5) dj= lOa^-oS aft-12 5« 
Completing the square. 
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Taking the square root, 2 x -| r — = ± z 

^ . « 9a + 8& Ha — 4& 
Transposing, 2 x = ^ zt — g 

= (o — 6ft)or (— 10a — 2i) 
Hence, xz=z^^ — or ( — 5 a — 6), Ans. 

(4d6.) 



2. a;* + x — 6 
ic»_9aj-|_20 

«* + ** — 6a^ 
— 9x» — 9a:»+54a; 

20 a;' -i- 20 g — 120 
— a^+g+12i a;* — 8a:« + 6g«4-74g— 12 0| — g'+Tx — 10 

g*— a:«— 12a^ 

— 7ir»+17ar»+74aj— 120 

— 7a:«+ 7a^+84g 

10«*— lOx— 120 
10g»— lOx — 12 

Ix — «* — 10 = Ans. 

3. 8m*aj— 3n*a;=3x(m* — n*) 

= 3x(m — ») {m-\-n) {m^ -{- n^, Axa. 

4. To prove, oT . a* = ce*'^\ 

a!^z=.a,a,a m times. See § 19, 

and note. 

<fz=^a.a.a n times. 

Multiplying, a'^d:^^{a,a.a m times) {a. a. a 

n times) 

z=i a*a.a (m -|- n) times. 

3= a"*"*"" by converse of definition of an 
exponent. 
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a* 
To prove, -j^ = a"*"*. 

a*" = a . a m times. 

a^:=:=a ,a n times. 

. . _. a"* a, a m times. 

®' a* a .a n times. 

zrza.a . . . . . (m — n) times. 

To prove, (a*)" = a"". 

arz=za,a m times. 

(a"*)''=(a.a m timcM)" 

=z{a.a m times) (a . a 

m times) n times. 

■=ia,a mn times. 



^. 2a; — 9 x — 3 , x 25 — 8a: 

5. Given, —^^ _+..=__ 

L. C. D. = 108 
Clearing of fractions, 

8 a; — 36 — 27a:+8I+6a:=900— I08ar 
Transp. and uniting, 95 x = 855 

Whence, a; = 9, Ans. 



6. Let, 2;= number of hours it takes B to overtake A. 
Then, n -|- aj = time A traveled. 

And, (« -f- x) a = distance A traveled. 

And, ^ a; = distance B traveled. 

Then, {n-^-x) a-^hx 

Reducing, an-\-ax=bx 

Transposing, ax — bx = — an 

Changing signs, bx — axz=zan 

Factoring, x {b — a)-=an 

Whence, •'C = i. — 

' — a 

Ans., B overtakes A in , hours. 

b — a 
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7. For the finding of the two numbers, see (419)9 ^^- 1^* 
For the latter part of the problem proceed thus : 

— ~— == one number. 

m 

— : — = other number. 
2 



Then, sj^_s s±±:-z 

' 2 2 2 

= \, Ans. 

8. ar*_4g«y4.6a^y'— 4a;y*+y*| a?' — 2x^+3^ 

2jc* — 2xy| — 4x«y+6aj^y'» — 4a;y»+y* 
— 4 a^f/ -{- 4 aj'y* 

2a^ — 4xy+.y^ | 23:^3^ — 4a;y»+y' 

2a:V — 4a?y»+y 

Ans. a:^ — 2a5y-l-y" 



9. ly/a^h'^*c^^=l {a^lP^cPy 

= 7 a» 5 » c» 

=:7a«6*»c^ 

= 7a«ft*»ycP, Ans. 

= 3a^ 

= 3 ^ a, Ans. 

(437.) 

1. Given to reduce, 
(a-\-b + cy — a{h-\-c — a) — h{a + C'~h) — c{a'\'h — e) 
Take the first quantity by itself and reduce thus, 
(^a + h + cY={a + \h + c)Y 
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Then replaciug in the original expression and multiply- 
ing out the parentheses we have, 
a'»4-2a64-2a^ + ^ + 2 5c-f-c^ — oft — 3C + a*— a5 
— bc-^b^ — ac — bc-]-c^ 
Which, on uniting similar terms, becomes, 

2a'-\-2b^+2c^AnB. 
2. 

\ 1+y / \x + x^J V ^ I ^xJ — {\ +y) (x+x^) (1 --z) 

_ (l-a:)(l+x)(l-y)(l+y) 
— (i + y)(i+x)a:(l-a:) 

= -^— ^, Ans. 

X ' 

X 1 

8. Given, air + 6 = -4-j 

Clearing of fract, 'a^bx-\-ai^ = bx-\-a 
Transposing, <fbx — bx^=a — aJ* 

Factoring, x(a^b — b)=a — ab^ 

a — ab* 



Whence, a 



a^b-^b 



— 6(a«--l)'-^®• 



4. a* + 5^ + ^*6 
ai-i— //i + 6* 

Jlr^^a-\-a^b^ 

— a — Jb^ — b 



a^ ft-i + „i fti -I- a-^ 6^, Ans. 

X X — ~ 1 8 
5. Given, ^-Tj — = g 

Clearing of fract., 2aj^ — 2 aj^ + 4aj — 2 = 3aj'» — 3aj 

Transp. and uniting, — 3ar*-f'^^ = ^ 

Or, 3ar*— 7a;==: — 2 
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Completing square, 


9a»- 


-si.+''-» 


Evolving, 




" i-^i 


Transposing, 




3x— .^ 
— 6orl 


Whence, 




x_2orJ 
Ans. 



6. Given, 


x+5 — )/x + 5 — ^ 


Or, (x + 5) — (x + S)* 6 
Completing square, (a? + 5) — (x -{- 5) » + ^ i^ ^ 


Evolving, 


ix + 5)i-l ±5 


Transposing, 


(^+^)^-'r 




— 3 or — 2 


Squaring, a -|- 5 — 9 or 4 
Transposing and uniting, x 4 or — 1 

Ans, 


7. Given, 


aj — y— 12 (1) 




«' + y' — 74 (2) 


Squaring (1), 
Subtracting (3) from (2), 
Add (2) and (4), 
Extracting the square root. 
Add (1) and (5), 
Whence, 

Subtract (1) from (5), 
Whence, 


a^ — 2xy-^f—U4: (3) 
2xy— -70 (4) 
x3+2a:y + y«= 4 

x+y ±2 (5) 
2aj— 12±2 — UorlO 
X — 7 or 5 
2y— — 12 rb2 — — lOor-14 

y — — 5 or — 7 




A fa; 7 or 5 
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,. (_!+^V=i)(-!-»«V::ri) 

=1-1 (-1) 

= 1. Ans. 

9. Given to expand (1 — a?y by the Binomial Theorem. 
(i—xy = V — 7.1\a^'\'2i. V. (aj^«— 85. 1*. 
{xy + 35. 1«. (xy — 21. 1^ (xy 4- 7. 1. (a?/ — (x^f 

= 1 _ 7 ar»4. 21 a^ — 35 »• + 35 x» — 21 »" 

10. Performing the multiplication indicated we have, 

a« — i« — c« + rf»+2arf — 2 5c = a« — fi»— <r» + cP 

— 2arf + 2ic 
Cancelling, transp., and uniting, Aad^z^bc 
Dividing by 4, ad^=zhe 

Dividing by (/ &, a ^^ ;> 

Or, ai b=:c: cf, Ana. 

4S8. 
1. 50aar'5 + 4a^ — 100^a_(2«-|--^^ 

= 50.16.5-«+4.165 — 100[16— (10 + 2)] 

= '-ir^ + 4(Vr6)--400 

= 324. 266 — 400 
= —112, Ans. 

Vi^'—Y— 2 V^'^^+S 
4Va:2 — y« — 3V5+~a— 1 
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3. See pp- 37, 46. 

8 a"»x»y-^ z 



15 c d-} xr^ 
4 ar^ x'^ y~^ z 
Xha^cy 

^dx^z 



(see p. 46, top), Ans. 



4. 9 «-« 4- 12 a-i 52 — 6 a + 4 6* — 4 a'i^+a^ 



6 a~i-|-2&^| 12 a-* 6-^— 6 a + 4 6* — 4 a* 62 _^ a * 



3a-i + 

2^2 — 
,3 



a' 



— 6a 



_4aH2 + a* 



3 fl-i _|_ 2 6^ — a*. Ans. 

5. Multiplying numerator and denominator by V a + a: 

V a — Xj we have, 

y^g^x— ^g — x a-^xj—2s/a ^ — x^ + a — x 

^a + x-^^a — x ~" a-fx — a + a; 

2a~-2v/a2 — x^ 

2a: 



a— •y/g^^ — a:« 



, Ans. 



6. 



x+ ^x^—l 



+.— 



x—y/x^—l+x + y/x^—l 

~ x^—X^+l 

= 2 ar, Ans. 



7. Writing in the form of a fraction and rationalizing the 
denominator, we have, 

l-V^^Ti— l-(-l) 

2 
= V^^, Ans. 
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8. Given, Va^^ =V« — V^ 
Squaring, x — a = x — ^/~ax -|- j 

Transp. and uniting, \/ a a; = a -|- j 

Clearing of fractions, 4 \/ a a; = 5 a 
Squaring, 1 6 a a; = 25 a' 

Whence, x = — -r- , Ans. 

lo 

9. See (420), Ex. 7. 

in c^' <3x«-j-xy =18 

10. Given. j 4y'-}-3»y = 54 

Putting y = » «, 3x»4-»ar'=I8 (3) 

And, 4r*a:* + 3rar'=54 (4) 

From (3), '"'=8^^ (5) 

From (4), ^^^ij^r, («) 

Comparing (5) and (6), 



Clearing of fractions, 4r*-|-3t? = 9-|-3i; 
Whence, 4 r* = 9 

Or, » = i g. 
Substituting r = - in (5), a:^= o == 4 

Whence, a: = ^ 2 

Therefore, y = v x = ± 3 

Substituting t; = — - in (5), t? = =12 

3-1 

Whence, aj=i: V^ = db2V3 

Therefore, y = v a; = :i:: 3 VT. 

= ±:2or ± 2V?. 

y 



^^•'{y = 4z3or=h3V^. 
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1. Given to simplifj, I ( — g 5 5—) + 2 a~* l^ 



a + (^ 



=J 



+ 6 , 2a* 6* 
a "^ a 



q^2a* 6* +ft 
a 



g* +^ 
— a* 



= « + «*ft* or« + V^,AD8, 



a a 



2. Given 1 — (-^^ x 1 ^''~ P—i\ ^ simplify. 

Take the quantity in the parentheses and reduce by itself, as 
follows : — 



(z^-yi) (zi + yi) (zi-^(zy)i + yi) 

_ g+y 

Then replacing in the original we have, 



886 KEY TO ELEMENTABT ALGEBRA. 

lex^ 

Sx^ — x \ — Sx^—l5x^ + 4tx^ + 4x^ 
— 8g^-|-gg 

Sx^ — 2x — 2x^ \-^iex^'\'ix^ + 4x^ 

— Ux^-{'4x^ + 4x^ 

2x 5 y Sx y 

4. Given, Y 12* "2" 3 ^ /,n 

7 23~ — ^ ( V 



4 2" 



A"d, &:=j (2) 



Redace the first equation thus, 



2x by 8x — by 



Numerator of first fraction, „ , ^ 

' 3 12 12 

3 *c y * 9 «c — — 2 V 

Numerator of second fraction, ^ == — ^ 

' 2 3 6 

Then the first fraction reduces, 

8 a; — by 

12 8g— 5y 4 

7 — 12 '^ 7 • 

4 

8a: — by 

— 21 



And the second fractioni 



9ar — 2 

6 9ar-^2y 



Xo 



23 G ^ 23 

T 

9a:--2y 

69 

Replacing in form of an equation, 

8 a? — gy 9x-~2y 

21 69 — ^ 
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Clearing of fractions, 184a: — 115y — 63 x^ 14y= 966 

Uniting, 121a: — 101 .y = 966 (3) 

From (2), 5a: — 5y = a:+y 

Transp. and aniting, 4 a: = 6 y 

Dividing by 2, 2a: = 3y 

Whence, ^—~i (^) 

Substituting in (3). ?^ — 101 y= 966 

Clearing of fractions, 363 y — 202 y = 1932 

Uniting, 161 y= 1932 

Whence, y=12 

36 
Substituting in (4), ^^Y 

= 18 



Ans 



(a:=18. 
•ty = 12. 



5. Given, a:«-|-l._a« — ^ = 



Transposing, a:^ + — = a* + ^ 

Clearing of fractions, a* a:* + «' = «*«* 4" ^ 

Transp. and factoring, a^x* — a:* (a* + 1 ) = — a* 
Completing the square, 

2 4 «/ 41 i\ I («*+!)' a8-2a^ + I 

Evolvmg, a3^ ^= =^ "T^ 

Transp., ax'^ ^^ dz ^^ 

Uniting, a a:^ = a* or - 

When ce, x^ = a* or -^ 

Taking square root, x=i^aoT ztiz:9 Ans. 
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6. Given, ^^ + ^ = ^-±-' (1) • 

I + g = 2 (2) 

Clearing of fractions in (X), 2 5aj*+ 2 « 5a:-|-2fly*-[-2a5y 
=: (^a -■{- b) X y -{- ab X -]- b^ X -■{- a^ y -{- a bff ^ a^ b ^ a b^ 

Transposing and uniting terms, 26x^-|-2ay^ — (a-\-b)xy 
-{-abx'^aby — b^x — a^y = aH-\-ab^ (3) 

From (2), bx'\-ay=2ab 

-.^, * 2a6 — hx ,.. 

Whence, y= — (4) 

Substituting in (4), 2 5x«+ ^(^«^~^^/ _ ^a-\-b)x 

^''^'^ —+abx-\-b{^ab — bx)—U'x — a{2ab-^bx) 

Clearing of fractions, 2abx^-\-%a^b^ — %al^x^2¥7^ 
— ^a^bx — ^ab^x + ab^^l^x'^ + a^bx + ^a^l^ — 

Dividing by 5, transposing and uniting terms, 

(3a_^3A)a:a_12a6x = 3a» — 9a«ft 

Dmdmg by 3 a + 3 6, x' — ^^x= ^^^^ ' 

Completmg the square, a:^_-^-p^a:+^^-p^,=-^i^ 

t:^ 1 . 2 a 6 , o (a — li) 

Evolving, ,.__^ = ±-i__i 

Whence, «=1^±£(^) 

a-|-o a + 6 

Saft — a* 
= a or r-r-- 

Substituting x in (4) aud reducing, 

, Safe — 6* 
gives y = or 



Ans. < 



a + 6 

a + ft • 



a: = a or 



, 3a6 — 63 

y=6 0r r-r-. 
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7. Let, 


X 

y— 

z 


time it would take A alone, 
time it would take B alone, 
time it would take C alone. 




• 




X "^^ 6 


(1) 






X i^z 8 


(2) 






-4-- ' 
• y~z 12 


(3) 


From (1), 




1,11 
X ' y 6 




And (2), 




X i^z 8 




SabtractiDg, 




1 1 1 

y 2 24 


(4) 


From (3), 




y "^ 2 24 


(5) 


Adding, 




2 1 

y 8 




Whence, 


■ 


V 16 




Subtracting 


(4) from 


(5)' .-24 




Whence, 




2: — 48 




Substituting 


yin (1) 


1.1 1 
' X « 16 6 




Reducing, 




1 5 

X 48 




Whence, 




r A, 9 J days. 

Ans. •< B, 1 6 days. 

( C, 48 days. 




(43O0 
1. (a.) Factor thus, 

a«-|- a^x — a x^— x* a^ (a + x) — x« (a-f x) 
a' — x*^ a'-* — x'-* 

(a2 x«) (a + x) 
aS— x* 
— a-[-x, Ans. 
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(b.) 



Then 



And, 









>>Ans. 



2. (a.) Given, 
Transposing, 

Or, 

Reducing, 

Clearing of fractions, 
Transp. and uniting, 
Whence, 

(b,) Given, 

Reducing, 

Clearing of fractions, 
Transp. and uniting. 
Whence, * 

3. (a.) Given, 

Reducing, 

Clearing of fractions. 
Multiplying by 3, 
Adding 4 to each member. 
Evolving, 
Transposing, 

Whence, 



7x — 


6 


85 




7a: — 


6 


85 




7x — 


6 


35 




— 6 





X — 


•0 


X 


6a: — 


lor 


■~5 


X 

5 


X- 

ex— 


-5 
-101 


Tar 
35 


X 

ex 


— 5 

— 101 


a: — 5 







85 6x — 101 

— 36 0:4- 606 = 35 a:— 175 

— 71a: = — 781 
2: = 11 , Ans. 

! (x ) = 7 

7ar-|-9 7g-fl 

4 9 "" 

eSa + Sl — 28 a:— 4 = 252 

35 a: =175 
a; = 5, Ans. 

^^x 5 

2 3 8 
12a:*_8a: = 15 
36a:^ — 24a: = 45 
36 a:* — 24ar+4 = 49 
6a: — 2 = -t 7 
6x = 2 ±7 
= 9 or — 5 
a: = 1 ^ or — ^ 
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(b.) Let, 










X Ist number. 
y 2d number. 
z — 3d number. 




Then, 








x}/ — 15 

x«— 21 


(1) 
(2) 
(3) 


From (1), 










15 

y=-x 


(4) 


From (2), 






- 




21 

« = — 
X 


(5) 


Then, 










. 225 


(6) 


And, 


and 


(7) in 


(3)- 


225 

x^ 


o 441 
^ X9 


(7) 


Substituting (6) 


1 a;3 





Clearing of fractions, 225 + 44 1 = 74 a:* 

Transp., unit., and changing signs, *l4ix^ = 666 
Whence, x* = 9 

Extracting square root, a?= ± 3 



Then from (4), 
And from (5), 



15 






a:=zh3. 

Ans. •^y=±:5. 

^=dr 7. 

4. Using the notation of §§ 334, 335, we have given, 

a = l 
dz=zl 

Required S. 
It is seen by inspection that l=:n; or it may be found from 
formula of § 334. 

Then by formula of § 335, 

= J«(l + n) 
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5. Given to expand (a* — 21^ c)* by the Binomial Theorem. 

— 10 (a»)« (2 5« £?)» -f 5 (a«) (2 ^ c)* — (2 62 c)« 

= a"— 10a"62c + 40a»ft*c2 — 80a«iV-|.80a«yc^ 

— 32^c»,An8. 

(431.) 

1. x^ — 3x'\-2=z(x—l) (a?— 2) 

(x^iy=(x-l)(x-l) 

(x — 2y= (x — 2) {x — 2) 

ar» — 1.— (x — l)(a:+l) 

L. C. M.= {x^-iy {x—2y {x+\ ), Ans. 

g» + 3a;2 + 4a? + 12| a:» + 4a;' + 4ar + 3|l_ 

a:« — 9 
Now, ar»— 9 = (a: — 3) (x + 8) 

And, a:*4-3x« + 4a:-|-l2=:ar«(a:-|-3)-[-4(a- + 3) 

= (x'+4)(x+3) 

Therefore G. C. D. = ^ + 3, Ans. 

Or the division may be continued till the same result is 
reached. 

2. Divide into parts as follows : — 

1st part — [{a*— (6 — c)2} — {a»— (c — 5)*}] 

2d part (a-}-6 + c) (a + 5 — c) (a + c — 6) (A + <? — a) 

Then reduce the first part thus, 

=:_[{a2_62-{-2fte — c^ — {««— c« + 2ic — 6^] 

= — [a« — 6»+25c — c« — a^-f^— 2*<? + ^'] 
= 

The result will therefore depend entirely on the reduc- 
tion of the second part. 
Proceed thus, 
i^a-^-h + c) {a-\-b — c) (a + c_6) (J + c — a) 

= i{a + hY-c^-]lc^-{a-hf] 



I 
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3. Ist. When one term is twice the algebraic product of the 
square roots of the other two. 

2d. Because the square of a monomial is a monomial^ 
and the square of the polynomial always contains one more 
term than the exponent of the power. See p. 161. 

4. Given, |_?^ + 5 = a: — (?^ + l) 

Clearing of fractions, 

llx — 7a:-|-35 + 385 = 77a: — 2ar — 77 
Transp. and uniting, — 71 a: = — 497 

Whence, a: = 7, Ans. 

5. Given, I + i = ^ (^) 

i + f = 7 (2) 

Clearing of fractions, 4 ar -j- 3 y = 1 08 (3) 

5a: + 4y=140 (4) 

Multiply (3) by 5, 20 a: + 15 y = 540 (5) 

And (4) by 4, * 20a? + 16y = 560 (6) 

Subtracting (5) from (6), y = 20 

Substituting yin(l), ■-[- — = 9 

Reducing, ar=12 

Ans. 



(aj=12, 
'•1y = 20. 



6. 1st (a:* X a:*)** = (a:**)** 

^ar^, Ans. 
2d. a* . a"* . a""* .a~^ = a (4"* "i- J) 



= — T^, Ans. 



t ► 
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